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Representation and Controllability

Question: s the representation (A, B, C, D) of the system y = Gu,
i(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

unique?
,C, D) such that y and w also satisfy,
) = Az(t) + Bu(t)
y(t) = Ca(t) + Dul(t)
Answer: Of Course! Recall the similarity transform: z(t) = Tz(t) for any
invertible T'. Then y and u also satisfy,
2(t) = Tx(t) = TAz(t) + TBu(t)
= TAT 2(t) + TBu(t)
y(t) = Cx(t) + Du(t)
= CT '2(t) + Du(t)

Question: Do there exist (A, B
(t

&

M. Peet Lecture 7: Controllability 2/17



Representation and Controllability

Thus the pair (TAT~!,TB,CT~!,D) is also a representation of the map
y = Gu.

o Furthermore z(t) — 0 if and only if z(¢) — 0.

e So internal stability is unaffected.

Controllability is Unaffected:

C(TAT™!,TB)
=[TB TAT'TB TAT 'TAT-'TB ... TA" 'B]
=TC(A, B)
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Invariant Subspaces

Definition 1.

A subspace, W C X, is Invariant under the operator A: X — X if x €¢ W
implies Az € W.

For a linear operator, only subspaces can be invariant.

Proposition 1.

If W if A-invariant, then there exists an invertible T', such that

= -1 A A _ I
A=TAT —{0 Aoy and TW—lm0

That is, forany x e W, Tx = ﬁ;} which is clearly A-invariant.
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Invariant Subspaces

Proposition 2.
Cap is A-invariant.

Proof.

The proof is direct. If x € C4p, there exists a z such that x = C'(A4, B)z. Now
examine Az = AC(A, B)z.

A-C(A,B)=A [B AB .. A”le] = [AB A’B .. A"B]
But, by Cayley-Hamilton, il
A" =) g A
SO we can write =0
Az = AC(A,B)z=[AB A?B --- A"B|z
Znao
21 + znay
=[B -+ A"'B] : € Cap

Zp—1 + ZpGn—1
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Controllability Form

Since C'4p is an invariant subspace of A, there exists an invertible T" such that

Ay /_112}

-1 _
TAT —{0 Aoy

T
0
e Clearly B € Cyp.

and Tz = [ } forany z € Cup.

e Thus TB = [B;)l} )

Definition 2.
The pair (A, B) is in Controllability Form when

_ A A _|B:
A_[O Am} and B—[ ]

and the pair (A;1, By) is controllable.
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Controllability Form

When a system is in controllability form, the dynamics have special structure

.’El(t) = Allxl(t) + Algxz(t) + Blu(t)
Ig(t) = AQQIQ(t)
The x2 dynamics are autonomous.

e Cannot be stabilized or controlled.

We can formulate a procedure for putting a system in Controllability Form

1. Find an orthonormal basis, [vl vr] for Cap.
» Gramm-Schmidt on columns of C'(A, B)

2. Complete the basis in R™: [v,41 -+ vy].

3. Define T =[v1 -+ wy].

4. Construct A=TAT ! and B=TB
» Works for ANY invariant subspace.
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Controllability Form

Example
Let
1 -1 0 1
A=1|-1 1 0 and B= |0
0 0 -1 0

Thus
1 1 0
C(A,B)=10 -1 0
0 0 0
Thus rank C(A, B) = 2 < n = 3 which means not controllable.
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Controllability Form

Example Continued

Using Gramm-Schmidt, we can construct an orthonormal basis for Cap

1 1 1 0
Cuap =spany |0],|—-1 =span |0, |1 = span {v1, v2}
0 0 0

Let’ng[O 0 1}T. Then
1 0 0
T'=10 1 0| =1
00 1

So T = I, which is because the system is already in controllability form. We
could also have used

01 0 1 -1 0
T'=11 0 0| toget TAT '=|-1 1 0]|=A4
0 0 1 0 0 -1
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Stabilizability

Stabilizability is weaker than controllability

Definition 3.
The pair (A, B) is stabilizable if for any z(0) = z¢, there exists a u(t) such that
x(t) = Tsu satisfies

lim 2(t) =0

t—o0

o Again, no restriction on u(t).
e Weaker than controllability

» Controllability: Can we drive the system to x(Ty) = 07
» Stabilizability: Only need to Approach x = 0.

e Stabilizable if uncontrollable subspace is naturally stable.
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Stabilizability

Consider the system in Controllability Form.

O =T 4] [ + [ o

0 = 7o)

j,‘g (t) = AQQ.’BQ (t)

and so, we can solve explicitly

Note that

zo(t) = e22825(0)

Clearly Ao must be Hurwitz if (A, B) is stabilizable.

e Necessary and Sufficient
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PBH Test

Lemma 4.
The pair (A, B) is stabilizable if and only if Ass is Hurwitz.

This is an test for stabilizability, but requires conversion to controllability form.
e A more direct test is the PBH test

Theorem 5 (PBH Test).

The pair (A, B) is
e Stabilizable if and only if rank [/\I —A B] =n forall A\ € CT
« Controllable if and only if rank [\l — A B] =n for all A € C

Note: We need only check the eigenvalues \
o Condition implies 27 B # 0 for any left eigenvector of A.
e There is also a PBH test for observability /detectability (Coming Soon)
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PBH Test

Proof: Controllable if and only if rank [)\I —A B} =nforall A e C

Proof.

We will use proof by contrapositive. (=2 = —1). Suppose
rank [)\I —A B] < n.

e Thus dim (Im [)\IfA B}) <n
e There exists an z such that 7 [)J —A B] =0.
o Thus Az = 2TA and zTB =0
o Thus z7A% = \aTA = N2 .
o Likewise 2T Ak = Nk T
e Thus
a"C(A,B)=2"[B AB --- A" 'B]=2"[B AB --- A"!'B]
= [0 0]
e Thus dim[ImC(A, B)] < n, which means Not Controllable. (-2 = —1).

* We conclude that controllable implies rank [A] — A B] =n.
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PBH Test

Proof.

For the second part, we will also use proof by contrapositive. (=1 = —2).
Suppose (A, B) is not controllable. Then there exists an invertible 7" such that

o [An A B
TAT b 11 12 TB = 1
|: 0 A22 ’ 0

Now let A be an eigenvalue of AL, with eigenvector #. AL i = A2. Thus
2T Aoy = A\2T. Now define z as

T
z=TT [9} , then 27 = [9} T
T T
g [N[—A B]=2"T"'[A\T -TAT-'T TB]
T ~ ~ A~
_Jo _i A A B
= b= Bl 5

D e[ [ A [T
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PBH Test

Proof.

pi-a 2=l e[ 5 22 [ [3]
=[[0 MT|T—[0 2TA»|T 0
=[0 &7 [\ —Ay] 0]T=0

e Thus 2T [A\I- A B]=0.

e Thus rank [)\I —A B] < n.

e Finally (=1 = —2).

* We conclude that rank [A] — A B| = n implies controllability.
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Single Input Controllability

Definition 6.

A Companion Matrix is any matrix of the form:

0 1 0
A= :
0 1
_aO DR _an—l

A companion matrix has the convenient property that

n—1
det(sI—A) = Zaisi Zao+a18—|—---—|—an_13"‘1 +Sn
=0
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Single Input Controllability

Theorem 7.

Suppose (A, B) is controllable. B € R"*1. Then there exists an invertible T
such that

0 1 0 0

TAT ! = , TB=|*
0 1 0

—ap —Qp—1 1

This is Controllable Canonical Form
e Different from controllability form
e This is useful for reading off transfer functions

G(s)=C(sI —A)"'B+D
which has a denominator
det(sI — A) =ag+ -+ a,_ 15"
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