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Overview

In this lecture, we will show how the LMI framework can be expanded

dramatically to other forms of control problems.
1. Positivity of Polynomials
1.1 Sum-of-Squares
2. Positivity of Polynomials on Semialgebraic sets
2.1 Inference and Cones
2.2 Positivstellensatz
3. Applications

3.1 Nonlinear Analysis
3.2 Robust Analysis and Synthesis
3.3 Global optimization
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Nonlinear Ordinary Differential Equations
Stability Measure 1: Exponential Decay Rate

Question: How do we Quantify the problem?

Consider: A System of Nonlinear Ordinary Differential Equations

Problem 1: Exponential Decay Rate
Given a specific polynomial f : R™ — R"™ and region X C R",
find K and + such that

lz(®)]] < Ke™"*[|lz(0)]

for any z(0) € X.
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Stability Measure 2: Invariant Regions

Long-Range Weather Forecasting and the Lorentz Attractor

A model of atmospheric convection analyzed by E.N. Lorenz, 1963.
z=o0(y—x) Yy=rr—1y— T2 Z=xy—bz

Problem 2: Show that all trajectories converge to a set X.

M. Peet Lecture 03: 3/901



Problem 3: Limit Cycles / Domain of Attraction

The Poincaré-Bendixson Theorem and van der Pol Oscillator

An oscillating circuit model:

§=—z—(2"-1)y o

T =1y

Domain-of-attraction

_al
§3 -2 -1 0 1 2 3
X

Figure : The van der Pol oscillator in reverse

Theorem 1 (Poincaré-Bendixson).

Invariant sets in R? always contain a limit cycle or fixed point.
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The Search for a Proof

Lyapunov Functions are Necessary and Sufficient for Stability

Consider

S R
T 7T

P N
—

Theorem 2 (Lyapunov Stability).
Suppose there exists a continuous V' and «, B,y > 0 where
Bllzll® < V() < afle]?
V(z) = VV(2)" f(z) < —z|®
for all x € X. Then any sub-level set of V in X is a Domain of Attraction.
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The Stability Problem is Convex

Convex Optimization of Functions: Variables I/ € C[R"] and v € R

max y
Vi

subject to
Vie)—azTz >0 Va
V() f(x) +y2Tz <0 Va

The problem is finite-dimensional if V (z) is polynomial of bounded degree.

Convex Optimization of Polynomials: Variables ¢ € R"™ and v € R

max vy
oy

subject to
A7) —aT2 >0 Vo
INVZ(x)f(x) + 2Tz <0 Ve

e Z(x) is a fixed vector of monomial bases.
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Is Nonlinear Stability Analysis Tractable or Intractable?

The Answer lies in Convex Optimization

Problem:

max bx
xT

subject to Az € C

The problem is convex optimization if
e (' is a convex cone.

e b and A are affine.

Computational Tractability: Convex Optimization over C is tractable if
o The set membership test for y € C is in P (polynomial-time verifiable).

e The variable z is a finite dimensional vector (e.g. R™).
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Modern Optimal Control - Lyapunov-based Optimization

The Cone of Positive Matrices

Linear Matrix Inequality (LMI) Format:
Find P :

ZAiPBi+Q>O

Key Concept: is captured by Lyapunov Functions.

Lemma 3 (KYP Lemma).

For a state-space system . A
Gls) = [%W] )

the following are equivalent.
* |Glla. <7
o There exists a P > 0 such that
ATP4+ PA PB 1[cT
BTP —71} - [DT [c D] <0

The Lyapunov V(z) = 27 Px proves that ||Gul|1, < 7| ullL,-
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LMI's and Non-Quadratic Lyapunov Functions

Examples of problems with explicit LMI formulations:
e H_,-optimal control
e Hj-optimal Control (LQG/LQR)
e Quadratic Stability of systems with bounded and polytopic uncertainty

The key is that ANY quadratic Lyapunov function can be represented as

V(z) =2 Px

Positive matrices can also parameterize non-quadratic Lyapunov functions:
V(z)=Z(x)"PZ(z)

is positive if P > 0. (Z(x) can be any vector of functions)
e Such a function is called (SOS), denoted V € ;.

Question: Can ANY Lyapunov function be represented this way?‘
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Polynomial Lyapunov Functions: A Converse Result

Theorem 4 (Peet, TAC 2009).

e Suppose &(t) = f(x(t)) is exponentially stable for ||z(0)| < r.
 Suppose D f is continuous for ||a|lo < 3.

Then there exists a Lyapunov function V : R™ — R such that
o V is exponentially decreasing on ||z|| < r.

Can we make this Quantitative?
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A Bound on the Complexity of Lyapunov Functions

Theorem 5 (Peet and Papachristodoulou, TAC, 2012).

 Suppose [lz(t)]| < Kla(0)le=* for [2(0)] < r.

e Suppose f is polynomial and ||V f(z)|| < I on ||z| <.
Then there exists a SOS polynomial V' € ¥, such that

 V is exponentially decreasing on ||z| < r.

e The degree of V is less than

degree(V) < 2¢2(NE=1) o 94201
where q is the degree of the vector field, f.

Conclusion: We can assume ANY Lyapunov function is of form

V(x) = Zg(x)PZ4(x)

where P > 0 and Zy(z) is the vector of monomials of degree d < 2% .
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An Example of Global Stability Analysis

A controlled model of a jet engine (Derived from
Moore-Greitzer).

3 1
i:—y—§x2—§x3
y=3xr—y

This is feasible with

V(z) = 4.58192% — 1.5786xy + 1.7834y* — 0.127392> + 2.51892%y — 0.34069xy>
+ 0.61188y> + 0.47537* — 0.05242423y + 0.44289z2y> + 0.090723y*
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Problem: Local Stability Analysis

Domain—of-attraction

-3 -2 -1 0 1 2 3
X

Problem: Find a polynomial V' such that

V(z) > afz|? for z € X,
and
VV ()" f(x) < —7llz|? forz € X,
where pi(x) >0 i=1,...,k }
X = =
{ gj(z)=0 j=1,.
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Optimization of Polynomials

Problem:

T
max b x

subject to Ag(y) + Z%‘Ai(y) =0 Vy

The A; are matrices of polynomials in y. e.g. Using multi-index notation,

Aiy) =Y Avay”

Computationally Intractable

The problem: “Is p(z) > 0 for all z € R"?" (i.e. “p € RT[z]?") is NP-hard.
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Optimization of Polynomials:

Examples

In fact, many important problems can be cast as optimization of polynomials.
e Global Stability of Nonlinear Systems

FW)"Vply) <0
p(y) >0

e Matrix Copositivity

yT My —g(y)Ty >0

9(y) =0
e Integer Programming
max -y
po(W)(v = f() — (v = f(¥)* + i pa(y) (w7 — 1) = 0
po(y) >0

e Structured Singular Value (1)
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Global Positivity

Definition 6.
A Polynomial, f, is called Positive SemiDefinite (PSD) if

f(z) >0 forall zeR"

Problem: How to prove that f(z) > 0 for all 7
More generally, the Primary problem is

~v* = max~y : v < f(x) forall z e R
BY

Then if v* > 0, f is Positive SemiDefinite.
An Alternative problem is
{nir;a : f(z) <o for some z € R"
o,
These are Strong Alternatives.
e They are also both NP-hard.
o If v* =0* >0, the function f is PSD.
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Global Positivity Certificates (Proofs and Counterexamples)

It is easy to identify a primal Certificate of Infeasibility (A Proof that f is
NOT PSD). i.e. To show that

f(z)>0 for all z € R™

is FALSE, we need only find a point z with f(x) < 0.

It is much harder to identify a Certificate of Feasibility (A Proof that f is
PSD).

Question: How does one prove that f(z) is positive semidefinite?
What Kind of Functions do we Know are PSD?
e Any squared function is positive.
e The sum of squared forms is PSD
e The product of squared forms is PSD
e The ratio of squared forms is PSD
But is any PSD polynomial the sum, product, or ratio of squared polynomials?
e An old Question....
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Sum-of-Squares
Hilbert's 17th Problem

Definition 7.

A polynomial, p(x) € R[z] is a Sum-of-Squares (SOS), denoted p € ¥ if
there exist polynomials g;(z) € R[z] such that

k
p(z) = Zgi(m)2~

David Hilbert created a famous list of 23 then-unsolved mathematical problems
in 1900.

e Only 10 have been fully resolved.
e The 17th problem has been resolved.

“Given a multivariate polynomial that takes only non-negative values
over the reals, can it be represented as a sum of squares of rational
functions?” -D. Hilbert, 1900
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Sum-of-Squares
Hilbert's 17th Problem

Hilbert's 17th was resolved in the by E. Artin in 1927.

e Any PSD polynomial is the sum, product and ratio of squared polynomials.
e If p(x) > 0 for all z € R™, then

where g, h € ¥;.

e If pis positive definite, then we can assume h(z) = (>

22)? for some d.
That is,

(] + -+ 20)p(x) € 5,

o If we can't find a SOS representation (certificate) for p(z), we can try
(3>, #2)?p(x) for higher powers of d.

Of course this doesn't answer the question of how we find SOS representations.
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Polynomial Representation - Linear

First consider the question of representation of polynomials.

e The set of polynomials is an infinite-dimensional vector space.
e The set of polynomials of degree d or less is a finite-dimensional subspace.
» The monomials are a simple basis for the space of polynomials

Definition 8.

Define Z;(x) to be the vector of monomial bases of degree d or less.

e.g., if x € R?, then
Zg(xl,xQ)T = [1 vy Ty 1T T3 33%]

and
Zy(x1)T = 1z 2f a3 i)
Linear Representation
e Any polynomial of degree d can be represented with a vector ¢ € R™

p(x) = ¢! Za(2)
e This representation is unique.
222 + 6x12s + 4wy +1=[1 0 4 6 2 0][l = zo zmwy 2? a3
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Polynomial Representation - Quadratic

Quadratic Representation
e Alternatively, a polynomial of degree d can be represented b a matrix
MeS™ T
p(z) = Za(x)" M Zy(x)
e However, now the problem may be under-determined

J,‘Q r M1 M2 M3 Z‘Q

Ty My My Ms| |xy
y? Ms Ms Mg |y

= Myz* + 2Myxy + (2M3 + My)z?y? + 2Msxy® + Mgy®

Thus, there are infinitely many quadratic representations of p. For the
polynomial

f(z) = 4a* + 423y — T2y — 22y® + 1094,
we can use the alternative solution
4ot + 4xdy — Tx%y? — 229 + 10y*
= Myz* + 2Moa3y + (2Ms + My)xy? + 2Mszy® + Mgy?
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Polynomial Representation - Quadratic
For the polynomial
f(z) = 4a* + 423y — 2%y — 2293 + 1044,
we require

4z + 4z3y — 7x2y2 — 2zy3 + IOy4
= Mya* + 2Maa®y + (2M3 + My)z*y® + 2Mszy® + Mgy*
Constraint Format:
My =4; 2My;=4; 2Ms+ My =-T;, 2Ms=-2; 10= M;.

An underdetermined system of linear equations (6 variables, 5 equations).
e This yields a family of quadratic representations, parameterized by A as

27T 2

T 4 2 Al |z
4ot 4 dady — 72y — 2217 + 10y = |2y 2 =742\ —1| |zy
y? - -1 10 y?

which holds for any A € R
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Positive Matrix Representation of SOS

Sufficiency

The Quadratic Representation is important in the case where the matrix is
positive semidefinite.

Suppose: p(z) = Z4(2)TQZ4(x) where Q > 0.
e Any positive semidefinite matrix, Q > 0 has a square root Q = PPT
Hence
p(x) = Za(2)TQZ4(x) = Zg(x)T PPT Zy(x).

Which yields
2

p(e) =3 | 3 PuyZas(@)

i

which makes p € ¥; an SOS polynomial.
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Positive Matrix Representation of SOS
Necessity
Moreover: Any SOS polynomial has a quadratic rep. with a PSD matrix.
Suppose: p(z) =), gi(z)? is degree 2d (g; are degree d).
e Each g;(z) has a linear representation in the monomials.
9i(x) = ¢ Za(2)

e Hence

i

:Zgi ZZd x)c;c; Zd (z) = Zg(x) (ZQC?> Zq(x)

o Each matrix ¢;c]’ > 0. Hence Q = ", ;! > 0.
e We conclude that if p € X, there is a Q > 0 with p(z) = Z4(2)QZ4(x).

Lemma 9.

Suppose M is polynomial of degree 2d. M € X5 if and only if there exists some
Q@ > 0 such that

M(z) = Zq(x)" QZq().
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Sum-of-Squares
Thus we can express the search for a SOS certificate of positivity as an LMI.
Take the numerical example
4ot + 4oy — T2y? — 2y 4 10y*

The question of an SOS representation is equivalent to

My My M;
Find M= |My, My Ms| >0 such that
Ms Ms Mg

M =4; 2My=4; 2Ms+ My=—T7, 2Ms=—-2; Mg=10.

In fact, this is feasible for

4 2 6] Jo 2
M:251:21B%_13}
6 —1 10 1 -3
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Sum-of-Squares

We can use this solution to construct an SOS certificate of positivity.

2217 (4 2 —6] [2?]
4ot + dxdy — T2y — 22 + 10y* = |2y 2 5 1| |zy
_yz_ -6 -1 10 y2_
r221" [0 2 1 [2?
0 2 1
= |zy 2 1 9 1 _3| |*¥
_y2_ _1 -3 i y2
[ 2xy + P r 2y + y?
T[22 +ay + 3y (227 + oy + 3y?

= (2zy +y°)* + (22% + ay + 3y*)?
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SOS Programming:

Numerical Example

This also works for matrix-valued polynomials.

_ [ +1)2? yz
M(ZI,Z)—[ yz vy 2yt 1
z z
01"t o o o 1 0
(y2 n 1)22 " yz 0 0 1 1 -1 0] |yz O
i S L 0 1 1 -1 0||lo 1
y yry =2y 0 y| |0 =1 -1 1 o]0 y
0 2 1 0 0 0 1|]0 4°
[z 0 T z 0
B yoz (1) 011 -1 0"fo 11 -1 0 yoz (1)
"o 100 0o 1] [t oo o 1ff,
0 ¥ 0 ?
L Y Y
_ [yz 1yr{yz 1*1/] =
- 2 2 € s
Lz vy z oy

M. Peet Lecture 03: 27 /91



Problems with SOS

Unfortunately, a Sum-of-Squares representation is not necessary for positivity.

e Artin included ratios of squares.

Counterexample: The Motzkin Polynomial

My 1)

M(z,y) = 22y* + x*y? + 1 — 3272

(O
S
e XA
RO e
ey
LA

LU

RSO EA A
WSS Seoseitornli
e G

R
TR

However, (22 + 4% + 1)M (z,y) is a Sum-of-Squares.
(2% +y* + )M (z,y) = (2y —y)* + (2y® — 2)* + (2% — 1)?

3
(zy® — 2%y)® + S (zy® + 2’y — 22y)?

* 4

B~
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Sum-of-Squares (SOS) Programming

Problem:

max bz

subject to  Ap(y) + inAi(y) SIP

Definition 10.
¥, C RT[z] is the cone of sum-of-squares matrices. If S € 3, then for some
G; € ]R[f],

S(y) = Z Gi(y) ' Gily)

Computationally Tractable: S € X, is an SDP constraint.
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Global Stability Analysis

At this point, we can express the problem of global stability of a polynomial
vector field as an LMI.

&= f(x)

max y
2%

subject to
V(z) —|z)|> = T Z(x) — 2Tz € 5,
V(z) +l|z))? = EVZ(2)f(x) +yaTe e 2,

If this is feasible with v > 0, then
V(z)>[z]*> and  V(z) < —ylz?

which implies the system is globally exponentially stable.
o The process can be automated (See SOSTOOLS)
e Creates a set of equality constraints between ¢ and a PSD matrix,

M. Peet Lecture 03: 30 /91



An Example of Global Stability Analysis

A controlled model of a jet engine.

. 3 2 1 3
Tr=-y 2:0 2:::
y=3r—y

This is feasible with
V(z) = 4.58192% — 1.5786xy + 1.7834y* — 0.127392> + 2.518922%y — 0.34069xy>
+ 0.61188y> + 0.47537x* — 0.05242423y + 0.44289x2y? + 0.090723y*

S A b kA
T
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Problems with SOS

The problem is that most nonlinear stability problems are local.
e Global stability requires a unique equilibrium.

e Very few nonlinear systems are globally stable.

Domain—of-attraction

_§3 -2 -1 0 1 2 3
X
Figure : The Lorentz Attractor Figure : The van der Pol oscillator
in reverse
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Local Positivity

A more interesting question is the question of local positivity.
Question: Is y(z) > 0 for x € X, where X C R™.

Examples:

LINEAR PROGRAMMING

e Matrix Copositivity:

(0,4

yt My >0 forally >0

e Integer Programming (Upper bounds) 67x+47y—30
min vy
v = fily) @0 PR

. y=0 3,0
forallye {—-1,1}"andi=1,--- k ©.0
Function to maximize: f(x,y)=6*x+5*y
Optimum LP solution (x, y) = (2.4, 3.4)
Pareto optima: (0, 4), (2, 3), (3, 2), (4, 1)
Optimum ILP solution (x, y) = {4, 1)

e Local Lyapunov Stability

2
V(z) = ||l for all flzff <1 All these sets are
VYV ()T f(z) <0 for all [jz|| <1 Semialgebraic.
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Semialgebraic Sets

The first step is to unify the representation of sets.

Definition 11.

A set X C R" is Semialgebraic if it can be represented using polynomial
equality and inequality constraints.

0 i=1,....k

0 j=1,.

X = {m : pi(x)
If there are only equality constraints, the set is Algebraic.

v

qj(z)

Note: A semialgebraic set can also include # and <.

Integer Programming Local Lyapunov Stability
{(-1,1}"={yeR" : y? —1=0} {z:||lz]| <1} ={2:1—-2"z >0}

Not that the representation of a semialgebraic set is NOT UNIQUE.
e Some representations are better than others...
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Feasibility of a Semialgebraic Set

Positivity of f on X is equivalent to a positive solution of either the Primary or
Alternative problems.

The Primary problem is The Alternative problem is
max-y : mino :
™ o,x
v < f(x) forallze X f(z) <o forsomexe X

Define Sy={z:v> f(z),zr € X} (A Semialgebraic Set)

The Primary problem is The Alternative problem is
max-y : mino :
S, = Sy #0

The feasibility problem is the difficult part.
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Positivity and Feasibility

Positivity and Feasibility are the same problem...:

Lemma 12.
f(x) >0 for all z € R™ if and only if

Y={z:—f(zx)>0}=0
Now, let

pi(I)ZO il,...,k}
X = : .
{x gi(z)=0 j=1,....,m

f(z) >0 for all x € X if and only if

Y={x: —f(z)>0,pi(z) >0,qi(x) =0} =0

Problem: How to test if there exists an y € Y (Feasibility of ¥Y)?777?
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Feasibility of a Semialgebraic Set

Solving the feasibility problem yields a solution to the optimization problem.
Convex Optimization: For convex functions f;,

min fo(x) :
subject to  fi(z) <0, h;j(z)=0
Geometric Representation: Let S := {z € R" : f;(z) <0, h;(z)=0}
min fo(x) :
subjectto z €S

Feasibility Representation: For v, define

Sy = {z €R" : fo(z) <7, fi(x) <0, hy(x) = 0}

min v :
subject to S, # 0
Given an efficient test for feasibility (Is S, = (?), Bisection will solve the

Optimization Problem.
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Bisection

Optimization Problem:
~* =min v :
v

subject to S, # 0)

Bisection Algorithm:

1 Initialize feasible v, = b

Initialize infeasible v, = a
— Dutm
Set Y= —5

2
3
5 If S, feasible, set 7y, = %T‘M’
4
6

. . wt
If S, infeasible, set 7, = T+

k=k+1 ;
D
7 Goto 3 P \
Then v* € [y, 7] and |7, —v| < %52 '/:s"\
Bisection with oracle also solves the et

Primary Problem. (max~: S, =0)
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A Problem of Representation and Inference

As with SOS and PSD Functions, Testing Feasibility is a Question of
Representation.

Consider how to represent a semialgebraic set:
Example: A representation of the interval X = [a, b].

e A first order representation:
{reR:2—-a>0,b—z >0}
e A quadratic representation:
{reR: (x—a)(b—2z) >0}

e We can add arbitrary polynomials which are PSD on X to the
representation.

{zreR: (x—a)b—2)>0,2—a>0}
{reR: (2® + 1)(x—a)(b—x)20}
{reR: (x—a)(b—2) >0, (z*+1)(z—a)(b—x) >0, (x —a)(b—x) >0}
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A Problem of Representation and Inference

Why are all these representations valid?

e We are adding redundant constraints to the set. : : :
ex—a>0andb—xz >0 forxz € [a,b] implies ,{ 3
(z — a)(b— ) > 0. Trl \\
B SRSt =
e 22+ 1is SOS, so is obviously positive on = € [a,b]. oy

How are we creating these redundant constraints?

¢ Logical Inference
e Using existing polynomials which are positive on X
to create new ones.

Big Questions:
e Can ANY polynomial which is positive on [a, b] can be constructed this
way?
e Given f, can we use inference to prove that f(z) > 0 for any
zeX=lab]?
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The Cone of Inference

Definition 13.

Given a semialgebraic set S, a function f is called a valid inequality on S if

f(z)>0 forallz € §

Question: How to construct valid inequalities?

e Closed under addition: If fi and fy are valid, then h(x) = fi(z) + fa(z) is
valid

o Closed under multiplication: If f1 and fy are valid, then h(z) = f1(z) fa(x)
is valid

2

o Contains all Squares: h(z) = g(x)* is valid for ANY polynomial g.

A set of inferences constructed in such a manner is called a cone.

M. Peet Lecture 03: 41 /91



The Cone of Inference

Definition 14.

The set of polynomials C' C R[z] is called a Cone if
e f1 €C and fy € C implies f1 + fo € C.
o fi € Cand fy € C implies fi fs € C.
e ¥, CC.
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The Cone of Inference

The set of inferences is a cone

Definition 15.
For any set, S, the cone C(S) is the set of polynomials PSD on S

C(S):={f eR[z] : f(x) >0 forall z €S}

The big question: how to test f € C(5)??7

Corollary 16.
f(z) >0 for all x € S if and only if f € C(S5)
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The Monoid

Suppose S is a semialgebraic set and define its monoid.
Definition 17.

For given polynomials {f;} C R[z], we define monoid({f;}) as the set of all
products of the f;

monoid({f;}) := {h € Rz =[[ " - f2(z), a € NF}

e 1 € monoid({f:})

e monoid({f;}) is a subset of the cone defined by the f;.
e The monoid does not include arbitrary sums of squares
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The Cone of Inference

If we combine monoid({f;}) with X, we get cone({f;}).

Definition 18.
For given polynomials {f;} C R[z], we define cone({f;}) as

cone({f;}) ={h eR[z]: h= Z $igi, g; € monoid({f;}), s; € Xs}

Si={zeR": fi(x) >0,i=1--- k}

cone({fi}) € C(S) is an approximation to C(.5).
o The key is that it is possible to test whether f € cone({f;}) C C(S)!!!

> Sort of... (need a degree bound)
» Use e.g. SOSTOOLS
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More on Inference

Corollary 19.
h € cone({f;}) C C(S) if and only if there exist s;,r;j,--- € X such that

h(z) = s0 + Zsifi 4 ijfifj + Z Tijefifife + -
i i#j i#£jFk

Note we must include all possible combinations of the f;

e A finite number of variables s;, 7;;.

e 5;,7i; € X is an SDP constraint.

e The equality constraint acts on the coefficients of f, s;,7;;.
This gives a sufficient condition for h(x) > 0 for all z € S.

e Can be tested using, e.g. SOSTOOLS
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Numerical Example

Example: To show that h(z) = 5z — 922 + 522 — x* is PSD on the interval
[0,1] ={z € R™ : 2(1 —x) > 0}, we use fi(z) = 2(1 — x). This yields the
constraint

h(z) = so(z) + (1 — x)s1(x)

We find so(z) = 0, s1(z) = (2 — 2)? + 1 so that
5r—92% +50° — 2 =0+ (2 —2)* + Dz(1 — 2)
Which is a certificate of non-negativity of h on S = [0, 1]

Note: the original representation of S matters:

o Ifwehadused S={z €R : x>0,1—x >0}, then we would have had 4
SOS variables

h(z) = so(x) + xs1(z) + (1 — x)s2(x) + (1 — z)s3(x)

The complexity can be decreased through judicious choice of representation.
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Stengle's Positivstellensatz

We have two big questions
e How close an approximation is cone({ f;}) C C(S) to C(S5)?
» Cannot always be exact since not every positive polynomial is SOS.

e Can we reduce the complexity?
Both these questions are answered by Positivstellensatz Results. Recall

S:={zeR": fi(z)>0,i=1--- k}

Theorem 20 (Stengle’s Positivstellensatz).

S =0 if and only if —1 € cone({f;}). Thatis, S = () if and only if there exist
84,Tij, -+ € Mg such that

—1=s0+ Zsifi + Zﬁjfifj + Z rijkfifife 4
i i#] 1#j#k

Note that this is not exactly what we were asking.
o We would prefer to know whether h € cone({f;})
e Difference is important for reasons of convexity.
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Stengle's Positivstellensatz

Problem: We want to know whether f(x) > 0 for all z € {z : g;(z) > 0}.

Corollary 21.

such that

fls1+ Z%‘gz‘ + Z(Iijgigj + Z 4ijk9i9i9k + -
i i#j i#i#k
=1+s0+ ZSigi + ZTijQigj + Z Tijk9i9igk +
i i#j i#j#k

Proof.
f(z) >0 for all x € {x: g;(x) > 0} is equivalent to infeasibility of

§:={x:-f(z) 20, gi(z) > 0}

By applying the Positivstellensatz, we obtain the conditions. O
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Stengle's Positivstellensatz

Flsaa+) a9+ Y 499+ > Gikgigigk + -
i i i#jHk

=1+s0 +Zsigi+z7“z‘jgz‘gj + Z Tijk9igigk +

i i) i#j#k
The Good:

e Now possible to test whether f(z) > 0 for x € S

¢ No special conditions on S or f.
The Bad:

e Condition is bilinear in the f and s;, g;;.

» Need a specialized solver.
e Strict Positivity

> f(x) > eforsomee>0andall ze S
» Actually, Stengle's Positivstellensatz has a weak form.

e Lots of variables.
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Stengle's “Weak" Positivstellensatz

S:={zeR": fi(x) >0, i=1,...,nk}.

Theorem 22.

Let S be given as above and let I denote the set of subsets of {0, ..., nk}.

Then fo(z) > 0 for all z € S if and only if there exist s € X, sj € Xg for J € 1
and k € Z% such that

o)+ ss(@) [] fil) + fo(x)** =0

Jel ieJ

Condition:

folsa D> agi+> aigigi+ Y. @Giingigigr +-
i 1#] 1#£j#k

= fO( )2k + sp + Zslgl + Zrmgzgj + Z Tijk9:i9;9k + -
@ i#] i#j#k
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Schmudgen'’s Positivstellensatz

If the set is compact, then the problem can be convexified.

Theorem 23.

Suppose that S = {x : g;(x) > 0} is compact. If f(x) > 0 for all z € S, then
there exist s;, 75, -+ € Mg such that

f=s0+ Z 8igi + Z Tij9igj + Z Tijkgigigk +
i i#j itttk

Note that Schmudgen’s Positivstellensatz is essentially the same as Stengle’s
except for a single term.

e Now we can include both f and s;,7;; as variables.
e Reduces the number of variables substantially.
The complexity is still high (Lots of SOS multipliers).
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Putinar's Positivstellensatz

If the semialgebraic set is P-Compact, then we can improve the situation further.

Definition 24.

We say that f; € R[z] for i = 1,...,nk define a P-compact set Ky, if there
exist h € Rlz] and s; € ¥ for i = 0,...,ngk such that the level set
{z € R : h(x) > 0} is compact and such that the following holds.

nK

hz) =) si(z)fi(z) € 2,

=1

The condition that a region be P-compact may be difficult to verify. However,
some important special cases include:

e Any region Ky such that all the f; are linear.

e Any region K defined by f; such that there exists some ¢ for which the
level set {z : f;(z) > 0} is compact.
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Putinar's Positivstellensatz

P-Compact is not hard to satisfy.

Corollary 25.

Any compact set can be made P-compact by inclusion of a redundant constraint
of the form fi(x) = 8 — xTx for sufficiently large 3.

Thus P-Compact is a property of the representation and not the set.

Example: The interval [a,b].
e Not Obviously P-Compact:

{reR: 2> -a®>>0,b—2>0}

e P-Compact:
{reR: (x—a)(b—1z) >0}
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Putinar's Positivstellensatz

If S is P-Compact, Putinar's Positivstellensatz dramatically reduces the
complexity

Theorem 26 (Putinar’s Positivstellesatz).

Suppose that S = {z : g;(x) > 0} is P-Compact. If f(xz) > 0 for all z € S, then
there exist s; € X such that

f=s0+Y_ sigi
A

A single multiplier for each constraint.

M. Peet Lecture 03 55 / 91



Relationship to the S-Procedure

A Classical LMI.
The S-procedure asks the question:

o Is2T'Fz>0forall z € {z:27Gx > 0}7?

Corollary 27 (S-Procedure).

2TFz >0 forall z € {x : 27 Gz > 0} if there exists a T > 0 such that
F—7G = 0.

The S-procedure is Necessary if {z : 27Gxz > 0} # 0.

A Special Case of Putinar’s Positivstellensatz when

o f(x)=aTFx
o g(z) =2TGx
e s(x)=r1

e we replace > 0 with € X,
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Robust Analysis and Synthesis

Recall the problem of parametric uncertainty.
z(t) = A(a)z(t) + B(a)u(t)
y(t) = Cla)z(t) + D(a)u(t)

where a € X where X is a semialgebraic set.

pi(z) >0 izl,...,k}

Let X:=qx: .
{ gi(x)=0 j=1,....,m

Almost any analysis or synthesis condition expressed as an LMI can be made
robust using SOS and Positivstellensatz results.
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Robust Analysis and Synthesis

Theorem 28.

z(t) = A(a)x(t) is stable for all o € X if there exist € > 0, polynomials T; and
SOS polynomials P, R, S; € ¥, such that

P(a) — el = R(«)
= (A(@)"P(a) + P(a)A(a)) = So(a) + Z Si(a)pi(a) + ZTi(Oé)qj(Oé)

The difference from the S-procedure is that
e The Lyapunov function is parameter-dependent (Not Quadratic Stability).

e The multipliers are parameter-dependent.
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Polynomial Programming

PS results can be applied to the problem of polynomial programming.

Polynomial Optimization Optimization of Polynomials:
c; =max d'y c3 =max blx
Yy x
bject to fi(y) >0 i=1,--- k
subject to fi(y) = ! subject to Ao (y) + sz W(y) =0 Yy
This problem is NOT convex.
This Problem is convex (use SOS)

Optimization of polynomials can be used to find the maximum value ¢j.
¢} = min
v

subject to v > dly Vyely: fily) >0,i=1,--- k}
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Polynomial Programming

Optimization of polynomials can be used to find the maximum value cj.
¢} = min ~
¥
subject to vy > dTy Wy € {y: fily) >0,i=1,--- k}
Reformulate as
¢} = min ~ subject to
¥
y—d"y =so0(y) + Y si)fiy)
i
S; € X

Which is easily solved using SOSTOOLS.
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Return to Lyapunov Stability

We can now recast the search for a Lyapunov function.

Let

X = {x:pi(ﬂi)zo i:1’~~-ak}

Theorem 29.

Suppose there exists a polynomial v, a constant e > 0, and sum-of-squares polynomials
S0, Si, to, ti such that

v(m)—z i(@)pi(s) — so(s) —ex’z =0
—Vou(z Zt s)—to(z) —ez"z =0

Then the system is exponentially stable on any Y~ := {z : v(z) < v} where Y, C X.

Note: Find the largest Y, via bisection.
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Return to Lyapunov Stability

Van-der-Pol Oscillator

Procedure:
1. Use Bisection to find the largest ball on which you can find a Lyapunov
function.
2. Use Bisection to find the largest level set of that Lyapunov function on
which you can find a Lyapunov function.

3
3 2 El o 1 2 3
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Computing the Attractive Region

Advective approaches also work well.

3

-3 . . . . .
-3 -2 -1 0 1 2 3

Figure : The van der Pol Oscillator using advection [T.-C. Wang]
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Computing the Invariant Region

Numerical Results using the Advective Approach

Figure : The Lorentz Attractor using advection [T.C. Wang]
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Equality Constraints

Before we conclude, it is worth considering the question of equality constraints:
Integer Programming (Upper bounds)
min vy
v > fi(y)

forallye {—-1,1}" and i =1, --- ,k
where )

{-1,1}"={yeR" : y; —1=0}
Incompressible Navier-Stokes

v 1

—=—v-Vo+—(V-T -V

3 v-Vou+ p ( +f D)

Requires conservation of mass
Vv =0

Which imposes an algebraic constraint on the state.
Question: How to test whether

f(z) >0 forall z € {z : g(z) =0}7
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Inference

The approach is the same as for inequality constraints.

o If g1(z) =0 for x € S and ga(z) =0 for x € S, then
g1(z) + g2(x) =0 forallz € S

o If g(x) =0 for x € S, then for ANY polynomial h(z),

gx)h(z) =0 forallz € S

Let
S={z: fi(x)=0,i=1,---k}

Definition 30.
We say f is a valid equality on S if f(z) =0 for x € S
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Inference

Definition 31.
A set of polynomials, I is called an ideal if
o fi+ foelforall fi,fy el

o fgeIforall felandgeR[z].
Define ideal(S) to be the set of valid equalities on S.

Definition 32.
For given polynomials {f;} C R[z], we define ideal({f;}) as

ideal({f;}) :={h €R[z] : h= Zfigi, 9; € R[z]}

ideal({f;}) gives a set of valid equalities on
S={z: fi(x)=0,i=1,---k}
ideal({f;}) is the smallest ideal containing {f;}.
e How closely does ideal({f;}) approximate ideal(S)?
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The Nullstellensatz

Theorem 33 (Hilbert’s Nullstellensatz).
For f; € C[z], let

S={zeC": fi(x)=0,i=1,---k}
Then S =0 if and only if 1 € ideal({f;})

If 1 € ideal({f;}), then feasibility of the set would imply 1 = 0.
e Predates Positivstellensatz results.
¢ Not valid over the reals
This gives an algorithmic approach to testing feasibility: Find g; such that

—1= Zfigia gi € Clz]}

This involves solving linear equations (no optimization).
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Positivstellensatz with Equality

Fortunately, the equality constraint are included in later versions of the
Positivstellensatz.

Theorem 34 (Putinar’s Positivstellesatz).

Suppose that S = {z : g;(x) > 0, h;(x) = 0} is P-Compact. If f(x) > 0 for all
x € S, then there exist s; € ¥ and t; € Rlz] such that

f=s0 +Zsigi+ztjhj
i J

Theorem 35 (Schmiidgen’s Positivstellesatz).

Suppose that S = {x : g;(x) >0, h;(x) = 0} is compact. If f(x) > 0 for all
x € S, then there exist s;,r;;,--- € ¥ and t; € R[z] such that

= 1+Zt iy +50+Zszg,+zwgzgj + D Tijkgigige + -

i#] vkl
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Integer Programming Example
MAX-CUT

Figure : Division of a set of nodes to maximize the weighted cost of separation

Goal: Assign each node i an index x; = —1 or z; = 1 to maximize overall cost.
e The cost if z; and z; do not share the same index is w;;.
e The cost if they share an index is 0
e The weight w; ; are given.
e Thus the total cost is

1
3 D wi(1—wzy)
i
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MAX-CUT

The optimization problem is the integer program:
max o wa — xx5)

The MAX-CUT problem can be reformulated as
min -y :

1
v > max o ;ww(l —zx;) forall ze{z:al=1}

We can compute a bound on the max cost using the Nullstellensatz

min
pi€R[z], s0EX

1
7_§iji,j< — x;%j) +sz (z7 —1) = so()
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MAX-CUT

Consider the MAX-CUT problem with 5 nodes
Wi = Wz = wys = w15 =.5 and  wiy = wey = was = wzg =0
where w;; = wj;. The objective function is
f(z) = 2.5 — Bryxg — brgws — Srgxy — Hrgxs — .5riTs
We use SOSTOOLS and bisection on ~ to solve

mln
piER[x], s0EX

—|—2:pZ (7 — 1) = so(x)

We achieve a least upper bound of v = 4.
However!

e we don't know if the optimization problem achieves this objective.

e Even if it did, we could not recover the values of z; € [-1,1].
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MAX-CUT

Figure : A Proposed Cut

Upper bounds can be used to VERIFY optimality of a cut.
We Propose the Cut

.x1:x3:$4:1
e 19 =x5=—1

This cut has objective value
f(z) = 2.5 — Bryxg — broxs — Srsry — Sraxs — Sxixs =4

Thus verifying that the cut is optimal.
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MAX-CUT code

pvar x1 x2 x3 x4 x5;
[x1; x2; x3; x4; x5];

vartable =

prog = sosprogram(vartable);

gamma

f=2.

bcl =
bc2 =
bc3 =
bcd =
bch =

for i

[prog, p{i+i}]

end;
expr

prog
prog

= 1:5

(gamma-f)+p{1}xbcl+p{2}xbc2+p{3}*bc3+p{4}*bca+p{5}xbch;

sosineq(prog,expr) ;
sossolve(prog) ;

M. Peet

e

.Bxx1*x2 -

.Bxx2%x3 - .bxx3*x4 -

sospolyvar (prog,Z) ;

Lecture 03: Numerical Examples

.Bxx4*xx5 -

.B*xb*x1;
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The Structured Singular Value

For the case of structured parametric uncertainty, we define the structured
singular value.

A= {A = diag(51[n17 s 7531715 1 0; € R}

e §; represent unknown parameters.

Definition 36.

Given system M € L(Ls) and set A as above, we define the Structured
Singular Value of (M, A) as

1
M,A) = -
WM A) = A 1]
I—MA is singular
The fundamental inequality we have is A, = {diag(é;), : >, 07 <~}. We

want to find the largest v such that I — MA is stable for all A €A,
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The Structured Singular Value,

The system
@(t) = Aoz(t) + Mp(t),  p(t) = A(t)q(t),
q(t) = Nz(t) + Qp(t), AecA
is stable if there exists a P(d) € X, such that
V = 2T P(6)(Aoz + Mp) + (Aoz + Mp)TP(8)x < ex”x
for all ,p,d such that

(z,p,0) € {x p,d : p=diag(;)(Nz + Qp), 252 < 7}

Proposition 1 (Lower Bound for ).

W >~y if there exist polynomial h € Rz, p, ] and s; € X5 such that
TP(6)(Agz + Mp) (Aoz + Mp)TP(5)x —ex’x
= —so(x,p,0 252 s1(z,p, 6) — (p — diag(6;) (N + Qp))h(z, p, 5)
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Variations - Polya’'s Formulation

Recall that Hilbert's 17th was resolved in the by E. Artin in 1927.
e Any PSD polynomial p is the sum, product and ratio of squared
polynomials.
_ g9(x)

where g, h € X,.
It was later shown by Habricht that if p is strictly positive, then we may assume
h(z) = (32, x2)¢ for some d. That is,

(a1 + - +a7)p(z) € T,
Given properties of p, may we assume a structure for h?
Polya was able to show that if p(z) has the structure
p(m) = ﬁ(.’L‘g, T 7‘7:?1)’
then we may assume that s is a sum of squared monomials (prima facie SOS).
s(z) =) (cax)?
aeNn

where 2% =[], 7.
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Variations - Polya’'s Formulation

Now suppose that we are interested in polynomials defined over the positive
orthant:

X={r:2,>20,i=1,---}

A polynomial f(z1,--,x,) >0 for all z € X if and only if f(z%,--- ,22) >0
for all z € R™.
Thus, by Polya's result if f(z1,---,x,) > 0 for all x € X, then

et flad o a2) = 3 (aa™)?

i acNn

for some d,, > 0.
Now making the substitution 22 — y;, we have the condition

Theorem 37.

If f(x1, - ,2,) >0 for all z € X then there exist co, > 0 and d, > 0 such that
dP
(zyz) = Y e
i a€eN"™
|l <d+dp
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Variations - Polya’'s Formulation

Now suppose the polynomial, p, is homogeneous. Then p(z) > 0 for all X/0 if
and only if p(z) > 0 for x € A:={z : >, x; = 1} where A is the unit simplex.

Consider the uncertainty set A :={z € R": > | z; =1, 2; > 0}.

Theorem 38 (Polya’s Theorem).
Let F(x) be a real homogeneous polynomial which is positive on A. Then for a
sufficiently large d € N,

(x1 +a0+ -+ xn)dF(x)

has all its coefficients strictly positive.

The algorithmic nature was noted by Polya himself:

“The theorem gives a systematic process for deciding whether a given
form F is strictly positive for positive x. We multiply repeatedly by
> x, and, if the form is positive, we shall sooner or later obtain a form
with positive coefficients.” -G. Polya, 1934
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Variations - Polya's Formulation

1

For example, if we have a finite number of operating points A;, and want to
ensure performance for all combinations of these points.

@(t) = Ax(t) where Ac {ZA”“ D >0, Zui = 1}

This is equivalent to the existence of a polynomial P such that P(x) > 0 for all
1 € A and such that
AT P(p) + P(u)A(p) <0 forall peA
where  A(p) = ZAi#i
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Variations - Polya’'s Formulation
A more challenging case is if A(«) is nonlinear in some parameters, «.
Simple Example: Angle of attack («)

a(t) =

pvieq(a, M)
The time-varying parameters are:

5 )

e velocity, v and Mach number, M (M depends on Reynolds #);
e density of air, p;

e Also, we sometimes treat « itself as an uncertain parameter.

R

e

e
wy

o

1000 275

450 "

Figure : C vs. a and Re #

M. Peet

Figure : Ca vs. Mach # and «
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Variations - Handelman’s Formulation

Polya was not alone in looking for structure on s.

Recall Schmudgen’s Positivstellensatz.

Theorem 39.

Suppose that S = {x : g;(x) > 0} is compact. If f(x) > 0 for all z € S, then
there exist s;, 755, -+ € Mg such that

= S0 + Z Sigi + Zrljglgj + Z Tik9i95 9k +

1#£] 1#j#k

Suppose that S is a polytope
S={reR":a]z<b,i=1--}

Then we may assume all the s; are positive scalars.
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Variations - Handelman’s Formulation

Let S:={z € R" : af <b;}.

Theorem 40.

Suppose that S := {x € R" : a]x < b;} is compact and convex with
non-empty interior. If p(x) > 0 for all x € S, then there exist constants
S Pagig oo > such that

p=5s0+ Z 5igi + Z Tij9i95 + Z Tijk9i9igk + -
i i#£] i#j#k
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Variations - Handelman's Formulation
Example: Consider the hypercube
Si={(z,y) : -1<z<1, -1<y<1}
Now the polytope is defined by 4 inequalities
gi(zy) =—z+1 gy =+l gy =-y+1
Which yields the following vector of bases
—x+1
z+1
-y+1
y+1
2?2 -2z +1
g1 224+ 2r4+1
S l=] yr-2y+1
v +2y+1
-2 +1
zy—r—y+1
—zy—r+y+1
—xy+r—y+1
-2 +1

Lecture 03: Numerical Examples
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Variations - Handelman’s Formulation

First put the function in the linear basis 1
x
pa)= - +ay+y)+3=[3 0 -1 -1 0 —1] xyy
2
Then convert the Handelman basis to the original basis ;2
—xr+1 1 -1
z+1 1 1
—y+1 1 ~1
y+1 1 1 .
z?—2z+1 1 -2 1
9 2?42z +1 1 2 1 *
Ll =] el | =1 —2 1 xyy
2
Y2+ 2+ 1 1 2 1 7
9394
22 +1 1 ~1 “
zy—z—y+1 1 -1 -1 1 4
—zy—z+y+1 1 -1 1 -1
—xy+r—y+1 1 1 -1 -1
—y* +1 |1 —1
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Variations - Handelman's Formulation
Now the positivity constraint becomes ¢; > 0 and

al’ [ @)
plz)=| : :
C13 93(x)ga(x)

Therefore, substituting the expressions of the previous slide

1 -1
11
1 1
T 1 1
g 313 Al 2 1 i
o y 1 1 2 1 y
1l (el = 1 ) U
0 o esl |1 2 1
-1 2 1 -1 2
y 1 -1 -1 1 y
1 -1 1 -1
1 1 -1 -1
_1 _1_.

M. Peet Lecture 03: Numerical Examples 86 / 91



Variations - Handelman’s Formulation

Finally, we have that positivity of p can be expressed as the search for ¢; > 0

such that M —1 1T
1 1
1 -1
1 1
1 -2 1 ?)
1 2 1 e o
1 —2 1 -
1 2 I 0
1 -1 el
1 -1 -1 1
1 -1 1 —1
1 1 -1 -1
1 —1

Which is of the form ATz = b in variables z > 0.

Recall: Optimization over the positive orthant is called Linear Programming.
e b is determined by the coefficients of the polynomial, p
e b may itself be a variable if we are searching over positive polynomials.
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Variations - Handelman’s Formulation

For the polynomial

plz) =~ +ay+y)+3=[3 0 -1 -1 0 -1] |7

The Linear Program is feasible with y?
z=[1 000 00O00O0O0O0 1 1

This corresponds to the form

p(x) = g3(x)ga(z) + g2(2)ga(x) + g1(2)
= (- + )+ (—zy+z—y+ 1)+ (—z+1)
=y —ay—y+3
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Variations - Handelman’s Formulation
Now consider the polynomial
ple)=2*4+y*=[0 0 0 0 1 1|1 =z y =y 2? yQ]T

Clearly, p(x,y) > 0 for all (z,y) € S. However the LP is NOT feasible.
Consider the point (z,y) = (0,0). Then p(0,0) =0 and

—x+1 1

rz+1 1

—y+1 1

017 11 s 2erl 1

0 N 0 0 T x2—2x+1 7|1

0 y 0 0 a ¢ +2x+1 a 1

p(0) = = = | : Y2 —2y+1 = | : 1
0 Ty 0 0 : 9

1 xQ 1 0 Ci3 Yy +22y—|—1 c13 1

1 2 1 0 —z° 41 1

(z,y)=0 zy—x—y+1 1

—xy—x+y+1 1

—xy+r—y+1 1

v+l 0o LU

Which implies 3. ¢; = 0. Since the ¢; > 0, this implies ¢ = 0, which is not

feasible.
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Variations - Handelman’s Formulation

Conclusion: For many representations, the strict positivity is necessary.
e Polya's representation precludes interior-point zeros.
e Handelman'’s representation precludes interior-point zeros.
e Bernstein's representation precludes interior-point zeros.

In each of these cases, we may have zeros at vertices of the set.

e This makes searching for a Lyapunov function impossible.
» Must be positive on a neighborhood of the x = 0 with V(0) = 0.

One Solution: Partition the space so that the zero point is a vertex of each set.

*—-
1D hypercube with 2 intervals

2D hypercube with 4 triangular
sub-polytopes

3D hypercube with 6 pyramidal
sub-polytopes
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Conclusion

1. Optimization of Polynomials can be used to solve an broad class of
problem.

1.1 Stability Analysis of Vector Fields
1.2 Bounds for Polynomial Programming
1.3 Integer Programming

2. SDP, Sum-of-Squares and the Positivstellensatz allow us to optimize
polynomials

Next Time:
e More applications of SOS
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