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Aircraft Dynamics
Lecture 10

In this Lecture we will cover:

Linearization of 6DOF EOM
e Linearization of Motion

e Linearization of Forces
» Discussion of Coefficients

Longitudinal and Lateral Dynamics
e Omit Negligible Terms

o Decouple Equations of Motion
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Review: 6DOF EOM

Fw u+qw—rv
Fy| =m [0+ ru—pw
F,

W+ pv — qu
and
L Tpop — Lpo? — qplez +qril.. — T'quy
M| = | LyyG+p* L. — prl.. + rply, — 1?1,

N - a:zp + Izzf. +quyy - qua:a: + qTIwz

M. Peet Lecture 10:

3/19



Linearization

Consider our collection of variables:

X, Y. Z p,q,r, L, M, N, u, v, w...

To Linearize:

Step 1: Choose Equilibrium point:
XO) YO) ZO? Po, 4o, To, LO) MO; N07 Ug, Vo, Wo-

Step 2: Substitute.

Step 3: Eliminate small nonlinear terms. e.g.

Au(t)? =

M. Peet

~—

also don't forget ¢, 8, 1.

w(t) = uo + Aw(t)
r(t) =ro+ Ar(t)
) =Zo+ AZ(t)
t) = No + AN(t)

Au(t)Ar(t) =0, etc
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Linearization
Step 1: Choose Equilibrium

For steady flight, let

ug # 0 vy = wo =
po =10 g =0 ro =
Xo#0 Yo=0 Zo#0
Lo=0 My=0 No=0

Other Equilibrium Factors ' =
° Welght mg cos(6)

Weight: Pitching Motion changes force
distribution.

Xy = mgsinby
Zy = mg cos by
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Linearization
Step 2: Substitute into EOM

We use trig identities and small angle approximations (A# small):

sin(fp + Af) = sin 6y cos A + cos O sin Af
2 gsin Oy + A6 cos by

cos(fp + Af) = cos by cos Af — sin Oy sin Af
cos g — Afsin b

1
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Linearization
Step 2: Substitute into EOM

Substituting into EOM, and ignoring 2nd order terms, we get

AX
Au+ Abgcos bty = —
m
AY
AV — Agpg cos by + ugAr = —
AZ
Aw 4 Afgsinfy — upAg = —
m
1 I
Ap= — % AL+ "% AN
v ‘[3333‘[22 - I%z * Ia:a:-[zz - I%z
AM
Ajg=—
Ly
; I$Z Izz
R Sy Rl o Sy R

Note these are coupled with 8, ¢.
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Linearization
Step 2: Substitute into EOM

We include expressions for 6, ¢.

A = Aq
A¢ = Ap + Ar tan b,
A = Arsecby

For steady-level flight, 8y = 0, so we can simplify

A = Aq
Ad = Ap
Ay = Ar

which is what we will mostly do.
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Linearization
Step 2: Substitute into EOM

We can also express the equations for translational motion

AL = ducosby — ugAfsin 6y + Awsin Oy
Ay = ugA cos by + Av
Az = —dusinfy — ugAf cos by + Aw cos Oy

So now we have 12 equations and 12 variables.

But Wait

Recall the forces and moments depend on motion and controls: e.g.
AX (u,v,w, -+, 0ey 0t).

e More Variables!
e More Nonlinear Terms!
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Linearization

Force Contribution

Out of (u,v,w,, 0,1, p,q, 1,04, de, 0, 07 ), we make the restrictive
assumptions on form (Why?):

o AX(Au, Aw,d,,0r)

« AY(Av, Ap, Ar,6,)

o AZ(Au, Aw, Aw, Aq, b, 07)
AL(Av, Ap, Ar,5,,8,)

AM (Au, Aw, A, Aq, de, d7)
o AN(Av, Ap, Ar,5,,0,)

where we have following new variables

e 7 - Throttle control input.
e ). - Elevator control input.
e J, - Aileron control input.

e §, - Rudder control input.

It could be worse (0,1, ¢). Reality is worse.
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Linearization

Force Contribution

To linearize the forces/moments we use first-order derivative approximations:

AX = %—ifAu + g—iAw + g—gi&e + %éT

AY = %Av + %—S;Ap—i— %—};Ar + g—;:&r

AZ = g—iAu + g—iAw + %Aw + g—iAq + 2_52656 + ;TZT(ST
AL = %AU + g—iAp—i— g—fAr + gi&r + g—ida

AM = %—J\;‘IAU + %—J\U/{Aw + %—%Aw + aa—]\qu + g—g\f(k + %(ST

ON AN . AN . ON. ON
AN = VA e NN, L OV N 0N ON
g SVt gy APt AT G5 0t 5,0
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Linearization

Coefficients

We have a notation for the partial derivatives:
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Longitudinal Dynamics

Although we now have many equations, we notice that some of them decouple:

At + Afgcosby = A—X
m
AZ
A 4 Abgsin 0y — ugAq = -
Aj = AM
Lyy
Ab = Ag

1
where 1\ X — X, Au+ XuAw + X6, + X, 07
m

1 o0z 0z
—AZ = Z,Au+ ZpAw + —Aw + ZyAq+ ——0bc + Zs5,. 07
m ow 06,
1
—AM = MyAu+ My Aw + Mo + MyAg + Ms 5 + M1
vy

and also, Az = ducos By — ugAfsin by + Awsin Oy

Az = —dusinfy — ugAf cos by + Aw cos Oy
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Simplified Longitudinal Dynamics

Note § = q
AX
At + Afgcosby = —
m
. AZ
Aw + Afgsin Oy — ugAd = —
m
Ab = AM
Ly,
where
1

—AX = X, Au+ X, ,Aw + X(;ede + XET(ST
m

LAz = ZuAu + ZyAw + ZyAib + Z,N0 + Zs. 60 + Zsp 01

1 .
T AM = M,Au+ MyAw + My At + MyA) + M, 6. + M, b1
vy
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Simplified Longitudinal Dynamics

Combining:

At + Abgcosby = XuAu + X Aw + X5, 6e + X5, 07
At + ABgsin 8y — uo Al = ZyAu + ZuwAw + Zy A + ZgAO + Zs5,0e + Zs,. 01
AG = My, Au+ MyAw + My A + MyAb + Ms, 60 + Ms.,.0r

Homework: Put in state-space form. Hint: Watch out for .
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Lateral Dynamics

The rest of the equations are also decoupled:

AY
Ab — Agpg cos by + ugAr = -
. Izz Ia:z
Ap B IzzIzz - I%z AL N IzzIzz - I%z AN
1. 1.
A= AL+ T AN
" Iww-[zz - I%z + Iww-[zz - I%z

A¢ = Ap + Artan by

where %AY:YUAzw—YpAp‘FYTAT"'YET‘ST
iAL = Ly,Av+ LyAp+ L.Ar + Ls 6, + Ls,0,
iAN = NyAv+ N,Ap + N, Ar + N5, 6, + Ns_ 8,
and also

Ay = ugA cos by + Av
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Alternative Representation

Longitudinal equations

i

<d XL,> Au — X, Aw + (g cos 6y) A0 = X, A8, + X5, Ad,
d , d .
-7, Au + [(1 - Z,) T Zw} Aw — {(un + Z,) T8 sin 00] A0 = Zy, A8, + Zs5. AS,

d @ d
-M, Au — <Mw s Mw) Aw + <E§ - M, 5) AD = M, A8, + My, AS,

Lateral equations

<E - IQ> Av — Y, Ap + (u, = ¥,) Ar — (g cos 6) A = Y; AS,

d L. d
—L, Av + <a - LI’) Ap - <[_\, T + L,) Ar

I,d d
— — | = — = +
N, Av ( Tat N,,) Ap + ( m N,) Ar = N, A8, + Nj, A8,

Ls, A, + Ls AS,

i
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Conclusion

Today you learned

Linearized Equations of Motion:
e Linearized Rotational Dynamics
o Linearized Force Contributions
o New Force Coefficients

Equations of Motion Decouple
e Longitudinal Dynamics
o Lateral Dynamics
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Conclusion

Next class we will cover:

Longitudinal Dynamics:
e Finding dimensional Coefficients from non-dimensional coefficients

e Approximate modal behaviour

» short period mode
» phugoid mode
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