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Overview

In this Lecture, you will learn:

Introduction to the Frequency Domain
e Life without Newton
> “Who needs a model, anyway?”

e Black Boxes.

Frequency Response
e Predicting Frequency Response
e Using Frequency Response Data
e Bode Plots
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The Frequency Response

Definition 1.

The Frequency Response is the steady-state output of a system with
sinusoidal input.

e Signal —
Outpat (Top Sab)

Figure : Response of Concrete Slabs to Soil Excitation (FEM)
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The Frequency Response

A Sinusoidal Input:
u(t) = Asin(wt) + B cos(wt)

= A2 + B2?sin (wt —tan! <i)>

= M sin(wt + ¢)
Laplace Transform:
As + Bw
a(s) = Bs + Aw R(s)="— e C(s)
§2 + w? SEOT G(s) |——
« M= VB

¢ 6=t~ (8)
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The Frequency Response

For now, set B =0, then u(t) = Asinwt.

Aw R(s) = ?zs:fzu
u(s) = m G(s)
For a given stable transfer function,
n(s)
G(s) = ,
R RS P PR
then by partial-fraction expansion
9(s) = G(s)a(s)
A
= Gls)
(s+w)(s —w)
L L TR F_
s+p1 s+p, Stw s—w
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The Frequency Response

Partial Fraction Expansion:

1 Tn

i(s) =

a+5

_|_...J’_

Inverse Laplace Transform:

S + w S — 1w

y(t) =rie P4 e Pt 4 ae ™+ Bert

But we want the
e Poles p; are all stable.
> limy oo e Pit =0
e These are called Transient Responses

e only left with

Yss (t) — aefzwt 4 ﬁezwt

Linear Simuiation Resuls
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The Frequency Response

Since +ww are isolated poles, by the remainder theorem:

0 = G0 ey ¢ )
= Gl-w) —j;;w
= G(—M)_i22
Likewise, A
B = G(zw)Q—Z
Then

yss(t) — aefzwt + ﬂezwt
Gw)e™! — G(—w)e !
2

=A
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Complex Numbers

Complex Conjugates

Issue: G(—ww) is the complex conjugate of G(w).
Im(s)
s=rcos(8) +rsin(0) i

Definition 2.

For a complex number s = a + bi, the Complex
Conjugate of s is

s*=a—l

e Just replace 1+ — —u.

o re? - re=¥ ®

s'=rcos(0)-rsin(0) i
Magnitude is unchanged. Phase is reversed

For s = re*,
Phase: /s =10 Magpnitude: |s| =1
o /s*=—0=—/Ls o |s*|=r=]s]
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The Frequency Response

Complex Conjugate: G(—w) = G(w)*

G(w)e™t — G(—w)e “?

Yss (t) =A %

Recall that we can express G(w) as

Gl) = |G ()| e“5
and |Glw)| = |Gw)*| = [G(—w)], ZG(—w) = LG(~w)* = —/G(w)
Glw)e! — G—w)e"

ss(l) = A
Yss (1) 7
eéG(zw)elwt _ eféG(zw)efuut
= A
Glw) .
o Ae(wt+4G’(zw))z _ ef(thrAG'(zw))z
= G(w) -

= |G(w)|Asin(wt + LG (w))
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The Frequency Response

Spring (0) =M, cos(o+ ¢
l i fu) = My cos(os ¢)

Viscous damper

(a)

M) ¢ M) 2g (o)

M) 2 gie)

Tnput Output

If the input is shifted:
Input:
u(t) = M sin(wt + ¢)
Output:
y(t) = M|G(w)|sin(wt + ¢ + LG (w))
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The Frequency Response

Conclusion: The response to a sinusoidal input
sin wt: e

e A sinusoid with the same frequency.
e Phase is shifted by ZG(w).
o Magnitude is changed |G (w).

‘‘‘‘‘‘‘‘‘

We refer to
e |G(w)| is the Magnitude of Frequency Response
e /G(w) is the Phase of Frequency Response

These depend only on w and G(w).
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Complex Poles and Zeros

The amplification at the natural frequency, w,, is called resonance.

N

Figure : Frequency Sweeping with Resonance
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Resonance_Vibration_Test.mp4
Media File (video/mp4)


Frequency Response Planning

Applications

Application: Crane Oscillation

e Sinusoidal Input from Hanging
load.

e Avoid Spillage.
e Avoid Tipping.
A Form of Motion Control.
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Frequency Response Planning
Applications

S S

Figure : Simple Crane Sway Control Figure : Industrial Crane Sway Control

S

Figure : Failure of Crane Control
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Crane_Sway_PID.mp4
Media File (video/mp4)


Crane_Sway_KONE.mp4
Media File (video/mp4)


Crane_collapse_Miller_Park.mp4
Media File (video/mp4)


Frequency Response Planning

Modeling Structural Dynamics

Application: Building Response to
Earthquakes

e Sinusoidal input from ground.
e Reduce peak output.

0 10 SECONDS
60th floor B

20 CENTIMETERS

[ (8 INCHES)
0
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Obtaining Frequency Response Data

Controlling Structural Dynamics

Figure : Earthquake Damping
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Building_Damper.mp4
Media File (video/mp4)


The Frequency Response

This can work the other way too:
e Input u(t) sinwt
e Output: y(t) = M sin(wt + ¢)
e Measure M and ¢

> Relative Phase ¢ = ZG(w)
» Magnitude: M = |G(w)|

Frequency Sweeping: Measure M and

¢ at every frequency

e Get functions M (w) and ¢(w)
Reconstruct

G(s) = M(s)e?)r
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The Frequency Response

Input: A Sinusoid of Increasing Frequency.

u(t) = sin ((wo + kt)t)
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Complex Poles and Zeros

Figure : Frequency Sweeping with Resonance
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MDOF_resonance_Vibration.mp4
Media File (video/mp4)


The Frequency Response

Figure : A Frequency Sweep in Circuit Analysis
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Frequency_sweep.mp4
Media File (video/mp4)


Frequency Sweeping
Magnitude and Phase Data
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Frequency Sweeping
Magnitude and Phase Data

Magnitude and Phase Data for a Notch Filter

Bode Plot of Notch Filter (measured)

Y S

Gain (dB)
iR
=]

=15 e

Phase (rads)
o
T

10° 10° 10°
Frequency (Hz)

This type of Magnitude-Phase graph is called a Bode Plot
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Frequency Sweeping
Magnitude and Phase Data

M. Peet
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Figure : Data From a Graphic Equalizer

No Model is Required to understand the system.
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Obtaining Frequency Response Data

Finite-Element Modeling

For structures and rigid bodies.
e Dynamics are Partial-Differential Equations
» Elasticity
e We can derive the model, but it would be too complicated.
We must rely on Simulation.
e Simulate a sinusoidal input
» Record output displacement

o Resulting model is only an approximation.

M. Peet Lecture 18: Control Systems 24 /27



Obtaining Frequency Response Data

Finite-Element Modeling

Figure : Satellite Frequency Response Analysis using NASTRAN
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FEM_NASTRAN_satellite_FRA.mp4
Media File (video/mp4)


Summary

What have we learned today?

Introduction to the Frequency Domain
e Life without Newton
> “Who needs a model, anyway?”

e Black Boxes.

Frequency Response
¢ Predicting Frequency Response
e Using Frequency Response Data
e Bode Plots

Next Lecture: The Bode Plot
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Obtaining Frequency Response Data

Experimental Methods: Circuit Sweeping

S

Figure : Frequency Response Analysis in the Power Industry (Ad)
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FRA_Power_Application.mp4
Media File (video/mp4)
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