Systems Analysis and Control

Matthew M. Peet

Arizona State University

Lecture 20: Drawing Bode Plots, Part 2



Overview

In this Lecture, you will learn:

Simple Plots
e Real Zeros
e Real Poles
e Complex Zeros

e Complex Poles
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Review

Recall: Frequency Response

Input:
u(t) = M sin(wt + ¢)
Output: Magnitude and Phase Shift

y(t) = |G(w)| M sin(wt + ¢ + LG (w))

nnnnnnnnnnnnnnnnnnnnn

Amplitude

s 10 12
Time (sec)

Frequency Response to sinwt is given by G(w)
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Review

Recall:

Definition 1.

The Bode Plot is a pair of log-log and semi-log plots:
1. Magnitude Plot: 20log; |G (w)| vs. log;yw
2. Phase Plot: ZG(w) vs. log o w

Bite-Size Chucks: 10 | ——zero
= 20 v T -===Bode Zero

T 0 preieeia L 7 cees SUM
AG(’LCLJ) § 20 : ——Bode Sum

— E ; ——Pole
= E Lty +1) = E A(ZWTpi +1) ) o —Bode Pole

i i 2 1 10 100 1000 10000 100000
Frequency

201log |G(w)| = ZQOlog [T + 1| = Z2010g [wpi + 1
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Plotting Simple Terms
Plotting Normal Zeros
Gi(s) = (ts+1)

1 w << =
lwr + 1] =
[owT| w>>

—

S-S

Behaves as
e A constant at low w.
e A zero at high w.

Break Point at w = £

Magnitude: ’

0dB  w<<i
20log liwt +1]=4¢301dB w=1

T

20logw w >> %
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Plotting Real Zeros

Phase

Geometry:

Z(wr +1) = tan™* (E)

OO
L(wt 4+ 1) = < 45°
90°

1

w <<
w==
p

w >>

-

-

Phase (deg)
N

0
w=T1"

1
Frequency (rad/sec)
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Plotting Real Zeros

Phase

Phase (deg)

L~

1
10 10

Frequency (rad/sec)

We can improve our sketch using a line

Z(wt + 1)
OO

w< 4

T

= ¢45° (1 +logwr) 4 <w< 10

90°
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Plotting Real Poles

Magnitude
We can plot real zeros Magnitude:
¢ Now lets do the poles. 1
Poles are the opposite of zeros |Gpote (w0)] = ot + 1]
Giero = G;,lle 201og |Gpote(w)| = —201og uwT + 1|
1
Cipote(w) = wT + 1

Goero(w) = wt + 1

Bode Diagram

Magnitude (d8)

0 10° 10 0
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Plotting Real Poles

Magnitude

Our approximation is also a reflection of the zero

201log

|owT + 1 B

M. Peet

Bode Diagram

Frequency (rad/sec)

1
0 dB w << =
T 5
1
—3.01 dB w = = P
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—20logw w>> 18"
g T § 20
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Plotting Real Poles

Phase
We can plot real zeros Phase:
Now lets do the poles.

° ow ) P LGpore(w) = — tan~! wr

Poles are the opposite of zeros
= —ZGero(w)
1 -1
Gpote(w) = wr 1 G ero(w)

Phase (deg)

Frequency (rad/sec)
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Plotting Real Poles

Phase

Our approximation is also a reflection of the zero

Z(wr 4+1)71

0° w < ;1 -
_ o 1 10 3
=4 —45° (1 +logwr) = <w< > :

o 10
-90 w> =
N o Frequency ‘[Sx;/sez? o !
w=.171"

Phase (deg)

w=10t"

10
Frequency (rad/sec)
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Plotting Real Poles and Zeros

Lead-Lag

We now have the pieces for a Lead-Lag Compensator.
Example: Lead Compensator

s+1
s+ 10

G(s) =

First Step: Standard Form
s+1 1 s+1

G = =
T T S
Second Step: Plot the Constant ¢ = .1 = —20dB.

Bode Diagram

Phase (deg)

Magnitude (d8)

10 0
Frequency (rad/sec)
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Plotting Real Poles and Zeros

Lead-Lag

Third Step: Plot the Zero at w = 1.
Magnitude:

0dB w<<1
20log|lw +1]=¢3.01dB w=1
20logw w>>1
Phase:
Zlw +1)
0° w<.1
=1¢45°(1+1logw) 1<w<10
90° w > 10
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Phase (deg)

Magnitude (d8)

Bode Diagram

zero

10 [ ! 10’ \L‘ U>
Frequency (rad/sec)
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Plotting Real Poles and Zeros

Lead-Lag

Fourth Step: Plot the Pole at w = 10.

Magnitude:
0 dB w<<10.
W -1
2010g‘m+1‘ =¢{-301dB w=10 ~
—20logw  w >> 13) w=10
g w=1
P hase: ! " Frequency ‘(:’adlsec) 0
w -1
2(55+1)
0" -
0° w<1 : ‘ w:1 o
=q-45°(1+log&) 1<w<100 ° pole |
-90° w > 100

10 [ ! 10" \L‘ 0°
Frequency (rad/sec)
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Plotting Real Poles and Zeros

Lead-Lag

Add them all together

Bode Diagram
20 T T T
o w=10
0
5 0
=
s
< 20
H w=1
g 30
£
-40
50
-60 i i i
2 . o :
10 10 10 10
Frequency (rad/sec)
% i zero
5
e
g
2 o
2
a5
%
2 ) o 0
10 10 o 10 10
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Plotting Real Poles and Zeros

Lead-Lag

Compare with the True Plot

Bode Diagram
2 T T T
10 w=10
0
& 10
3 True
s
T 20
g w=1
g 30
H
-40
50
-60 i i i
2 ) o ) 2
10 10 1 10 10
Frequency (rad/sec)
90 N
4 y
True
el
g
2 o
H
= w=1
45
w=10
%
V o |
10 10 o 10 10

Frequency (rad/sec)
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Plotting Real Poles and Zeros

Lead-Lag

Example: Lag Compensator

J-
sy = L2100 _ i+
S
10 s +100 335 +1
a0 7 —C—Zero 9% R CARRD ——Zero
70 Fetod
= 20 ----Bode Zero é 50 “//f ----Bode Zero
T o =+ Sum Eo ig L ees SUM
% 20 =—Bode Sum 8 10 L sl = Bode Sum
.-*E% 40 ——Pole E i:g —/—Pole
0 ——Bode Pole £ 70 ——Bode Pole
T 60 ; & g0 = -
2 1 10 100 1000 10000 100000 10 100 1000 10000 100000
Frequency Frequency
e Pole at w =100
e Zero at w = 1000
Output Phase “Lags” behind the input.
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Plotting Real Poles and Zeros
Lead-Lag
Put them together to get a Lead-Lag Compensator.

(s) = s+1 s+1000  s4+1 1955 +1
Cs+10 54100 41 1541

o Zeroatw =1

e Pole at w =10

e Pole at w = 100
e Zero at w = 1000

Magnitude: Changes in Slope.

Bode Diagram

e w=1: 420

e w=10: -20

e w=100: -20 g |
* w=1000: +20 / N\ '

10 0 0 10 10 10
Frequency (rad/sec)
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Plotting Real Poles and Zeros

Lead-Lag

s+ 1 s+ 1000
G18) = S 70 5+ 100
Phase: Changes in Slope.

o w=.1: +45°
o1 a5 B
o w=10: —90° f\v/y
o w=100: +90° 1
e w =1000: +45° ‘ : “ : “ : :
o w=10000: —45°
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Complex Poles and Zeros

Now we move on to the final topic: Complex Poles and Zeros

Complex Zeros:
G(s) = s* 4 20wps + w?

First Step: Put in standard form

e Soyss =1
Ignoring the constant
) 1 o <<l1
Gﬁ(zw):‘(w) T2k 1= 2 =
Wn

Wn, 2
-(2) z>>1
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Complex Poles and Zeros

Magnitude:

2
20log |G1 (w)| = 201og | — (:’) + 2@‘%‘"@ +1

0dB = <<1
= ¢ 201og(2¢) =1
40(logw —logw,) == >>1

Bode Diagram

Magnitude (d8)

0
Frequency (rad/sec)
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Complex Poles and Zeros

The Behavior near w = w,, depends on (.

e When ¢ =0,
201log |G1(w)| = 201og(2¢) = —o0
e When ¢ = .5,
201log |G1(w)| =20logl =0
e When (=1,
201log |G1(w)| = 20log2 = 6.02dB
) JZIL
| Byl
‘;=3u 0‘7 /V
g / /::E§;5>/
RS t74
TN
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Complex Poles and Zeros

Phase:
A Im(s)
w

2
LGiw)=2|1- () + 2(%2

w’ﬂ n

2Cww 2 w/w,
1 n n
= tan (2 )

2
WA —w
n \< G(iw)

o w
0 won <<1 < >
_ o W Re(s)
- 90 wWn v 1-(w/w, )
o w
180° & >>1
180
135 |
% 920 |
& s 4
o d
107 10 WU" WU‘ ‘Uw

Frequency (rad/sec)
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Complex Poles and Zeros

The Behavior near w = w,, depends on (. For w =w, =1,
When ¢ =0, G10%) _

dw
d/Gq(w)

dw

When(:.5,mz2
dw

When ¢ = 1, 9G10%) _
dw

When ¢ = .1, =10

g

A

W
\
y

|

Il

ININEIa
%

i
-ceepg o2

T

Phase (degrees)

VAN

M. Peet Lecture 20: Control Systems 24 /34



Complex Poles and Zeros

Comparison vs. True for w, =1, { =.5.

Magnitude (dB)

Phase (deg)

Bode Diagram

10 10” 10

Frequency (rad/sec)

o' 10° 10
Frequency (rad/sec)

Good for magnitude, bad for phase
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Complex Poles and Zeros

Comparison vs. True for w, =1, ( = .1.

Bode Diagram

8 : : T
0 1
B
8 4, gl
£
§ 2 B
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2 ) o >
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Complex Poles

Treatment of Complex Poles is similar
Complex Poles: S

N
/N
.
N———
[\v]
+
[\
Ea
N
+
—_
N~
Magnitude (dB)

Frequency (rad/sec)

2
1- (w) +207%
Wy, Wy,

Magpnitude:

201log |G1(w)| = —201og

0dB =<1
= ¢ —201log(2¢) =1
—40(logw —logw,) 2= >>1
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Complex Poles

The Behavior near w = w,, depends on (.

e When ¢ =0,
201log |G (w)| = 201og(2¢) = +o0
e When ( = .5,
201log |G1(w)| =20logl =0
e When (=1,

201og |G1(w)| = 20log2 = —6.02dB

20 T T T
Low-frequency z=o01
asymptote </ N
10 .
T ).
/ gﬁmy
0 St
—
—1
RN
£ oo
& High-frequ
g I~ asymptot
£=0. \
30 A N \
o NN
| N
20 L
1.
=50
10
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Complex Poles and Zeros

Figure: The Tacoma Narrows Bridge
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Tacoma_Bridge.mp4
Media File (video/mp4)


Complex Poles

Phase:

2
LGi(w) = -4 <1 - (w) + Zsz>
Wn, Wn

I

|
Ne}
(e}
o
Ele

|
—

Phase (deg)
8
;

10 10 10° 10 10°
Frequency (rad/sec)
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Complex Poles

The Behavior near w = w,, depends on (. For w =w, =1,

When

M. Peet

c=0, d/G1(w) _
dw
ne= 1, d/Gq(w) —_10
dw
dz
c=5 G1(w) _
dw
nC—1, d/G4 (w) _ 1
dw
. NN
o 1 = \té\égm
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Complex Poles

Comparison vs. True for w, =1, { =.5.

Magnitude (d8)

Phase (deg)

Good for magnitude,

M. Peet

Frequency (rad/sec)

bad for phase
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20 8
40 1
60 8

80
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Frequency (rad/sec)

i \ g
90 f
" \\ |
180
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Complex Poles

Comparison vs. True for

90

Phase (deg)

-135

-180

Magnitude (dB)

20

Bode Diagram

0
Frequency (rad/sec)

-

10° 10
Frequency (rad/sec)

Phase improves, Magnitude gets worse.
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Summary

What have we learned today?

Simple Plots
e Real Zeros
e Real Poles
e Complex Zeros

e Complex Poles

Next Lecture: Compensation in the Frequency Domain
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