Introduction to Optimal Control via LMIs

Matthew M. Peet

Arizona State University

Lecture 01: Optimal Control via LMIs






Who Am 17

Research Interests: Computation, Optimization and Control
Focus Areas: Expertise with LMI Methods:
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http://control.asu.edu

LMI Methods in Optimal and Robust Control

A Toolbox

Required: LMlIs in Control Systems
by Duan and Yu

LMls in Systems and Control Theory
by S. Boyd
Link:

Linear State-Space Control Systems
by Williams and Lawrence

Linear State Space

M. Peet

Convex Optimization
by S. Boyd
Link:

nvex
Optimizatior

Link:
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https://web.stanford.edu/~boyd/lmibook/lmibook.pdf
https://web.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf
https://www.youtube.com/watch?v=McLq1hEq3UY&list=PL3940DD956CDF0622

LMI Methods in Optimal and Robust Control

This course is on RECENT Developments in Control
® Techniques Developed in the Last 20 years

® Computational Methods

» No Root Locus
» No Bode Plots
» No PID (Proportion-Integral-Differential)

We focus on State-Space Methods
® |n the time-domain
® We use large state-space matrices

Ml [-1 1.2 -1 8] [=()] [
d || |1 0o o of [ |0
|| =10 1 0 of || o
za(?) 0 0 1 0ol =] o

® We require Matlab
» Need robust control toolbox.
» Recommend using YALMIP.
Link:
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https://www.mpt3.org/Main/Installation?action=download&upname=install_mpt3.m

What is Optimization?

An Optimization Problem has 3 parts.

i : bject t
min fx) subject to

hi(z)=0 i=1,---Ks

Variables: z € F
® The things you must choose.
® T represents the set of possible choices for the variables.
® Can be vectors, matrices, functions, systems, locations, colors...
» However, computers prefer vectors or matrices.
Objective: f(x)
® A function which assigns a scalar value to any choice of variables.
> e.g [z1,m2] = x1 — x2; red — 4; et c.
Constraints: g(z) > 0; h(z) =0
® Defines what is a minimally acceptable choice of variables.
® Equality and Inequality constraints are common.
» zis OK if g(z) > 0 and h(z) = 0.
® Constraints mean variables are not independent. (Constrained optimization

is much harder).
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Least Squares

Unconstrained Optimization

Problem: Given a bunch of data in the form Lol
® |nputs: a; g_
® Qutputs: b; 8

Find the function f(a) = b which best fits the data. 7

For Least Squares: Assume f(a) = z%a + zy where
z € R™ 2y € R are the variables with objective 0 1 2 3 4 s

min h(z Z|fal—b\2 Z|z ai + zo — bil?

The Optlmlzatlon Problem is:

min || Az — b||?
z€ER™

where
a{ 1 bl
A= b:=|:
(Z% 1 bK
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Machine Learning

Classification and Support-Vector Machines

In Classification we have inputs (data) (z;), each of which has a binary label
(i € {=1,+1})
® y;, = +1 means the output of x; belongs to group 1

® y; = —1 means the output of z; belongs to group 2

We want to find a rule (a classifier) which takes
the data x and predicts which group it is in.
® Our rule has the form of a function
f(z) =wTz —b. Then
> zisin group 1if f(z) = wz —b> 0.
> 2 isin group 2 if f(z) = wTz —b<0.

Question: How to find the best w and 577 . i
Figure: We want to find a rule

which separates two sets of data.
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Machine Learning

Classification and Support-Vector Machines

K(x.x) = 47(x)8(x)
£=1 Margin = 2/ VTw

Misclassified #, i

point ™

Support Vector ¢

w"'a)(x)*b:--—l
wig+b=0
W) + b=+l -

Definition 1.

® A Hyperplane is the generalization of the concept of line/plane to multiple
dimensions. {zx eR" : = = 0}
® Half-Spaces are the parts above and below a Hyperplane.
{zeR™ : wlz—b>0} OR {zeR™ : wlz -b< 0}
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Machine Learning

Classification and Support-Vector Machines

We want to separate the data into disjoint half-spaces and maximize the

distance between these half-spaces

Kixx) = ¢M(x)¢(x)

Variables: w € R™ and b define the hyperplane
Constraint: Each existing data point should be

% Margin =2/ \wTw

correctly labelled.

e wlz —b>1wheny, =+1 and
wlz —b< —1 when y; = —1 el
(Strict Separation) ws 50

* Alternatively: y;(w'z; —b) > 1.

wTei(x)’b:--—l

Figure: Maximizing the distance
These two constraints are Equivalent. between two sets of Data

Objective: The distance between Hyperplanes {z : wTz —b =1} and

{z : wlz —b=—1}is 1
f(w,b) = 2——=
wTw
M. Peet Lecture 01: Optimization
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Machine Learning
Unconstrained Form (Soft-Margin SVM)

Machine Learning algorithms solve

1 .
min _ —wlw, subject to
weRP beR 2

yiltwTz; —b)>1, Vi=1,.. K.

Soft Margin Problems T
The hard margin problem can be relaxed to i <
maximize the distance between hyperplanes

PLUS the magnitude of classification errors | \\\\

m w|?4¢ Y max(0, 1—(wlz;—b)y;). o o
weRPbeRQH [ 2; (W zi=by:).
K3
Figure: Data separation using
soft-margin metric and distances
to associated hyperplanes
Link:
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Computational Complexity

In Computer Science, we focus on Complexity of the PROBLEM
® NOT complexity of the algorithm.

On an Turing machine, the # of steps is a fn of
problem size (number of variables)

® NL: A logarithmic # (SORT)

® P: A polynomial # (LP)

® NP: A polynomial # for verification (TSP)
NP HARD: at least as hard as NP (TSP)

NP COMPLETE: A set of Equivalent* NP
problems (MAX-CUT, TSP)

EXPTIME: Solvable in 2P(") steps.
p polynomial. (Chess)

® EXPSPACE: Solvable with 2°(") memory.

EXPSPACE
2

EXPTIME

el
PSPACE

*Equivalent means there is a polynomial-time reduction from one to the other.
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Linear Algebra Review: Matrix Positivity - Definition

Try not to define positivity using eigenvalues. (Eigenvalues don't add)

Definition 2.
A symmetric matrix P € S” is Positive Semidefinite, denoted P > 0 if

L Px >0 for all z € R™

Definition 3.
A symmetric matrix P € S" is Positive Definite, denoted P > 0 if

TPz >0 for all x # 0

® P is Negative Semidefinite if —P > 0

® P is Negative Definite if —P > 0

® A matrix which is neither Positive nor Negative Semidefinite is Indefinite
The set of positive or negative matrices is a convex cone.
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l—Linear Algebra Review: Matrix Positivity - Definition

OK, yes, symmetric matrix has real eigenvalues and the matrix is PSD if and
only if its eigenvalues are all PSD and PD iff the eigenvalues are PD.




Pleasant Properties of Positive Matrices

Lemma 4.

P € S™ is positive definite if and only if all its eigenvalues are positive.

In this case, the SVD and Unitary (Schur) Diagonalization are the same.

4 1 2 -37 82 —4411(94 0 O —37 82 —.44]"
1 5 3[=|[-58 —.58 —.58 0 34 O —.58 —.58 —.58
2 3 6 —-.73 .04 .69 0 0 22| |-73 .04 .69

U A=% ur=vrT

Fact: If T is invertible, then P > 0 is equivalent to 77 PT > 0.
* P>0— (T2)'P(Tz) = 2"TT PTx > 0
o TTPT >0 — (T '2)' T PT(T '2) = 2" P2 > 0
Fact: A Positive Definite matrix is invertible: P~ =UX~1UT.
Fact: The inverse of a positive definite matrix is positive definite: X~ > 0
Fact: For any P > 0, there exists a positive square root, P2 > 0 where
P =P:P3,
p: =Ux:UT >0 P3Pz =Ux:UTUSUT =Us U =UsUT =P
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L Pleasant Properties of Positive Matrices

Schur Decomposition uses eigenvalues and V # U

Pleasant Properties of Positive Matrices
Lemma 4.
P 5 i poitive df




Building Linear Matrix Inequalities

Fact: [;(T g} > 0, implies both X > 0 and Z > 0.
T T
. 0 X Y||O T X Y| |z
Proof: True since L} {YT Z} L} >0 and {O} [YT Z] [0} >0

Fact: X > 0 and Z > 0 is equivalent to [)0( g] > 0.

Proof: True since 27 X2 > 0 and 27 Zz > 0 implies

T
T X 0| |z] __ 7 T
[z} {0 Z] [2}—x Xx+2z'Zz>0.

Theorem 5 (Schur Complement).

X Y X 0 X-vZz YT o
YT 2|29 o z-yrx1v|>0® 0 g =0

Diagonal Dominance: If X and Z are big enough, Y doesn't matter.
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Leftover Factoids on Positive Matrices

Things which are true:

P >0and Q >0 implies P+ @Q > 0.

® P > 0 implies uP > 0 for any positive scalar u > 0.
MTM >0 for any matrix, M.

P > 0 implies MTPM > 0 if nullspace of M is empty.

Things which are NOT TRUE (Fallacies):
e P >0 implies TPT~! > 0.
P >0and Q > 0 implies PQ > 0.
P >0 implies TTP + PT > 0
® P >0 implies P invertible.
® A has positive eigenvalues implies A + AT > 0.([1 —3;01])
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Semidefinite Programming - Dual Form

minimize trace CX
subject to trace 4; X = b; for all 4
X=0

® The variable X is a symmetric matrix
® X > 0 is another way to say X is positive semidefinite

® The feasible set is the intersection of an affine set with the positive

semidefinite cone
{X es"| X = 0}

Recall traceCX =37, . C; ;X ;.

M. Peet Lecture 01: Positive Matrices and LMI's
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Semidefinite Programming - Dual Form

Lecture 01
Positive Matrices and LMI'’s

I—Semideﬁnite Programming - Dual Form

SeDuMi uses a Dual Form Input Format

e But we will use YALMIP which is closer to the Primal Form



SDPs with Explicit Variables - Primal Form

We can also explicitly parametrize the affine set to give

minimize clx
subject to F0+$1F1+I’2F2+"'+InFn jO
where Fy, Fy, ..., F, are symmetric matrices.
The inequality constraint is called a
Tr1 — 3 1+ X2 -1
xr1 + T2 xo —4 0 =<0
-1 0 T
which is equivalent to
-3 0 -1 1 10 0 1 0
0 -4 0|42z |1 0 O|+4+22(1 1 0| =0
-1 0 0 0 0 1 0 0 O
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Linear Matrix Inequalities

Linear Matrix Inequalities are often a Simpler way to solve control problems.

Common Form:
Find X :
Z A; XB;+Q >0
i

There are several very efficient LMI/SDP Solvers which interface with
YALMIP:
® SeDuMi
» Fast, but somewhat unreliable.
> Link:
e LMI Lab (Part of Matlab’s Robust Control Toolbox)
» Universally disliked, but you already have it.
> Link:
® MOSEK (commercial, but free academic licenses available)
» Probably the most reliable
> Link:

M. Peet Lecture 01: Positive Matrices and LMI's
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I—Linear Matrix Inequalities

YALMIP uses a hybrid of the Primal and LMI formats

Linear Matrix Inequalities

Find
S ANB Q>

I very efficent LMI/SDP Solvers which incetace with


http://sedumi.ie.lehigh.edu/
http://www.mathworks.com/help/robust/lmis.html
https://www.mosek.com/products/academic-licenses/

Using YALMIP to Solve LMIs!

An Example

The system
T = Ax

is stable (eigenvalues have negative real part) if and only if there exists a P > 0
such that
ATP+PA<O

YALMIP Code for Stability Analysis:
>A=1[-120; -3-41; 00 -2];
> P = sdpvar(3,3);

>F = [P >= eye(3)];

> F = [F, A’*P+PxA <= 0];

> optimize(F);

If Feasible, YALMIP Code to Retrieve the Solution:
> Pfeasible = value(P);
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Stability of Continuous and Discrete-Time Systems

Definition 6.
A is Hurwitz if Re \;(A4) < 0 for all 4.

Theorem 7.
z(t) = Ax(t) is stable if and only if A is Hurwitz.

For Discrete-Time Systems: x;.1 = Axy,
X = Akl‘o

Definition 8.
A is Schur if |A\;(A)| < 1 for all 4.

Theorem 9.
Tr+1 = Axy is stable if and only if A is Schur.
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Thing to Know: Lyapunov Functions Prove Global Stability

Vixl, a2 =1

(il

1

!

Theorem 10 (Lyapunov).

V is a Lyapunov Function if V(0) = 0 and V(x) > 0 for z # 0 and

%V(aj(t))<0 for i(t) = f(z(t)) a(t) #0.

Then for any x(0) € R the system @(t) = f(x(t)) has a unique solution which is
stable in the sense of Lyapunov.
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l—Thing to Know: Lyapunov Functions Prove Global
Stability

If &(t) = f(x(t)), then .
V(z) =V.V(z)" f(z)

The

10 (Lyapunov).




The Lyapunov Inequality (Our First LMI)

Lemma 11 (An LMI for Hurwitz Stability).

A is Hurwitz if and only if there exists a P > 0 such that

ATP+PA<O

Proof.

Suppose there exists a P > 0 such that ATP + PA < 0.
* Define the Lyapunov function V (z) = 2T Pz.

Then V(z) > 0 for 2 # 0 and V(0) = 0.

® Furthermore,

&(t)T Pz(t) + z(t)T Pi(t)
()T AT Pa(t) + z(t)T PAz(t)
z(t)" (ATP + PA) x(t)

V((t))

Hence V(x(t)) < 0 for all z # 0. Thus the system is globally stable.
Global stability implies A is Hurwitz.
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The Lyapunov Inequality (Our First LMI)

Llftu re 01 e
Stability LMI's oo

Proof.
Suppos thee exists 3 2> 0 such that A7 Pl <0
+ Define the Lyapunow function V() = +7 P

L The Lyapunov Inequality (Our First LMI) S e

V() = H07Pe() + 07 PEO)
7 ATPx(0) + 07 PAL()
07 (AP + PA) t0)

Hence V(e(1)) < 0 for all = # 0. Thas the ystem i globally stable
+ Global stailty implis 1 i Hurviz

@ Although all problems can be posed as optimization problems, not all optimization problems are solvable. In particular, the
problem must be convex; the constraints typically should be in the form of a convex cone or inequality. Unfortunately, the
constraint that the eigenvalues of a matrix lie in the left half-plane is not easy to enforce directly. The eigenvalues of a matrix are
a complex function of the elements of the matrix and, in addition, are quite sensitive to errors in those elements. For this reason,
we seek to reformulate the constraint that a matrix be Hurwitz.

e Unlike eigenvalues, the set of Lyapunov functions is a convex cone. This means it is by definition an inequality and therefore
well-suited to numerical optimization. Furthermore, the restriction to quadratic Lyapunov functions is likewise a cone constraint
and finally, there is a 1-1 relationship between positive matrices and positive Lyapunov functions. This is because the definition of
positivity we defined for matrices is identical to the definition of positivity we defined for Lyapunov functions.

e Our first LMI provides the kernel by which we will transmute problems which involve the placement of eigenvalues into problems
on the feasibility of certain LMIs. We will use variations of this proof throughout the course, with perhaps the culmination being
the KYP Lemma.



The Lyapunov Inequality

Proof.
For the other direction, if A is Hurwitz, for any @ > 0, let

P:/ eATSQeASdS

0

® Converges because A is Hurwitz.

A:/ eATSQeASAds
0
o0 T o0 T d

:/ e SQAeAsds:/ e sQ— (eAs) ds

0 0

ds
AT As - d ATs’ As
= [e Qe } —/ Qe
0 0

® Furthermore

ds
:_Q_/ ATeATSQeASZ—Q—ATP
0

o Thus PA+ ATP =—-Q < 0.

M. Peet Lecture 01: Stability LMI's
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LThe Lyapunov Inequality

e Sufficiency is easy. Obviously P defines a Lyapunov function in the
obvious way. Now simply expand the V' and we are done.

e Necessity is not as obvious. |t comes from the fact that one interpretation
of a Lyapunov function is that it represents the magnitude of the
forward-time solution starting from a point . Since z(t) = e**zo, we
then have

V(zo) :/ z(s)" z(s)ds :/ xgeATseAsxods = xg Pxo
0 0



Discrete-Time Lyapunov Functions

Lemma 12 (An LMI for Schur Stability).

A is Schur if and only if there exists a P > 0 such that

ATPA-P <0

Proof.

Suppose there exists a P > 0 such that ATPA — P < 0.
* Define the Lyapunov function V(z) = 27 Pz.

Then V(z) > 0 for 2 # 0 and V(0) = 0.

® Furthermore,

V(Zkt1) = Thy 1 PTisa
= foTPAxk
< zf Pxy, = V(x,)

Hence V(2k4+1) < V() for all k> 0. Thus the system is Stable.
Stability implies A is Schur.
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Lyapunov Functions

Proof.
For the other direction, if A is Hurwitz, for any @ > 0, let

P= i(AT)kQAk

k=0

ATPA-P= i(AT)kQAk — i(AT)’“QA’“
k=1 k=0
=—-(AT)QA°=-Q <0

® Thus ATPA— P <.

YALMIP Code:

> P = sdpvar(n); eta=.1;
F=[P>=eta*eye(n)];
F=[F; A’ P A - P<=0];
optimize(F);

vV V V

M. Peet Lecture O1: Stability LMI's
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Lyapunov Functions

Lecture 01 et
L Stability LMI's .

- Lyapunov Functions

« This ATPA- P <)

e Necessity in the discrete-time case is similar to the continuous-time case.
Now, however, the solution is a sequence and its size is defined in the /2
sense. zr = APzg, we then have

V(xo) = ||zlle, = > x5 (A7) A'mo
1=0

e Note the nonlinearity in A. This will be a problem which will require
fixing. For now, however, A is fixed, so the matrix inequality is linear.



Pole Locations AKA D-stability

Some people still care about pole (eigenvalue) locations.
® For these people, we have D-stability.

To begin, you have to define the acceptable region of the complex plane using

inequality constraints. @

* Rise Time (f,): [z < 42

* Settling Time (t,): Rez < -3

® Percent Overshoot (1,): Rez < —%| Im z|

Recall that if z is the complex pole location: Olots —

* Izl = 2*2
e Imz=(z2—2%)/2

® Rez=(2+4+2%)/2
Which yields

° Rise Time: z*z— L& <0

° Settling Time: == 446 <0
® Percent Overshoot: 7z — z* +

<[00
©

ln}rwp|z+z*\ <0

M. Peet Lecture 01: Stability LMI's
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L Pole Locations AKA D-stability

e Now its time to start introducing lots of LMIs and ways to define them.
Up to now, we have been very theory-oriented. This was the minimal
amount of theory needed to allow you to understand the next few pages.
The next few pages are more practical. Still hard, however.

e The goal, again, is to translate constraints on the eigenvalues of A (which
are horribly nonlinear and non-convex functions of the elements of A) to
the feasibility of matric inequalities which are linear in A.

e Note that none of these approximations are valid unless the system is
composed of only 2 poles and no zeros.

e See, e.g. Franklin, Powell, Enami for derivations.



An LMI for Pole Locations

Gutman proposed a nice LMI for D-stability with a single constraint

Theorem 13 (Gutman).

The pole locations, z € C of A satisfy

ZG{ZE(C ZCMZ <0}

if and only if there exists some P > 0 such that

> e AFP(AT) <0
k,l

But this has some disadvantages

® There can only be one constraint.
® The LMI is not linear in A.

» So controller synthesis is not an LMI.

M. Peet Lecture O1: Stability LMI's
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L An LMI for Pole Locations

e Simply replace z with A and put a P in the middle!

e Region need not be convex!

An LMI for Pole Locations

Gutman proposed  nice LMI for D-sabty with i
‘Theorem 13 (Gutman).

The pole locaions, = € C of A satisfy

i7and only i ther




An LMI for Convex Regions of the Complex Plane

To get around the limitations of Gutman's result, we introduce the concept of
LMI regions.

® These are regions which can be represented using LMIs in the z and z*
variables

Definition 14.
An LMI Region of the complex plane has the form

{Z eC : F0+ZF1+Z*F2 < 0}
Such regions are hard to visualize (Spectahedron!), but

® Are convex

» e.g. Minimum rise time is not allowed!

® Can intersect multiple convex regions
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An LMI for Convex Regions of the Complex Plane

Lecture 01
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L An LMI for Convex Regions of the Complex Plane

e Remember multiple LMI constraints can be concatenated on the diagonal
to obtain a single larger LMI constraint.



An LMI for Convex Regions of the Complex Plane

Examples
N . L8
Rise Time: z*z — 5 <0
NG
r2

-r oz - 0 0 1 0 0] .,
L* r}_{o J*[O 0}”[1 o]z <0
——— N — ——
Fy P Fy

Which by the Schur complement is equivalent to r — z*r~ 1z > 0.

Settling Time: ‘i’—? + Z+2Z* <0

Percent Overshoot: |z — 2*| + AT, (z+2%)<0

m(z + 2%) lnMp(z—z*)}:[OO}_i_{ 7r lnMp:|Z+|: 71' —lnMp}Z*

In My(z — 2*)* 7(z+2%) 00 —InM, = InM, =
——
Fo m Py

Which by the Schur complement is equivalent to z + z* < 0 and
(2 —2%)? — (ln’]’wp)2|z + 22 > 0.
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An LMI for Convex Regions of the Complex Plane

L An LMI for Convex Regions of the Complex Plane

For rise time r — z*r 'z > 0 is equivalent to 7> — 2%z > 0
For PO, recall a > b is equivalent to a® > b? if a,b > 0 as the square is
monotonic increasing
—7m(z+2") —InMy(z—2")
—InMp(z—2")" —m(z+2%)
" 1
‘ )77(2 +2z*) —
—(m)?(z 4 2")° + (In Mp)*(z — 2*)* (2 — 2*) <0 (Since z + 2" < 0)

>0

—m(z 4 2*) + (In Mp)?(z — 2°)* (2 —

™ 2 *\ 2 * 12
= — <
("G +2) 1z =2 <0
* ™ 2 * 1\ 2
2 — 2 < (-2 )2(|2 + 2%])
In M,
()2 + 27| > |2 — 27|
In M, =

(Since z + 2" < 0)



An LMI for Convex Regions of the Complex Plane

Theorem 15 (Chilali + Gahinet).

The pole locations, z € C of A satisfy
z€{z€C : Fo+zF| + z"F», < 0}
if and only if there exists some P > (0 such that
FR@P+F®(AP)+ F o (AP)T <0

The notation F' ® P is Kronecker notation and means for each element of F'z,
replace the scalar z with the matrix P. So, e.g.

[fu f12] po— {fup f12P]

®
fi2 foo f12P  faaP
—_——

Fy
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An LMI for Sector Regions of the Complex Plane

Rise Time: 2] = 0 +0 1 +O 0 .
2 —r| |0 —r| "o 0/°T |1 07
—_— = ~——
Fo Fy Fy
becomes
Lemma 16.

The pole locations, z € C of A satisfy z*z < r? if and only if there exists some

P > 0 such that
—rP AP <0
(AP)T  —rP

Settling Time: % +2z+2*<0
becomes

Lemma 17.

The pole locations, z € C of A satisfy 2Rex < —« if and only if there exists
some P > 0 such that
AP+ (AP)T 4+ aP <0
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L An LMI for Sector Regions of the Complex Plane

This last LMI is also used to get the exponential decay rate, «

An LM for Sector Regions of the Complex Plane

[ ]

Rise Time:



An LMI for Sector Regions of the Complex Plane

In M,
Percent Overshoot: 2z + z* < — 22|z — z*|

Lemma 18.
The pole locations, z € C of A satisfy z + z* < —“‘%Lz — 2z*| if and only if
there exists some P > 0 such that

m(AP + (AP)T) InM,(AP — (AP)T)

)
In M,(AP — (AP)T)T  w(AP + (AP)T) <0
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A Combined LMI for D-stability

Theorem 19.

The pole locations, z € C of A satisfy z*z < r?, Rex < —a and
z42* < —%k — z*| if and only if there exists some P > 0 such that

—rP AP 0
(AP)T  —rP ’
AP + (AP)T +2aP <0, and

[ (AP + (AP)T)  InM,(AP — (AP)T)

In My (AP — (APY))T (AP + (4P)T) | <"
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Lets Add Inputs and Outputs

Solution for State-Space

State-Space System:
& = Az (t) + Bu(t)
y(t) = Cx(t) + Du(t)

Input-Output Map:

z(0) =0

t
x(t):/ e~ Bu(s)ds
0

State-Space
System

Output

y(t) = Cx(t) + Du(t) = /0 t CeA'=%) Bu(s)ds 4+ Du(t)

M. Peet
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The Static State-Feedback Problem

Lets start with the problem of stabilization.

Definition 20.
The Static State-Feedback Problem is to find a feedback matrix X such that

is stable
® Find K such that A + BK is Hurwitz.

Can also be put in LMI format:

Find X >0, K :
X(A+BK)+ (A+BK)"X <0
Problem: Bilinear in K and X.
® The bilinear problem in K and X is a common paradigm.

® Bilinear optimization is not convex.
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LThe Static State-Feedback Problem

State-feedback refers to the fact that u(t) = Kx(t) is a function of all the states,
which we assume are all individually measurable. Static refers to the fact that
the linear function Kz does not vary in time.

e Resolving this bilinearity is a quintessential step in the controller synthesis
process.

e Carries over throughout the course in various generalizations

e The resolution is quite simple and elegant.



An Equivalent LMI for Static State-Feedback

® To convexify the problem, we use a change of variables.
Problem 1: Find X > 0,K

X(A+BK)+ (A+BK)"X <0

Theorem 21 (Peres).

(A, B) is static-state-feedback stabilizable if and only if there exists some P > 0
and Z such that
AP+ PA" + BZ+Z"B" <0

with u(t) = ZP~1a(t).

Proof.

Suppose Y > 0 is a solution to Problem 1. Let X =Y ~! > 0. Then
XA+ ATX = X(AX '+ X TAT) X = X(AY +YAT)X <0

Conclusion: If V(z) = 2T Pz proves stability of # = Az,

® Then V(z) = 2T P~z proves stability of & = ATz
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L An Equivalent LMI for Static State-Feedback

e A and AT have the same eigenvalues

An Equivalent LMI for Static State-Feedback

3 sohtion to Problem 1. Let X ¥ >0, Then

XA+ ATX = X(AX7 4 X“ATIX = X(AY + VATIX <0

ity of i = A

e This transformation A — AT is sometimes referred to as a duality

transformation



Controllers for D-stability

Then we have an LMI which gives us a controller for D-stabilization
Lemma 22 (An LMI for D-Stabilization).

Suppose there exists X > 0 and Z such that
—rP AP+ BZ
(AP + B2)T —rP

AP+ BZ + (AP + BZ)T +2aP <0, and

AP+ BZ + (AP + BZ)T c¢(AP+ BZ — (AP + BZ)T) <0
c((AP+ BZ)T — (AP + BZ)) AP+ BZ + (AP + BZ)T

<0,

Then if K = ZP~1, the pole locations, z € C of A+ BK satisfy |x| <,
Rex < —a and z + z* < —c|z — 7.
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LControllers for D-stability

e Again, we use the fact that A and AT have the same eigenvalues

e LMls are particularly useful in that they allow one to directly and
sequentially impose constraints on the variables by combining different
LMI constraints into a single LMI.

e So we can add closed-loop eigenvalue constraints.
e Or robustness constraints.

e However, this is limited by the variable substitution process Z = K@ and
P=Q

e Old variables K, P must not appear anywhere in the LMI.



The Discrete-Time Stabilization Problem

Now consider the Schur Stability condition:

(A+ BK)"P(A+ BK)-P <0
Pre- and Post-multiplying by P~! shows this matrix inequality is equivalent to
P! - P YA+ BK)TP(A+BK)P™' >0
Applying the Schur Complement, this matrix inequality is equivalent to

P! (A+ BK)P™!
P~Y(A+ BK)T P!

Using the change of variables X = P~! and Z = KX, we get an LMI:

0

Lemma 23.
Suppose there exists some X > 0 and Z such that

[ X AX + BZ

(AX +B2)T X ] >0

then if K = ZX !, the closed-loop system matrix (A + BK) is Schur.
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Observers

Suppose we have designed a controller
u(t) = Fx(t)
but we can only measure y(t) = Cx(t)!

Question: How to find z(t)?
e If (C, A) observable, then we can observe y(t) on t € [t,t + 1.
» But by then its too late!
> we need z(t) in real time!

Definition 24.

An Observer, is an Artificial Dynamical System whose output tracks z(t).

Suppose we want to observe the following system
i(t) = Ax(t) + Bu(t)
y(t) = Cz(t) + Du(t)
Lets assume the observer is state-space
® What are our inputs and output?
® What is the dimension of the system?
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The Luenberger Observer

For now, we consider a special kind of observers, parameterized by the matrix L

2(t) = (A4 LC)z(t) — Ly(t) + (B + LD)u(t)
= Az(t) + Bu(t) + L(Cz(t) + Du(t) — &(ﬁ)/ )

Propagate estimate Predicted Output Actual Output

Correction Term
2(t) = 2(t)
Now define e(t) = &(t) — x(t) and the error dynamics simplify to
é(t) = (A+ LC)e(t)

Thus the criterion for convergence is A + LC Hurwitz.

Question Can we choose L such that A + LC' is Hurwitz?
Similar to choosing A + BF'.
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I—The Luenberger Observer

e The estimator state is itself the estimate of the state.

The Luenberger Observer




An LMI for Observer Synthesis

Question: How to compute L?
® The eigenvalues of A+ LC and (A + LC)T = AT + CTLY are the same.
® This is the same problem as controller design!

Theorem 25.
There exists a K such that A + BK s stable if and only if there exists some
P > 0 and Z such that
AP+ PAT + BZ+ Z"B" <0,
where K = ZP~1.

Theorem 26.
There exists an L such that A + LC' is stable if and only if there exists some
P >0 and Z such that
A"P+PA+CTZ+Z"C <0,

where L = P77
So now we know how to design an Luenberger observer.

® Also called an estimator
The error dynamics will be dictated by the eigenvalues of A+ LC.

e generally a good idea for the observer to converge faster than the plant.
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Observer-Based Controllers

Summary: What do we know?
® How to design a controller which uses the full state.

® How to design an observer which converges to the full state.

Question: Is the combined system stable?
® We know the error dynamics converge.
® |Lets look at the coupled dynamics.

Proposition 1.

The system defined by

i(t) = Az(t) + Bu(t)

y(t) = Cx(t) + Du(t)

u(t) = F&(t)

#(t) = (A4 LC 4+ BF + LDF) &(t) — Ly(t)

has eigenvalues equal to that of A+ LC and A + BF.

Note we have reduced the dependence on w(t).
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Observer-Based Controllers

The proof is relatively easy

Proof.

The state dynamics are
z(t) = Ax(t) + BF#(t)

Rewrite the estimation dynamics as
Z(t) =
=(A+LC)&(t)+ (B+ LD) Fi(t) — LCx( ) —

(A+ LC + BF + LDF) &(t) — Ly(t)
(

= (A+ LC) &(t) + (B + LD) u(t) — LCux(t) —
(
(

= (A+ LC) &(t) + Bu(t) — ch(t)
= (A+ LC + BF) i(t) — LCx(t)

In state-space form, we get
[im B [—?C A+L%F+ BF] [ig]
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Observer-Based Controllers
Proof.
[igiﬂ a [—éc A+LBC’F+ BF] m]

Use the similarity transform 7' = T~! = H _OI} .

1 0] A BF I
TAT™ =11 —1} {—LC’ A+LC+BF| |1
I 0][A+BF _BF
=1 -1/ |A+BF —(A+LC+BF)
_[A+BF —BF
N 0 A+ LC

which has eigenvalues A + LC' and A + BF.

Eigenvalues are invariant under similarity transforms.
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I—Observer—Based Controllers

Basically, we just change the states to « and e.

Observer-Based Controllers

Use the similar




An LMI for Observer D-Stability

® Use the Controller Synthesis LMI to choose K. ey

® Then use the following LMI to choose L. /\ r

® If both A+ LC and A + BK satisfy the D-stability A
condition, then the eigenvalues of the close-loop \/
system will as well. :

Lemma 27 (An LMI for D-Observer Design).

Suppose there exists X > 0 and Z such that
—rP (PA+ZzC)T
PA+ ZC —rP
(PA+2ZC)T + PA+ZC +2aP <0, and

(PA+ZC)T 4+ PA+ ZO) c((PA + ZC)T — (PA+ Z0))
L(PA + ZC — (PA+ ZC)T) ((PA+ ZC)T + PA+ ZC)

<0,

<0

Then if L = P~1Z, the pole locations, z € C of A+ LC satisfy |z| <,
Rex < —a and z + z* < —c|z — 2*|.
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One and Two-Step Discrete-Time Observers

Zp1 = Ay + Buy + L(CZy + Duy, — yi,)
This gives error (e, = x) — &) dynamics
€kr1 = (A + LC)ek

So the Problem is exactly the same as for the continuous-time case.

New Problem: Feedback at step k£ doesn't include the latest measurements yy.
Instead take the output from the previous estimator and propagate it forward

Ty = AZp—1 + Bug—1, (Current State Estimate w/o update)
Zr = T + L(Cz + Dug, — yi)
Eliminating Z, we get the Current State Estimator!
ZTp+1 = ATy + Buy + AL(CZy, + Duy, — yi)
The error dynamics then become
ert1 = (A+ LCA)ey

This is not a more difficult problem to solve (replace C' with C'A)
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L One and Two-Step Discrete-Time Observers

e The big difference is that in the 2-step case, we first propagate the
estimate, then do the correction.

e This means the propagation step uses the previous input and state, but
the correction term uses the current input and updated state estimate.



H, - A Space of Bounded Analytic Functions

error

optimized by HZ

optimized by
H-infinity

Magnitude [H], dB

frequency (Hz)

Definition 28.

A function G : CT — C"™™ is in Hy if
1. G(s) is analytic on the CRHP, C*.
2. lim G(o+ w) = G(w)

o—0t

3. sup 5(G(s)) < oo
seCt

® H. is a Banach Space with norm

||CA¥||Hoo = ess sup 6(é(zw))
weR
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H., - The space of “Transfer Functions”

From Paley-Wiener, if G = A~'MsA
Theorem 29.

Gl £(z2) = 1Ml 2y = I1Gl .

The Gain of the system G can be calculated as |G|z

® This is the motivation for H,, control
|Gullzy
llullLy, -

» minimize maximum energy of the output.

® minimize sup,,

Conclusion: H, provides a complete parametrization of the space of causal
bounded linear time-invariant operators.
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Lm,

- The space of “Transfer Functions”

A is the Laplace Transform
G is the 1/O system on Lo
o Gc H is the transfer function

M is the multiplication operator on s

Ho. - The space of “Transfer Functions'

From Paley-Wiener, f G = A~ Mg A

Theorem 29,




The KYP Lemma (AKA: The Bounded Real Lemma)

The most important theorem in this class.

Lemma 30.

Suppose
co-[415]

Then the following are equivalent.
* Gl <7
® There exists a X > 0 such that
ATX + XA XB 1[cT
BT X _'VI:|+’7|:DT [C D]<O

Can be used to calculate the H,,-norm of a system
® Originally used to solve LMI's using graphs. (Before Computers)
® Now used directly instead of graphical methods like Bode.

The feasibility constraints are linear
® Can be combined with other methods.
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The KYP Lemma

Proof.

We will only show that ii) implies i). The other direction requires the
Hamiltonian, which we have not discussed.

® We will show that if y = Gu, then ||y||z, < vl|ulL,-

e From the 1 x 1 block of the LMI, we know that ATX + X A < 0, which
means A is Hurwitz.

® Because the inequality is strict, there exists some € > 0 such that

ATX + XA XB 1[cT
[ BTX —(7—6)1} 5 [DT} [C D]
ATX + XA XB 1[cT 0 0
_ [ it _ﬂ] + [DT] c D]+ [O d} <0
® lLet y = Gu. Then the state-space representation is
y(t) = Cz(t) + Du(t)
z(t) = Ax(t) + Bu(t) z(0) =0
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The KYP Lemma
Proof.

® Let V(x) = 27 Xz. Then the LMI implies

Ll [[55 qZal 3 5r] e 21| )

] 5 Bl )5 [ a1
21" [ATX + XA  XB 2] 1 g

- {u BTX —(’y—e)I] [u} v ;y Y

1
=2T(ATX + XA)z + 2T XBu+ v BT Xz — (v — e)uTu+ —yTy
Y

= (Az + Bu)T Xz + 2T X (Az 4+ Bu) — (y — e)ulu + %yTy
= &(t)" Xa(t) + o) Xi(t) — (v = )llu®)l* + %lly(t)ﬂ2

=V (z(t) - (v = llul®)I* + %Hy(t)ll2 <0
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The KYP Lemma

Proof.
* Now we have V(z(t)) — (v — €)[[u(t)||* + %lly(t)ll2 <0

® Integrating in time, we get

T 1
LA Oﬂx@D—(w—equM2+4ﬂwﬂﬂﬂdt

— V(a(T)) - V(a(0)) - —e/Wm e+ 2 [ luo1)a <o

Because A is Hurwitz, lim;_, . x(t) =
Hence lim;_, o, V(z(t)) = 0.
Likewise, because z(0) = 0, we have V(z(0)) = 0.
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The KYP Lemma
Proof.

® Since V(z(0)) = V(z(c0)) =0

Tlgréo[V(x(T))—V(x(o))—(w—e)/o IIu(t)IIthJr%/O IIy(t)IIth]
00 ) l ©0 9
:()_O—(fy—e)/o () dt+7/0 lly(®)]]de

=—(v=olull7, + =llyll,dt <0

L
v

® Thus
lyllZ,dt < (v = e)llull,
* By definition, this means ||G||;, < (v> —ey) <7? or

Gl <~

0
M. Peet
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Schur Complement

The KYP condition is

[ATX—i—XA XB} 1 [CT

R WDT} (¢ D] <0

Recall the Schur Complement

Theorem 31 (Schur Complement).

For any S € S, @ € S™ and R € R"*™, the following are equivalent.

1 M R
RT Q
2. Q<0and M —RQ'RT <0

<o

In this case, let Q = —%I <0,

ATX + XA XB

T
BTX I R=[C D]

|

Note we are making the LMI
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H..-Optimal Control via Schur Complement?

The Schur Complement says that

ATX + XA XB 1[cT
BTX —71} 5 [DT [c D] <0
if and only if
ATX +XA XB CT
B'X  —~I DT| <o
C D —I

This leads to the
Full-State Feedback Condition

(A+BoF)T'X + X(A+ ByF) XB; (C1+ DpoF)T

BT X —I DE <0
(Cl + D12F) Dy —~I

which is now bilinear in X and F'.
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The Positive Real Lemma
A Passivity Condition

A Variation on the KYP lemma is the positive-real lemma

oo~ (4481

Then the following are equivalent.
® G is passive. i.e. ({(u,Gu)r, >0).
® There exists a P > 0 such that

Lemma 32.
Suppose

ATP+PA PB-CT <0
BfP—-C -Df-D
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An LMI for the Ho-norm of a System

Theorem 33.

Suppose P(s) = C(sI — A)~'B. Then the following are equivalent.
1. A is Hurwitz and ||If’||frj[2 <.
2. There exists some X > 0 such that

trace CXCT < v
AX + XAT + BBT <0
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L An LMI for the Hy-norm of a System

e The H3 norm of a system is conceptually identical to the Frobenius norm
on a matrix.

e Minimizing the Ha-norm using full-state feedback is the LQR problem.

e However, minimizing the H2 norm reflects a view of the system based on
representation and not operation. That is, the controller minimizes the
size of the representation of the system as opposed to the performance of
the system.

e Like judging a book based on how many words it has.



2-input 2-output Framework

z regulated outputs <«

y sensed outputs « |

Plant

«—— exogenous inputs w

<« actuator inputs u

We introduce the control framework by separating internal signals from external

signals.
Output Signals:

® z: Output to be controlled/minimized

» Regulated output

® y: Output used by the controller

> Must be measured in real-time by sensor
» May replicate signals from regulated output

M. Peet
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2-input 2-output Framework

z regulated outputs <« < exogenous inputs w
Plant _
y sensed outputs « | < actuator inputs u
Input Signals:

® w: Disturbance, Tracking Signal, etc.
P> exogenous input
® u: Output from controller

» Input to actuator
» Not related to external input
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The Optimal Control Framework

The controller closes the loop from y to w.

Z «— f— W
P
Y < u

For a linear system P, we have 4 subsystems.
z| _|Pi1 Pia| |w
Y Py Paa| |u
All P;; are MIMO

Pi:w—z Pis:u—z
P211’U.)i—>y PQQIUF—)y
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The Regulator

Mproc Yoo Meensor

i

A

If we define

29 U g=w; tu
21 =Yp Yy=1r-+wsz
2 =Y, P Mo = Wy
, = U Nogensor = Wy
o 7
Yy K u

M. Peet
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The Regulator

The reconfigured plant P is given by

(t) Po 0 Po w1 (t)
)| =10 0 I |wt)
(t) PO 1 Po U(t)
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Tracking Control

proc

Nproc =

nsensor

M. Peet

‘sensor

tracking input
tracking error
process noise

sensor noise

W2 = Nproc
W3 = Nsensor
zZ1 =€

Z9 = U

Lecture 01: Optimal Control Framework

1
Y2

Yp
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Tracking Control

P r=w
n=e W, e flf W, Toe = W,
2 = U ——] - J W, Ny = W,
r Pu
Y K u
I —Py, 0 —-Py 21 =1 — Po(nproc + u)
0o 0 o0 I 22 = U
P=1r o o o
h=r
0 P I F
0 0 Y2 = w3 + PO(nproc + U)
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Linear Fractional Transformation

Close the loop

Z €/ <« W
P
Y < u
> K
Plant: 4 ‘ B B
1 2
{Z} - [?1 ?2} [Z] where  P=| Cy | Dy1 Do
Y I Co | Da1 Do
Controller: Ak | Bk
u = Ky where K= [C‘K‘W
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Linear Fractional Transformation

z = Pllw + Plgu
y = Paiw + Pyu
u= Ky

Solving for wu,
u=KPoyiw+ KPyou

Thus

(I — KPQQ)U = KP21w
u = (I — KPQQ)ilKP21'LU

Now we solve for z:

z = I:Pll + Plg(.[ — KPQQ)ilKPQ:[] w
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Linear Fractional Transformation

This expression is called the Linear Fractional Transformation of (P, K), denoted
S(P,K) := Py + Pio(I — KP22)71KP21

AKA: Lower Star Product

Z —— «— W

A
IS

Y

=
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Closed-Loop Dynamics

In state-space format:

AR A AR A AR HIET

Z(t) = [Cl 0] |:;;§2):| + [Dlg O} |:y§t) —|—D11’U)(t)
From
u(t) = DKy(t) + CKIK(t)
y(t) = Dggu(t) + Cgl'(t) + Dgl’w(t)
We have

I R AR R G

Because the rest is state-space, the interconnection is well-posed if and only if
_DK'

is invertible.
— Doy I

the matrix [
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Optimal Control

Choose K to minimize

| P11 + Pio(I — K Pa) K Poy||m.,

Equivalently choose [ él,i gi } to minimize

A 0 By 0 I —Dx]'[0 Cx] | Bi+B2DrxQDa
0 Ax 0 Bx||-Dsw I Cy 0 BrQDa:
=T
I —Dx 0 Cx
(1 0]+ [Di 0] {_DQQ ' } {CQ 0} Du+ DuDx@Dar ||

where Q = (I — DQQDK)_l.

In either case, the problem is
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Optimal Full-State Feedback Control

Z «— W

For the full-state feedback case, we consider a controller of the form

u(t) = Fa(t)
Controller: 0] 0
u= Ky where K= {T‘T}
Plant: ‘
A | By By
{Z} - {Pm P12} {w] where P=| Ci| D D
Y Py Po |u I 0 0
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Optimal Full-State Feedback Control

Thus the closed-loop state-space representation is

S(P,f():[ A+ BF | B }

C1+ DyoF ‘ Dy

By the KYP lemma, ||S(P, K)| .. <~ if and only if there exists some X > 0
such that

(A+ BoF)T'X + X(A+ BoF) XB
BfX —I

1 [(Cy + Do F)T
+ - {( ! +DT12 ) } [(Ci+ D12F) Dip] <0
v 11

This is a matrix inequality, but is nonlinear
® Quadratic (Not Bilinear)
® May NOT apply variable substitution trick.
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Dual KYP Lemma

To apply the variable substitution trick, we must also construct the dual form of
this LMI.

Lemma 34 (KYP Dual).

Suppose
co-[#/3]

Then the following are equivalent.
* 1Glla. <.
® There exists a Y > 0 such that
YAT+AY B YCT
BT —~I DT | <0
CcY D —~I

M. Peet Lecture 01: Optimal Control Framework 71 /131



2019-06-03

Lecture 01
Optimal Control Framework

I—Dual KYP Lemma

Simply multiply the Primal KYP on the left and right by
Pt 0 0
0 I O

0 0 I

and let Y = P71

Dual KYP Lemma

a 34 (KYP Dual).



An LMI for H..-Optimal Full-State Feedback Control

We can now apply this result to the state-feedback problem.

Theorem 35.

The following are equivalent:
® There exists an F' such that ||S(P, K(0,0,0, F))|| g, < 7.
® There exist Y > 0 and Z such that
YAT + AY + ZT'BT + B,Z By YCT +ZTDE,
BT —~I DE <0
C1Y + D127 Dy -1

Then F = ZY 1.
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An LMI for H..-Optimal Output Feedback Control
Theorem 36.

The following are equivalent.

o There exists a K = [ él,K gK } such that ||S(K, P)||a., <.
K K

* There exist X1,Y1, An, Bn,Cy, Dy, such that [)? ;] >0
1
[AY1+Y1AT +B2Cr+CT BT «T *" 1
AT + A, + [B2DyCo)T X1A+AT X1+ B,Co+C3 BY T T <0
[Bi + B2Dy, D] [X1B1 + BnDa | -1

C1Y1 + D12C, C1 4 D12D,,C> D11+D12Dn D2y —I ]
Moreover,
[ Ags | Bre |_[X2 XiBo] ' [[4: B.] _ [X14vi 0] [YS o]
oo En C. D, 0 o] ey I

for any full-rank X5 and Ys such that

X, X [vi vt
XTI X3 |YL Y3
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L An LMI for Ho.-Optimal Output Feedback Control

This LMI requires
e Two changes of variables
e A Half-Dual Transformation

e See slides online for complete proof.

An LMI for H.-Optimal Output Feedback Control

Theorem 36
The £




Conclusion

Then, we construct our controller using

Dy = (I + Dg2Das) ' Do

Br = Bga(I — D22 D)

Ck = (I — DgD33)Ck2

Ag = Ags — Bg(I — Dy D) "' DyyC.

where

[ Ax | Br } B [XQ XlBg} - HAn Bn} B {lem OH { Yy
CK2 DKQ |0 I Cn Dn 0 0 Czyl
and where X5 and Y5 are any matrices which satisfy X2Y2T =1 - X1Y;.

®eg letYo=Tand Xo=1—-X Y.

® The optimal controller is NOT uniquely defined.

® Don't forget to check invertibility of I — Dos D
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Conclusion

The H.-optimal controller is a dynamic system.

* Transfer Function K (s) = { é,K gK ]
K | Dk

Minimizes the effect of external input (w) on external output (z).

12l 2, < ISP K| ],

® Minimum Energy Gain
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H>-optimal control
Full-State Feedback

Lets consider the full-state feedback problem

® Do is the weight on control effort.
® D1y =0 is a feed-through term and must be 0.
® (Jy = I as this is state-feedback.

o 843
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LA,

optimal control

The Hsz-norm of a constant (D11) is co!!!




H>-optimal control

Applying the Schur Complement gives the alternative formulation convenient for
control.

Theorem 37.

Suppose P(s) = C(sI — A)~'B. Then the following are equivalent.
1. A is Hurwitz and || P| g, < 7.
2. There exists some X, W > 0 such that

ATX+XA XB] _, X cT
BTX —~yI| S c w

} > 0, TraceW < 2
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H>-optimal control
Full-State Feedback

Theorem 38.
The following are equivalent.
L |IS(K, P)l#, <7
2. K =ZX1 for some Z and X > 0 where

[A Bo] X +[x Z7] A\ BB <o
2z BI| "o
X (O X+ D)™ _
C1X + D122 w
TraceW < ~>

Thus we can solve the Hs-optimal static full-state feedback problem.
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H>-optimal control
Relationship to LQR

To solve the LQR problem using Hs optimal state-feedback control, let

[ ) Clz|:Q02:|
0
o[l
°Bngand31:I.
So that
PPN A+ By K ‘Bl
S(P,K) = =
(P, K) [01+D12KD11

And solve the Hs full-state feedback problem. Then if
(t) = Acrx(t) = (A + BK)z(t) = Az(t) + Bu(t)
u(t) = Kz(t), z(0) = o

Then -

; ()T Qu(t) + u(t)" Ru(t)dt = |lol*||S(K, P)|,
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H>-optimal output feedback control

Theorem 39 (Scherer, Gahinet).

The following are equivalent.

o There exists a K = [ él,K gK } such that ||S(K, P)||x, < 7.
K K

® There exist X1,Y1,7,A,, B,,C,, D, such that

AY1+Y1 AT + BoC, +CT BT «L *T
AT I An aF [BgDnCQ]T X1A+ATX1 +Bn02+CQTB;I; *T <0,
[B1 + B2D,, Doy | [X1B1 + B, Doy ]T -1
Yl I *T
I X1 T[> 0,

C1Y1 + D12C, Cy+ D15D,Co Z
D11 + D12Dp D2y =0, trace(Z) < ?
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H>-optimal output feedback control

As before, the controller can be recovered as

Az | Brz | _[Xo XiBo| ' [[A. B.] [X14vi 0]][ Y
Cka | Drga | | O I C, D, 0 0 CcLyY,
for any full-rank X5 and Y5 such that
X, X]_[v v
X3 X3 VY Vs
To find the actual controller, we use the identities:
Dy = (I + DgoDas) ' Drea

By = Bg2(I — D22Dk)
Cx = (I — DgD92)Cio

Ax = Ago — Br(I — Doz D) ' DaoCik
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An LMI for Mixed Hs-H,, optimal output feedback control
Theorem 40.

The following are equivalent.

® There exists a K = [ él,K gK } such that ||S(K, P)|| g, <1 and
K | Dk

I1S(K, P)ll. <72
® There exist X1,Y1,7,A,, B,,C,, D, such that

AY1+Y1 AT+ By,C,+CE BT «T «T
AT + A, 4 [BaDnCo)T X1A+AT X1+ B,Co+CTBEY  «T | <0,
[B1 + B2D,, Do) [X1B1 + B, Do]" —1I
Yl I *T
I X1 «T'| >0,
C1Y71 + D12C,, Ci1+ D12D,Cy Z
D11+ D12D,, Doy =0, trace(Z) < 3
AY1+Y1 A" +B>C+C By T T T
AT + A, +[B2:D,Co]" X1A+ATX,1+B,Co+C3 BY xT T 0
[Bl + B2DnD21]T [X1Bl + Banl]T —vol «T <

C1Y1 + D12Cy C1 4+ D12D,C> D11+D12Dn D21 —v21
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An LMI for the Kalman Filter! - Continuous Time

System: .
t=Ax+ Bu+w
y=Cx+wv
Filter: . R )
=A%+ Bu+ Ly —9)
=02
Error: é(t) = (A+ LC)e(t) + w(t) + Lu(t)
The Kalman Filter chooses L to minimize the cost J = E[eTe].
L=x0Tv;!

where Vi = E[w(t)w(t)T] and V5 = E[v(t)v(t)T] and X satisfies
AL+ 2AT + v =2tV ies

If we choose u = K& where A+ BK is stable,
® A+ LC is stable if system is observable (not detectable).
® Closed-Loop is stable by the separation principle (has Luenberger form).
e A Dual to the LQR problem. Replace (4, B, @, R, K') with
(AT CT Vi, Vo, LT)

M. Peet
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What is Uncertainty?

The Known Unknowns

External Disturbances
® The most benign source of uncertainty.
¢ Finite Energy (Ls-norm bounded).
® H., optimal control minimizes the effect of these uncertainties.

o

® Vibrations, Wind, 60 Hz noise  ® Higher-Order Dynamics

u n, Yo M

poc  Ip Thensor

e Initial Conditions ® Nonlinearity (Saturation)
® Sensor Noise ® Delay
® Changes in Reference Signal ® Modeling Errors (Parametric vs. Structural)

® Model Reduction
® Logical Switching
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What is Uncertainty?

Parametric Uncertainty

There are Three Main Types of Parametric Uncertainty ‘lF
.. c . k F(t m
it = S0+ Ly = T
k = c
® Uncertainty in Parameters ¢, k,m —‘—+—
Multiplicative Uncertainty Additive Uncertainty
* m=mgo(l+ 1mdm) ® m =mg~+ Nmom
® ¢ =co(l4n:de) ® ¢c=cy+ Nl
® k= ko(l+nkdk) ® k= ko + 1Koy
Where 6., ., 0, are bounded. Where 6., d., 0, are bounded.
Polytopic Uncertainty

m m mi| 3, 6=1,

m
c| € cl :|c| = Zél c |, 6 >0.
k k k i ki

T . .
where [mZ C kl] describe possible model parameters.
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I—What is Uncertainty?

e Additive or multiplicative uncertainty arises from guessing and error
tolerances.

e Polytopic Uncertainty arises from multiple conflicting measurements or
operating points



Linear-Fractional Representation

The Nominal System, M:

p| _ My Mia| | q
z My Mao| |w
Nominal System Representations:
l‘(t) A Bg Bl l‘(t)
Z(t) 02 D22 D21 ’LU(t)
p(t) Ci Di2 Dii] [q(t)
My = [ C/‘41 D11 } My = [ C/‘41 D12 } My = [ C/‘;

Closed-Loop: Can be expressed using only matrices

z(t)

Acl Bcl
Ccl Dcl

w(t)

Cy Doy Doy

$(t) = (A + Bl(I - ADll)ilACl)ZL’(t) +
Z(t) = (CQ =+ D21(I — ADH)_lACl)x(t) +

M. Peet

(D22 + Doy

P

|—

F(t)} — S(P,A) {x“)} — (Pos+ Pou(I — APy) ' APw) {

DQI} MQQ*[C/:; 1;3222}‘

(t)}

} _S(P.A) = {A BZ‘} + {Bl} (I-ADy) 'A[Cy Dy

(BQ —+ Bl (I — ADll)ilADlg)’LU(t)

(I — ADy1)"'ADyo)w(t)

Lecture 01: Uncertainty and Robust Control

86 / 131



Example of Parametric Uncertainty

] [0 mg'l[m 0 -7 0 0 m
o N [ e R E A LU
mgt —m 0 0 S, éc
o) = |—ko 0 {28% 0 0 0|
0 —Cp 0 0 0
z(t) = z1(t)
5m 0 0 T xl(t)
g=Ap=10 & O]p B9 | = (Paa+Por(I-AP11) AP |22(2)
0 0 o (1) F(t)
where

Py = [cA; 5222] ,Poy = [53211] ,Pio =[c1 pi2], P11 = Duy,
Questions:
® How to formulate the uncertainty matrix?
® What if the uncertainty is time-varying?
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Formulating the LFT

Consider the Example From Gu, Petkoz, Konstantinov

State-Space Systems can be -;B
represented in Block-Diagram
Form. e.g.

&= Az + Bu
y=Cx+ Du

. ok — F _
mi + ct + kx x(s) T es ik ku(s)

Lets consider how to do this problem in General with Block Diagrams.
Step 1: Isolate all the uncertain parameters:
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Formulating the LFT

Step 2: Rewrite all the uncertain blocks as LFTs

For the Term:

1
mo(1+0mdm)

1 1 1 Nm -
— = = — (14 0nbm) = S(My, 0
m mo(l + nm(sm) mo mO( K ) ( )

where M,,, = [ i ”}0}
T g

For the ¢o(1 + n.d.) and ko(1 + n,d;) Terms:

— co(1 4+ nebe) = S(M,6,) M, — {0 CO]
TNe Co

0 k
k= ko(1 4 midx) = S(My, 6.) Mk_{ ko}
k. Ro
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Formulating the LFT

Step 3: Write down all your equations!
=
u . : M, X I X J‘ X
J’CE ]uc
Ve
yk[ Ok juk

Vi

Sg

Setx1 =x, xo =&, 2 = x1 SO & = Io.
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Formulating the LFT

i,’l = T2
) 1 u X
T2 = —NmUm + 7(’[1) — Ve — ’Uk)
mo
1
Ym = —NmUm + 7(10 — Ve — ’Uk)
mo
Ye = CoT2
yr = kox1
I i
Ve = Nele + C0Z2, Vi = Nruk + ko1
Mk ‘;
Z =11 Vi
Um = 5mym, Ue = 6cyC7 Uk = 5kyk
Eliminating v. and v, we get
i (1 1 0 0 0 (1) 1
B _ ko _co | _ _Me  _mp | _1_
Z2 m% moo TIm mq mg mg X2 ) 0 0
Ym —Fo <0 —MNm — e — e L Um i
— mo mo mo mo | mg u=|0 d Oy
Ye 0 Co 0 0 0 0 Ue 0 O 5
Yk ko 0 0 0 0 0 U, ¢
z 1 0 0 O 0 w

M. Peet
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Alternatives to the LFT

Additive Affine Time-Varying Interval and Polytopic Uncertainty

® Time-Varying Uncertainty can cause problems
® Because dealing with Structured Uncertainty is difficult, we often look for

alternative representations.
Consider the following form of time-varying uncertainty

#(1) = (Ag + AA))a(t)

where
AA(t) = A161() + -+ + Apdy(t)
where 4(t) lies in either the intervals
8i(t) € [6;,67]

177

or the simplex

i(t) e{a: Zai:17ai20}

For convenience, we denote this Convex Hull as

= {ZAzaz % 20, Zai: 1}
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Alternatives to the LFT

Additive Affine Time-Varying Interval and Polytopic Uncertainty

For example,

1

()

Define 1 = y and x93 = my

b =1 el Bl L

Then if m € [m~,m"], c € [¢7,ct], k € [k, kT], then

1 1
-1
€[—,—
" [m+ m*]
c ¢ ¢t

m - 'mT m—
Note: This doesn't always work!
® e.g. if in addition there were a ¢ coefficient (appearing w/o 1/m).

® Need a change of parameters which becomes affine in the parameters.

® Then you are stuck with the LFT.
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Discrete-Time Case

All frameworks are readily adapted to the Discrete-Time Case:
LFT Framework:

Alternative Framework:
Trt1 = (AO + AAk)l'k + (Bo + ABk)uk

where
AAk = Al(sl,k R Ak(SK,k

where d;, lies in either the intervals

Sik €[67,6;]

(A

or the simplex
o € {a : Zaizl,aiz()}
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Types of Uncertainty

To Summarize, we have many choices for our uncertainty Set, A
® Unstructured, Dynamic, norm-bounded:

A ={A e L(Ls) : [|Allmg, <1}
Structured, Static, norm-bounded:
A = {diag(dy, - ,0Kx, A1, - AN) : 6] <1, 5(A;) < 1}
Structured, Dynamic, norm-bounded:
A:={A,Ag,--- € L(La) : ||Aillr. <1}
® Unstructured, Parametric, norm-bounded:
A:={AeR™" : JA| <1}
Parametric, PolytopiC'
={AeR™" : A= Z%HZ, a; >0, Zal =1}

* Parametric, Interval:

{ZA(S €6 ,5;1}

Each of these can be Time-Varying or Time-Invariant!
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Definitions: Use Robust Stability for Static Uncertainty

Definition 41.

The system z(t) = (Ao + A(2))x(t)

is Robustly Stable over A if Ay + A is Hurwitz for all A € A.

® |t implies that for any A € A, there exists a P(A) > 0 such that
(A+A)TPA)+P(A)A+A)<0 forall Ac A

® For a fixed A, this implies stability using Lyapunov function
V(z) = 2TP(A)x.
* Does not imply stability for TV A because if V(z,t) = 2T P(A(t))x,

DV ((t),1) = 20 (A + AW)TPAWD) + PAW)A+AW) )21
+at)T (iP(A(t))) x(t)
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Definitions: Use Quadratic Stability for Static Uncertainty

Definition 42.

The system .
’ &(t) = (Ao + A@®)a(®)
is Quadratically Stable over A if there exists a P > 0 such that

(A+A)Y'P+P(A+A)<0 forall Ac A,

® Use the Lyapunov function V(z) = 2T Px.

%V(m(t)) =zt)T(A+A@)"P+PA+A®R)x(t) <0

Counterintuitive:
® Robust Stability does not imply stability!
® Stability does not imply quadratic stability!
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Definitions: Use Quadratic Stability for Static Uncertainty

Lecture 01
L MIs for Robust Stability

L Definitions: Use Quadratic Stability for Static
Uncertainty

Quadratic Stability refers to the METHOD, rather than the system property



An LMI for Polytopic Quadratic Stability

Definition 43.

The pair (A+ A, A) is Quadratically Stable over A if there exists a P > 0

such that
(A+ AP+ P(A+A)<0 forall Ac A,

Theorem 44.

(A+ A, A) is quadratically stable over A := Co(Ay,--- , Ag) if and only if
there exists a P > 0 such that

(A+A)TP+PA+A) <0 fori=1,---,k

The theorem says the LMI only needs to hold at the
EXTREMAL POINTS or VERTICES of the polytope.

® In Fact, Quadratic Stability MUST be expressed as an LMI
® There is NO Ricatti Eqn. Equivalent.
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An LMI for Interval Quadratic Stability

Recall the system with Affine Time-Varying uncertainty.
i(t) = (Ao + A(t))z(t)

A(t) = A161(t) + -+ - + Arde(t) P y

where 6;(t) € [0;,5;]. Note: §(t) lies in a hypercube. g

177

Interval Stability is a Kind of Polytopic Uncertainty.

where

The vertices of the hypercube define the vertices of the uncertainty set

Vo {;Ai (1 — (2_1)di 5+ L+ (2_1)& 5l+> , d; € {0,1}}

Define the corner values: I, ; := (1_(2_1)] 6 + 1+(2_1)j 5;r)

Theorem 45 (Quadratic Stability using 2° LMI constraints!).

(A+ A, A) is quadratically stable over A := Co(V) if and only if there exists a
P > 0 such that

T
<A + Z AiIi,vi> P+ P (A + Z AiIZ-,m) <0 forevery v € {0, 1}]C
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An LMI for Quadratic Polytopic Stabilization

Controller Synthesis is a simple application of the previous theorem:

Theorem 46.
There exists a K such that

#(t) = (A4 Aa + (B+ Ap)K)z(t)

is quadratically stable for (A4, Ap) € Co((A1,Bz), -, (Ak, By)) if and only
if there exists some P > 0 and Z such that

(A+A)P+PA+A)"+(B+B)Z+Z"(B+B)" <0  fori=1,---k.

with K = ZP~ L.

Note that here the controller doesn't depend on Al
¢ |f you want K to depend on A, the problem is harder.
® But this would require sensing A in real-time.
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An LMI for Quadratic D-Stabilization

Lemma 47 (An LMI for Quadratic D-Stabilization).

Suppose there exists X > 0 and Z such that
—rP AP+ BZ 0 AP+ B, Z 0
(AP + BZ)T —rP (A;P + B; Z)T 0 ’
AP+ BZ + (AP + BZ)T + A;P + B;Z + (A;P + B;Z)T + 2aP <0, and
AP+ BZ + (AP + BZ)T c¢(AP+ BZ - (AP + BZ)T)
c((AP+ BZ)T — (AP+ BZ)) AP+ BZ+ (AP + Bz)T

" AP+ BiZ+ (AiP+ B, Z)" (AP + BiZ — (A;P+ B;Z)") <0
c((A;P + B;Z)T — (A;P + B;Z)) AP+ B;Z + (A;P + B;Z)T

fori=1,---,k. Then if K = ZP~", the pole locations, z € C of
A(A) + B(A)K satisfy || <r, Rex < —a and z + z* < —c|z — z*| for all
A€ Co(Ay, -+, Ag).
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I—An LMI for Quadratic D-Stabilization

This is ridiculous

e Eigenvalues are undefined for TV systems

An LMI for Quadratic D-Stabilization

Lemma 47 (An LMI for Quadratic D-Stabilization).
Suppose there cxists X > 0 and '

P+BZ-(AP+BZ]
P+ B2+ AP+ BT | ©

e The behaviour of the CL would be completely unpredictable



An LMI for Quadratic Polytopic H,.-Optimal
State-Feedback Control

Recall the closed-loop in state feedback is:

A+ ByF ‘ By ]
C1+ DyoF ‘ Dy

S(PK) =

Now add uncertainty to system matrices A, By, Bo,Cy, D12 and Dq;.

Theorem 48.

There exists an F such that ||S(P(A), K(0,0,0, F))|| g, <~ for all
A € Co(Ay,---Ay) if there exist Y > 0 and Z such that

Y(A+A)T + A+ 4a)Y + 2T By + By )T + (Ba + By ;)2 i Ny ‘
(B + By )T —~I T | <0 1:1,...’]{;
(C1 4+ C1,))Y + (D12 + D12,4)Z D11+ D1, —1
Then F = ZY 1.
A+ BoF | By
S(P(A), K) = YA A€Co(Ay--- Ay
S(P(A). ) = |G oA, A

A — [ A1+ By F | By ]
! Cii+ Di2iF | D1y
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An LMI for Quadratic Polytopic Ho-Optimal
State-Feedback Control

Similarly

Theorem 49.
There exists an F such that ||S(P(A), K(0,0,0, F))||3;, <~ for all
A € Co(Ay,---Ay) if there exist X > 0 and Z such that

AX +Byz + xAT + zTBT B, A;X + By ;Z+xAT +zTBL, By 3
T < T ) <0 T =1,---

B I BT,

Ji

T
X (C1X + D1o2)T] | 0 (C1,4X +DP122)" | S o ;1. &
C1X + D132 w Gy ;X + Dyg i Z o 08e8 ¢
1 12 1,6 12,4

TraceW < ~

Then F = ZY 1.

Similar Steps can be taken for robust estimator design, using the LMIs in Duan.

® However, | am not aware of a robust version of the general optimal output
feedback LMI for polytopic uncertainty.
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An LMI for Quadratic Schur Stabilization

State Equations: u; = Fzy,

Tpy1 = Az, + Buy,
= Az, + BFx;
= (A + BF).’L‘]C

Lemma 50.
Suppose there exists some X > 0 and Z such that

X AX + BZ 0 A;X + B, Z
(AX + BZ)T X (4:X + B;Z)T 0

then if F = ZX !, then trajectories of the closed-loop system (A + BK) are
stable for any A € Co(Aq, -+ Ayg).
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Types of Uncertainty

In this Lecture, we will cover
¢ Unstructured, Dynamic, norm-bounded:

A :={A e L(Ls) : [|Allmg, <1}
Structured, Static, norm-bounded:
A = {diag(d1, -+ ,0Kx, A1, - AN) : 6] <1, 5(A;) <1}
® Structured, Dynamic, norm-bounded:
A={A,Ag,--- € L(La) : ||Ail|. <1}

Unstructured, Static, norm-bounded:
A= {AeR™™ ; ||A] <1}

Parametric, PolytopiC'
={AeR"": A= Z%H“ a; >0, Zal =1}

® Parametric, Interval:

—{ZA5 €661}

Each of these can be Time-Varying or Time-Invariant!
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Back to the Linear Fractional Transformation

The interval and polytopic cases rely on Linearity of the
uncertain parameters.

i(t) = (Ao + A(t))x(t) p[ " ]q

The Linear-Fractional Transformation, however

LE)} = S(P,A) [?((f)) } = (Pao+Po1(I-AP;1) ' APr) {;(é))}

is an arbitrary rational function.
We focus on two results:
® The S-Procedure for Unstructured Uncertainty Sets

® The Structured Singular Value for Structured Uncertainty Sets.
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Robust Stability

Questions:
® Is S(A, M) stable for all A € A?
® |s I — AMj; invertible for all A € A?
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Redefine Robust and Quadratic Stability

Suppose we have the system

M- []Wn M12:|

My Moo

Definition 51.
The pair (M, A) is Robustly Stable if (I — M33A) is invertible for all A € A.

Alternatively, if Bgﬂ _ 5(M.A) {{Z((?)}

Definition 52 (Continuous-Time).
The pair (M, A) is Robustly Stable if for some 5 > 0,
Moo + MglA(I = MuA)_lMlg + BI is Hurwitz for all A € A.
Alternatively, if |:.7)k+1:| _ S'(M', A) [xk}
2k Wk

Definition 53 (Discrete-Time).

The pair (M, A) is Robustly Stable if
p(MQQ aF MQlA(I = MllA)ilMlg) = ﬂ <1 forall A e A.
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Quadratic Stability - Parametric Uncertainty

Focus on the 1,1 block of S(M, A):
If @(t) = S(M, A)z(t),

Definition 54 (Continuous Time).

The pair (M, A) is Quadratically Stable if there exists a P > 0 such that

S(M,A)'P+ PS(M,A) < —BI  forall Ac A

Alternatively, if 41 = S(M, A)xy,

Definition 55 (Discrete Time).
The pair (M, A) is Quadratically Stable if there exists a P > 0 such that

S(M,A)TPS(M,A)—P < —BI forall Ac A

for all A € A.

M. Peet Lecture 01: LMIs for Robust Stability 109 / 131



Parametric, Norm-Bounded Time-Varying Uncertainty

Consider the state-space representation:

5.
—
~
=
Il

Az(t) + Mp(t),  pt) = At)q(?),
Nz(t) + Qp(t), A(t) € A

K
—~
~
=
Il

¢ Parametric, Norm-Bounded Uncertainty:

A= {AeR™™ ; ||A] <1}
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Parametric, Norm-Bounded Uncertainty

Quadratic Stability: There exists a P > 0 such that

P(Ag;(t)+Mp)+(Aa:(t)+Mp)TP <Oforallpe {p i p=Ag, 1 :ivz ZQP’}

Theorem 56.
The system

i(t) = Az(t) + Mp(t),  p(t) = A(t)q(?),
q(t) = Nz(t) + Qp(t), AeA:={AeR"™ : |A| <1}

is quadratically stable if and only if there exists some P > 0 such that

[ T ] <o

wan [ < ([ [ [ 2] ] <o}
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Parametric, Norm-Bounded Uncertainty

Eﬂ A T ] <o
oo [l <{B)- Bl oy 2l ] <o}

T P(Az + Mp) + (Az + Mp)T Pz <0

for all x, p such that
Il <INz + Qpl|®

Therefore, since p = Aq implies ||p|| < ||q||, we have quadratic stability.
The only if direction is similar.
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The S-Procedure

A Significant LMI for your Toolbox

Quaderatic stability here requires positivity of a matrix on a
® This is Generally a very hard problem
® NP-hard to determine if 27 Fx > 0 for all z > 0. (Matrix Copositivity)

S-procedure to the rescue!

The S-procedure asks the question:
° s zT'Fz>0forall z € {z:2TGx > 0}7?

Corollary 57 (S-Procedure).

2TFz >0 forall z € {z: 2TGx > 0} if there exists a scalar T > 0 such that
F—7G = 0.

The S-procedure is Necessary if {z : 7Gx > 0} has an interior point.
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Parametric, Norm-Bounded Uncertainty
Theorem 58 (Dual Version).

The system
©(t) = Ax(t) + Mp(t),  p(t) = A(t)q(),

Nz(t) + Qp(t), AeA:={AeR™": |A| <1}

q(t)

is quadratically stable if and only if there exists some p > 0 and P > 0 such that
AP+ PAT PNT MMT  MQT <0}
NP 0 FloMT QQT -1
Noting that the LMI can be written as
{AP +PAT PNT} m {M] !
+ <0

NP —ul Qe
or
AP+ PAT PNT MT
NP —ul QT | <o
M Q -1ir

we see that this condition is simply an H, gain condition on the nominal

system ||||m,, < 1.
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Necessity of the Small-Gain Condition

This leads to the interesting result:

If A= {A € L(Ly) : |A|| <1}, then

S(P,A) € Hy, if and only if ||Pi1]|n,, <1

The small gain condition is necessary and sufficient for stability.

Quadratic Stability is equivalent to stability.

Holds for Dynamic and Parametric Uncertainty
» Does this mean Quadratic and Robust Stability are Equivalent?
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Quadratic Stability and Equivalence to Robust Stability

Consider Quadratic Stability in Discrete-Time: xp+1 = S;(M, A)xg.
Definition 59.
(S1,A) is QS if

Sy (M, AN)TPS;(M,A)—P <0 forall Ac A

Theorem 60 (Packard and Doyle).
Let M € R(vtm)x(ntm) pe given with p(My1) < 1 and o(May) < 1. Then the
following are equivalent.

1. The pair (M, A = R™*™) js quadratically stable.

2. The pair (M, A = C™*™) js quadratically stable.

3. The pair (M, A = C™*™) js robustly stable.
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Quadratically Stabilizing Controllers with Parametric
Norm-Bounded Uncertainty

However, we can add controllers:

Theorem 61.
The system with u(t) = Kx(t) and

o(t) = Aoz(t) + Bu(t) + Mp(t),  p(t) = A(t)q(t),
q(t) = Nx(t) + Qp(t) + Di2u(t), A€ A:={AcR™":|A]|<1}

is quadratically stable if and only if there exists some . > 0 and P > 0 such that

< 0}

(A+ BK)P + P(A+ BK)T P(N + D;oK)T MMT  MQT
(N + D1 K)P 0 THloMT QQT —1

Of course, this is bilinear in P and K, so we make the change of variables
Z =KP.
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An LMI for Quadratically Stabilizing Controllers with
Parametric Norm-Bounded Uncertainty

Theorem 62.
There exists a K such that the system with u(t) = Kxz(t)

#(t) = Ax(t) + Bu(t) + Mp(t),  p(t) = At)q(t),
q(t) = Nz(t) + Qp(t) + D1ou(t), AeA:={AeR"™: ||A] <1}

is quadratically stable if and only if there exists some > 0, Z and P > 0 such
that

T T RT T T NnT T T
AP+BZ+PA"+Z"B" PN'+Z D12]+ {MM MQ <o

NP + D27 0 QMT QQT -1
Then K = ZP~' is a quadratically stabilizing controller.

We can also extend this result to optimal control in the H,, norm.
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An LMI for H..-Optimal Quadratically Stabilizing
Controllers with Parametric Norm-Bounded Uncertainty

In this case, we set () = 0.
Theorem 63.

There exists a K such that the system with u(t) = Kx(t)

(t) = Az(t) + Bu(t) + Mp(t) + Baw(t),  p(t) = A(t)q(t),
q(t) = Nz(t) + Digu(t), AeA:={AeR"™ : ||A]| <1}
y(t) = Cx(t) + Dagu(t)

satisfies ||y|lL, < v||ul||L, if there exists some >0, Z and P > 0 such that

AP+ BZ + PAT + Z"B™ + B2B3 + uMM?T (CP + D222)" PNT + Z" D,
CP + D2 Z —I 0 < 0.
NP + D127 0 —ul

Then K = ZP~! is the corresponding controller.
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Lecture 01
L MIs for Robust Stability

L An LMI for Ho.-Optimal Quadratically Stabilizing
Controllers with Parametric Norm-Bounded
Uncertainty

This is from Boyd page 110.
| believe it relies on the following alternative to the S-procedure [Xie, 1992],
which is similar to Finsler's Lemma

Theorem 64.

The following are equivalent

1.
Q+FAE+ET"AF" >0  forall|All <1

2. There exists some € > 0 such that

Q+ecFF'+¢'ETE >0

Unfortunately, to put the LMI in the form of 1 requires us to eliminate the
pass-through term Q.



Structured, Norm-Bounded Uncertainty

For the case of structured parametric uncertainty, we define the structured set

A:{A:diag((slfnh-.. Oslns, Agi, - 7As+f) . ; € R, AER"’“X”’“}

51[n1

0slns
As-‘,—l

AV

® § and A represent unknown parameters.
® s is the number of scalar parameters.

® fis the number of matrix parameters.
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The Structured Singular Value

For the case of structured parametric uncertainty, we define the structured
singular value.

Definition 65.
Given system M € L(L3) and set A as above, we define the Structured
Singular Value of (M, A) as

1

inf  Aca A
I—MA s singular

(M, A) =

Of course, S(M, A) is stable if and only if u(M;, A) < 1.
® Obviously, u(M,A) < || M||
For A = {A € £(Ly) : |A] < 1}, u(M, A) = || M|
u(aM, A) = [o|u(M, A)
® Can increase M by a factor m before losing stability.

In general, computing p is NP-hard unless uncertainty is unstructured.
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Scalings and The Structured Singular Value

Suppose ® = {O© : OA = AO for all A € A}
® Then u(M,A) = infece||OMO~L|.

® O is the set of scalings.
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Scalings and The Structured Singular Value

A ={A =diag(611p1,- -+, 0slns, Asy1, -, Agpyp) 1 §; € R, A e RTEXMe}
Define the set of scalings

PO = {dl&g(@l, 795,03+1I7"' 795+f_[ 1 0; >0, Gj > 0}

Theorem 66.

Suppose system M has transfer function M(s) = C(sI — A)~'B + D with
M € H.,. The following are equivalent
® There exists © € © such that |OMO~1|? < 4.
® There exists © € PO and X > 0 such that
ATX +XA XB 1 [cT
Xk _@] - [DT o[c D] <0

Note: To minimize v, you must use bisection.
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An LMI for Stability of Structured, Norm-Bounded
Uncertainty

This allows us to generalize the S-procedure to structured uncertainty

Theorem 67.

The system
i(t) = Az(t) + Mp(t),  p(t) = A(t)q(t),
q(t) = Nz(t) + Qp(t), AcA, [[Al<1

is quadratically stable if and only if there exists some © € PO and P > 0 such

that AP + PAT PNT} {M@MT MeQT

NP 0 0oMT Qegt—e| <Y

This is an LMl in © and P.
® The constraint © € PO is linear
PO = {diag(O1, - ,04,05411,--- ,0.44I) : ©; >0, 6; >0}
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An LMI for Stability with Structured, Norm-Bounded
Uncertainty

To prove the theorem, we can take a closer look at the scalings:

Since TA = AT for T € PO, the system can equivalently be written as
#(t) = Ax(t) + MT7'p(t),  p(t) = A(t)q(t),
q(t) = TNz(t) + TQT 'p(t), AeA, [|A]<1

for any T'€ PO®. Then

AP+ PAT PNT MMT MQT <0
NP 0 QMT QQT -1
becomes

AP + PAT PNTTT MT2MT  MT2QTTT | _ 0
TNP 0 TQT2MT TQT2QTTT — I

] and using ©® = T2 € PO, we recover

Pre- and Post-multiplying by [é qu

the LMI condition.
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An LMI for Stabilizing State-Feedback Controllers with
Structured Norm-Bounded Uncertainty

Theorem 68.
There exists a K such that the system with u(t) = Kxz(t)

i(t) = Aw(t) + Bu(t) + Mp(t),  p(t) = AWD)a(d),
a(t) = Na(t) + Qp(t) + Disu(t), A €A, [A] <1

is quadratically stable if and only if there exists some © € PO, P >0 and Z
such that

AP+ BZ + PAT + ZTBT PNT+ZTD§] {M@MT MeQT <0

NP+ D1yZ 0 tloeMT QoQT -
Then K = ZP~' is a quadratically stabilizing controller.

We can also extend this result to optimal control in the H,, norm.
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Theorem 68
There exists & such tha the

e aegr

QoM™ qgoqT—e| <"




An LMI for Optimal State-Feedback Controllers with
Structured Norm-Bounded Uncertainty

In this case, we set () = 0.

Theorem 69.
There exists a K such that the system with u(t) = Kxz(t)
@(t) = Az(t) + Bu(t) + Mp(t) + Baw(t),  p(t) = A(t)g(t),

q(t) = Nx(t) + Digu(t), A€A, [[A<1
y(t) = Cx(t) + Dagu(t)
satisfies ||y|lz, < Y||ulL, if there exists some © € PO, Z and P > 0 such that
AP+ BZ + PAT + ZTBT + BoBf + MOMT (CP + D22 Z)T PNT + ZT DT,
CP+ Dy Z —2T 0 < 0.
NP + D127 0 -0

Then K = ZP~" is the corresponding controller.
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An LMI for Optimal State-Feedback Controllers with
Structured Norm-Bounded Uncertainty

Using the equivalent scaled system
@(t) = Az(t) + Bu(t) + MT'p(t) + Baw(t),  p(t) = A(t)q(t),
q(t) = TNz(t) + TDigu(t), AeA, ||A<1

Cx(t) + Daoul(t)

<

—~
~

~—
|

we get

AP+ Bz + PAT 4+ zTBT + ByBY + M7 2MT  (CP + Doyz)T  pPNTTT 4 2T DT, 1T
CP + Doy Z —~4I 0 <o0.
TNP +TD192 0 -1

0
0 |,and using® =T"2c PO, we
T*l

O ~NO

I
Pre- and Post-multiplying by |0
0

recover the LMI condition.
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Output-Feedback Robust Controller Synthesis

How to Solve the Output Feedback Case???

— s A

p q
2" G |e—r—w
— e
y u

inf sup ||S(S(G,A), K)|| ..
K aea
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D-K lteration

A Heuristic for Dynamic Output Feedback Synthesis

Finally, we mention a Heuristic for Output-Feedback Controller synthesis.

Initialize: © = 1.

Define: )
A | B1©7 % B,
Ge(s)=| ©2C4 | ©2D1,072 ©3D;y
CQ D21®7% 0

Step 1: Fix © and solve
inf||S(Ge, K)||n..

Step 2: Fix K and minimize -y such that there exists © € P® ( or

© € PO x [ if you include the regulated output channel.) and X > 0 such that

ALX + XAy XBg| , 1 [Ch
where Ay, By, Cep, Dy define S(Gr, K). (Requires Bisection).

Step 3: GOTO Step 1
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A Word on D-K Iteration with Static Uncertainty

A Heuristic for Dynamic Output Feedback Synthesis

The D-K iteration outlined in this lecture is only valid for Dynamic Uncertainty:
A(t).

® Qur Scalings © are time-invariant.
For Static uncertainties, we should search for Dynamic Scaling Factors

® ©O(s) is a Transfer Function

® This is much harder to represent as an LMI (Or by any other method!).

® Matlab has built-in functionality, but it is hard to use.

We will return to p analysis for static uncertainties when we consider more
advanced forms of optimization.
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