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The DDE Model of Delay (Zero Initial Conditions)

The Class of Delay Differential Equations (DDEs):ẋ(t)
z(t)
y(t)

 =

A0 B10 B20

C10 D11 D12

C20 D21 D22

x(t)
w(t)
u(t)

+
K∑
i=1

Ai B1i B2i

C1i D11i D12i

C2i D21i D22i

x(t− τi)
w(t− τi)
u(t− τi)


+

K∑
i=1

∫ 0

−τi

Adi(s) B1di(s) B2di(s)
C1di(s) D11di(s) D12di(s)
C2di(s) D21di(s) D22di(s)

x(t+ s)
w(t+ s)
u(t+ s)

 ds
Note: Delays present in signals: {x(t− τi), w(t− τi), u(t− τi)}

Signals:

• The present state x(t) ∈ Rn

• The disturbance or exogenous input, w(t) ∈ Rm

• The controlled input, u(t) ∈ Rp

• The regulated output, z(t) ∈ Rq

• The observed or sensed output, y(t) ∈ Rr

Sources of Delay:

• State delay: x(t− τ)
• Disturbance Delay: w(t− τ)
• Input Delay: u(t− τ)
• Output Delay: y(t− τ)

Assertion: Analysis and Control Problems are Tractable with the number of
infinite-dimensional components is less than 50 (Here: (n+m+ p)K < 50).
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Minimal DDFs

The DDE Model of Delay (Zero Initial Conditions)

Model of a fleet of UAVs:

ẋi(t) = aixi(t) +
∑N

j=1
aijxj(t− τ̂ij) + b1iw(t− τ̄i) + b2iu(t− hi)

z(t) = C1x(t) +D12u(t)

yi(t) = c2ixi(t− τ̃i) + d21iw(t− τ̃i).



The NDS Model of Delay (Zero Initial Conditions)

The Class of Neutral Delay Systems (NDSs):ẋ(t)
z(t)
y(t)

 =

A0 B10 B20

C10 D11 D12

C20 D21 D22

x(t)
w(t)
u(t)

+
K∑
i=1

Ai B1i B2i Ei
C1i D11i D12i E1i

C2i D21i D22i E2i



x(t− τi)
w(t− τi)
u(t− τi)
ẋ(t− τi)


+
K∑
i=1

∫ 0

−τi

Adi(s) B1di(s) B2di(s) Edi(s)
C1di(s) D11di(s) D12di(s) E1di(s)
C2di(s) D21di(s) D22di(s) E2di(s)



x(t+ s)
w(t+ s)
u(t+ s)
ẋ(t+ s)

ds
Note: Delays present in signals: {x(t− τi), ẋ(t− τi), w(t− τi), u(t− τi)}.

Tractable? Now we need 2n+m+ p < 50.

Problem: Neither the DDE or NDS format allows you to specify which
information gets delayed.

• General -Purpose methods and software must be designed for the worst
case, where everything is delayed.

• Limits most software tools to the study of very small toy problems.

• Also an issue in numerical simulation.
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The DDF Model of Delay (0 Initial Conditions)

The Class of Differential Difference Equations (DDFs):
ẋ(t)
z(t)
y(t)
ri(t)

 =


A0 B1 B2

C1 D11 D12

C2 D21 D22

Cri Br1i Br2i


x(t)
w(t)
u(t)

+


Bv
D1v

D2v

Drvi

 v(t)

v(t) =

K∑
i=1

Cviri(t− τi) +
K∑
i=1

∫ 0

−τi
Cvdi(s)ri(t+ s)ds.

• The delayed channels (infinite-dimensional) isolated in the ri.
• All other signals are finite-dimensional.
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Alternative ODE-PDE Representation of the DDF Model

The Class of ODE-PDE Systems (ODE-PDEs):
ẋ(t)
z(t)
y(t)

φi(t, 0)

 =


A0 B1 B2

C1 D11 D12

C2 D21 D22

Cri Br1i Br2i


x(t)
w(t)
u(t)

+


Bv
D1v

D2v

Drvi

 v(t) φi(t, 0) = ri(t)

φ̇i(t, s) =
1

τi
φi,s(t, s), v(t) =

K∑
i=1

Cviφi(t,−1) +

K∑
i=1

∫ 0

−1

τiCvdi(τis)φi(t, s)ds

• Each φi represents a pipe of length 1 with flow rate 1
τi

, so
φi(t,−1) = ri(t− τi).

• The conversion from DDF to ODE-PDE is otherwise trivial.
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Alternative PIE Representation of the DDF Model

The Class of Partial Integral Equation (PIE) Systems:

T ẋ(t) + BT1
ẇ(t) + BT2

u̇(t) = Ax(t) + B1w(t) + B2u(t)
z(t) = C1x(t) +D11w(t) +D12u(t), x(t) =


x(t)

∂sφ1(t, s)
...

∂sφK(t, s)


y(t) = C2x(t) +D21w(t) +D22u(t)

where {T ,A, · · · ,D22} are 4-PI Partial Integral Operators:

A = P
[
A0, A
0, {Iτ , 0, 0}

]
, T = P

[
I, 0

T0,
{
0,Ta,Tb

}], BT1
= P

[
0, ∅

T1, {∅}

]
, BT2

= P
[

0, ∅
T2, {∅}

]
,Dij = P

[
Dij , ∅
∅, {∅}

]

B1 = P
[
B1, ∅
0, {∅}

]
, B2 = P

[
B2, ∅
0, {∅}

]
, C1 = P

[
C10, C11
∅, {∅}

]
, C2 = P

[
C20, C21
∅, {∅}

]
,

where
Ĉvi = Cvi +

∫ 0

−1
τiCvdi(τis)ds, DI =

Inv −
 K∑
i=1

ĈviDrvi

−1

, CIi(s) = −DI

(
Cvi + τi

∫ s
−1

Cvdi(τiη)dη

)

[
T0 T1 T2

]
=


Cr1 Br11 Br21

.

.

.

.

.

.

.

.

.
CrK Br1K Br2K

 +


Drv1

.

.

.
DrvK

 [Cvx Dvw Dvu
]
,
[
Cvx Dvw Dvu

]
= DI

K∑
i=1

Ĉvi
[
Cri Br1i Br2i

]

Ta(s, θ) =


Drv1

.

.

.
DrvK

 [CI1(θ) · · · CIK (θ)
]
, Tb(s, θ) = −I∑

i pi
+ Ta(s, θ), Iτ =


1
τ1
Ip1

.
.
.

1
τK

IpK

 ,
 A(s)
C11(s)
C21(s)

 =

 BvD1v
D2v

 [CI1(s) · · · CIK (s)
]
,

A0 B1 B2
C10 D11 D12
C20 D21 D22

 =

 A0 B1 B2
C10 D11 D12
C20 D21 D22

 +

 BvD1v
D2v

 [Cvx Dvw Dvu
]
.
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Minimal DDFs

Alternative PIE Representation of the DDF Model

Definition of a 4-PI Operator
(
P
[
P, Q1
Q2,

{
Ri
}]): R× L2 → R× L2(

P
[
P, Q1
Q2,

{
Ri
}] [x

Φ

])
(s) :=

[
Px+

∫ 0

−1
Q1(s)Φ(s)ds

Q2(s)x+
(
P{Ri}Φ

)
(s)

]
.

4-PI Operators include a 3-PI Operator, Defined as:(
P{Ri}Φ

)
(s) := R0(s)Φ(s)+

∫ s

−1

R1(s, θ)Φ(θ)dθ+

∫ 0

s

R2(s, θ)Φ(θ)dθ

PIE Representations are required to utilize PIETOOLS 2021a:

� Construct and Solve Linear PI Inequalities (LPIs)

� Used for
– Stability Analysis
– H∞-gain analysis
– H∞-optimal observer synthesis
– H∞-optimal controller synthesis.

∫ 0

s

φ̇s(t, θ)dθ = ṙ(t)− 1

τ
φs(t, s)

or ∫
0T
∫ 0

s

φ̇(t, θ)dθdt = r(t)−
∫

0T
1

τ
φ(t, s)dt



Näıve Conversion From DDE to DDF Model

Define: BvD1v

D2v

 = I, Cvi =

Ai B1i B2i

C1i D11i D12i

C2i D21i D22i

 , Cvdi(s) =
Adi(s) B1di(s) B2di(s)
C1di(s) D11di(s) D12di(s)
C2di(s) D21di(s) D22di(s)

 ,
Drvi = 0,

[
Cri Br1i Br2i

]
= I,

Then the DDE
{A0, Bij , Cij , Dij , Bidj , Cidj , Dijdk}

and the DDF

{A0, Bi0, Ci0, Dij , Bv, Div, Br1i, Br2i, Cri, Cvi, Cvdi, Drvi}
are equivalent (the size of the infinite-dimensional channel is unchanged).
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Näıve Conversion From NDS to DDF Model
Define:

Cvi =

Ai B1i B2i Ei
C1i D11i D12i E1i

C2i D21i D22i E2i

 , Cvdi(s) =
Adi(s) B1di(s) B2di(s) Edi(s)
C1di(s) D11di(s) D12di(s) E1di(s)
C2di(s) D21di(s) D22di(s) E2di(s)

 ,
 BvD1v

D2v

 = I,
[
Cri Br1i Br2i

]
=


I 0 0
0 I 0
0 0 I
A0 B1 B2

 , Drvi =


0 0 0
0 0 0
0 0 0
I 0 0


Then the NDS

{A0, Bij , Cij , Dij , Eij , Bidj , Cidj , Dijdk, Eijdk}
and the DDF

{A0, Bi0, Ci0, Dij , Bv, Div, Br1i, Br2i, Cri, Cvi, Cvdi, Drvi}
are equivalent using

ri(t) =

x(t)
w(t)
u(t)
ẋ(t)

, i = 1, · · · ,K.

So the size of the infinite-dimensional channel is likewise unchanged.
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How to find efficient DDF representations of DDFs?

Theorem 1.

Given a DDF (and choice of Z(s)), construct the matrices Ti, Tdi as

Ti := Cvi
[
Cri Br1i Br2i Drvi

]
Z(s)Tdi := Cvdi(s)

[
Cri Br1i Br2i Drvi

]
Use the SVD to construct the smallest Ui and Vi such that

UiV
T
i :=

[
Ti
Tdi

]
i ∈ [K].

Now define:[
C̃ri B̃r1i B̃r2i D̃rvi

]
= V Ti ,

[
C̃vi

C̃vdi(s)

]
=

[
I 0
0 Z(s)

]
Ui.

Then the DDF

{A0, Bi, Ci, Dij , Bv, Div, Br1i, Br2i, Cri, Cvi, Cvdi, Drvi}

and the DDF

{A0, Bi, Ci, Dij , Bv, Div, B̃r1i, B̃r2i, C̃ri, C̃vi, C̃vdi, D̃rvi}

are equivalent DDF representations, where r̃i(t) = V Ti

[
x(t)
w(t)
u(t)
v(t)

]
.
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Minimal DDFs

How to find efficient DDF representations of DDFs?

We are using the SVD to identify the information in ri(t) =

[
x(t)
w(t)
u(t)
ẋ(t)

]
which does

not influence
v(t) =

K∑
i=1

 Ai B1i B2i Ei
C1i D11i D12i C1ei
C2i D21i D22i C2ei



x(t − τi)
w(t − τi)
u(t − τi)
ẋ(t − τi)


+

K∑
i=1

0∫
−τi

 Adi(s) B1di(s) B2di(s) Edi(s)
C1di(s) D11di(s) D12di(s) C1dei(s)
C2di(s) D21di(s) D22di(s) C2dei(s)



x(t + s)
w(t + s)
u(t + s)
ẋ(t + s)

 ds.

To use the SVD to construct the smallest Ui and Vi such that

UiV
T
i :=

[
Ti
Tdi

]
,

Perform an SVD to obtain unitary U and V and eliminate zero singular values:

[
Ti
Tdi

]
= UΣV

T
=
[
u1 · · · u2nv

]


σ1

.
.
.

σpi
0

.
.
.

0




vT1

.

.

.

vT2nv

 =


uT1

.

.

.

uTpi


T 

σ1

.
.
.

σpi


︸ ︷︷ ︸

Ui


vT1

.

.

.

vTpi


︸ ︷︷ ︸
V T
i



Application to Several DDE Models
Ex. 1: Chain of N Spring-Masses:

ẋ1(t) =

[
0 1
−k −b

]
(x1(t) + x1(t−τ1)) +

[
0 0
k b

]
x2(t−τ2) + u(t)

ẋn(t) =

[
0 1
−k −b

]
+

[
0 0
k b

]
xn−1(t − τn) + w(t)

ẋi(t) =

[
0 1
−2k −2b

]
+

[
0 0
k b

]
(xi−1(t − τi) + xi+1(t − τi+1))

y(t) = xn(t), z(t) = xn(t) + .1u(t)

Ex. 3: Popular 2-delay system:

ẋ(t) =

[
−2 0
0 −.9

]
x(t)+

[
−1 0
−1 −1

]
x(t−τ2)+

[
.1 0
0 .1

]
ẋ(t−τ1)

Numerical Results:
Dimension Size

Ex. nominal minimal
Ex. 1 (N=5) 60 9

Ex. 1 (N=10) 220 19
Ex. 2 (N=5) 100 5

Ex. 2 (N=10) 400 10
Ex. 3 8 2
Ex. 4 10 5

Table: The total dimension of delayed
channels ri for nominal and minimal DDF
realizations.

Ex. 2: Network of N Showers:
Ṫ1i(t) = T2i(t) − wi(t)

Ṫ2i(t) = −αi
(
T2i(t − τi) − wi(t)

)
+
∑N
j 6=i γijαj

(
T2j(t − τj) − wj(t)

)
+ ui(t)

z(t) =
[∑N
i=1 T1i(t) .1

∑N
i=1 ui(t)

]T
αi = 1, γij = 1/N, τi = i.

Ex. 4: From [Sipahi, et al.]:

ẋ(t) =


−2 .2 −.3 0 −.4
.2 −3.8 0 .7 0
.8 0 −1.6 0 0
0 .8 −.6 −2 .3
−1 −.1 −1.5 0 −1.8

 x(t)

+


−2.2 0 0 1 0
1.6 −2.2 1.6 0 0
−0.2−0.2−0.2−0.2−0.2

0 0.4 −1.4−3.4 1
−0.2 0.4 −0.1−1.1−3.3

 x(t − τ)

+


0.40888 0.00888 0.20888−0.09112−0.29112

0 0.2 0 0 0.6
−0.1 −0.4 0 −0.8 0

0 0 −0.1 0 0
0 0 0 −0.2 −0.1

 ẋ(t−τ)

Recall: We assert problems are
tractable when the ∞-dim part has
size less than

∑
i pi < 50!
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PIETOOLS 2020a/2021a Implementation

PIETOOLS User Interfaces:

• PIETOOLS DDE: User Interface for PIETOOLS. Used for declaration of
DDEs, conversion to PIEs. LPIs for: Stability Analysis, H∞-gain analysis,
H∞-optimal observer synthesis, H∞-optimal controller synthesis.

• PIETOOLS DDF: Alternative Interface used for declaration of DDFs

Executives which can be called from the PIETOOLS interfaces:

1. examples DDE library PIETOOLS: 25 DDE examples with citations.
2. examples DDF library PIETOOLS: 17 DDF and NDS examples w/

citations.
3. initialize PIETOOLS DDE: Parse user input for DDE elements.
4. initialize PIETOOLS DDF: Parse user input for DDF elements.
5. initialize PIETOOLS NDS: Parse user input for NDS elements.
6. convert PIETOOLS NDS2DDF: Convert NDS input format to DDF.
7. convert PIETOOLS DDE: Convert DDE input format to PIE.
8. convert PIETOOLS DDF: Convert DDE input format to PIE.
9. minimize PIETOOLS DDE: Construct minimal DDF representation of DDE.

10. minimize PIETOOLS DDF: Construct minimal DDF representation of DDF.
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LMIs for ODEs can often be recast as LPIs for PIEs
4-PI Operators have the algebra properties of matrices

ODE: ẋ(t) = Ax(t) + B1w(t) + B2u(t)

z(t) = C1x(t) +D11w(t) +D12u(t)

y(t) = C2x(t) +D21w(t) +D22u(t)

A,Bi, Ci,Dij : matrices

Stability:

P � 0

A
T
P + PA 4 0

Dual Stability:

P � 0

AP + PA
T 4 0

H∞-norm: min
γ,P

γ, P � 0

−γI DT11 BT1 P

D11 −γI C1
PB1 CT1 AT P + PA

 4 0

H∞-optimal Estimator: min
γ,P

γ

P � 0 −γI −DT11 −(PB1 +D21Z)T T
−D11 −γI C1
()T CT1 ()T + (PA + ZC2)

 4 0

H∞-optimal controller: min
γ,P

γ

P � 0−γI D11 (C1P +D12Z)

DT11 −γI BT1
()T B1 ()T + (AP + B2Z)

 4 0

PIE: T ẋ(t) = Ax(t) + B1w(t) + B2u(t)

z(t) = C1x(t) + D11w(t) + D12u(t)

y(t) = C2x(t) + D21w(t) + D22u(t)

T ,A,Bi, Ci,Dij : 3/4PI operators

Stability:

P � 0

A∗PT + T ∗PA 4 0

Dual Stability:

P � 0

APT ∗ + T PA∗ 4 0

H∞-norm: min
γ,P

γ, P � 0

 −γI D∗11 B∗1PT
D11 −γI C1
T ∗PB1 C∗1 A∗PT + T ∗PA

 4 0

H∞-optimal Estimator: min
γ,P

γ

P � 0 −γI −D∗11 −(PB1 + D21Z)∗T
−D11 −γI C1

()∗ C∗1 ()∗ + T ∗ (PA + ZC2)

 4 0

H∞-optimal controller: min
γ,P

γ

P � 0−γI D11 (C1P + ZD12Z)T ∗
D∗11 −γI B∗1
()∗ B1 ()∗ + (AP + B2Z)T ∗

 4 0
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Application to Several DDE Models
Ex. 1: Chain of N Spring-Masses:

ẋ1(t) =

[
0 1
−k −b

]
(x1(t) + x1(t−τ1)) +

[
0 0
k b

]
x2(t−τ2) + u(t)

ẋn(t) =

[
0 1
−k −b

]
+

[
0 0
k b

]
xn−1(t − τn) + w(t)

ẋi(t) =

[
0 1
−2k −2b

]
+

[
0 0
k b

]
(xi−1(t − τi) + xi+1(t − τi+1))

y(t) = xn(t), z(t) = xn(t) + .1u(t)

Ex. 3: Popular 2-delay system:

ẋ(t) =

[
−2 0
0 −.9

]
x(t)+

[
−1 0
−1 −1

]
x(t−τ2)+

[
.1 0
0 .1

]
ẋ(t−τ1)

Reduced Computation Time:

Dimension Size CPU seconds
Ex. nom min nom min

Ex. 1 (n=5) 60 9 N/A 220.6
Ex. 1 (n=10) 220 19 N/A 9,350
Ex. 2 (n=5) 100 5 N/A 2.42

Ex. 2 (n=10) 400 10 N/A 94.7
Ex. 3 8 2 22.56 .332
Ex. 4 10 5 147.3 4.915

Table: Computation times for nominal and minimal
realizations. Times are H∞-control for Exs. 1 and 2
and stability analysis for Exs. 3 and 4.

Ex. 2: Network of N Showers:
Ṫ1i(t) = T2i(t) − wi(t)

Ṫ2i(t) = −αi
(
T2i(t − τi) − wi(t)

)
+
∑N
j 6=i γijαj

(
T2j(t − τj) − wj(t)

)
+ ui(t)

z(t) =
[∑N
i=1 T1i(t) .1

∑N
i=1 ui(t)

]T
αi = 1, γij = 1/N, τi = i.

Ex. 4: From [Sipahi, et al.]:

ẋ(t) =


−2 .2 −.3 0 −.4
.2 −3.8 0 .7 0
.8 0 −1.6 0 0
0 .8 −.6 −2 .3
−1 −.1 −1.5 0 −1.8

 x(t)

+


−2.2 0 0 1 0
1.6 −2.2 1.6 0 0
−0.2−0.2−0.2−0.2−0.2

0 0.4 −1.4−3.4 1
−0.2 0.4 −0.1−1.1−3.3

 x(t − τ)

+


0.40888 0.00888 0.20888−0.09112−0.29112

0 0.2 0 0 0.6
−0.1 −0.4 0 −0.8 0

0 0 −0.1 0 0
0 0 0 −0.2 −0.1

 ẋ(t−τ)
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Conclusion
An Automated System for Constructing Efficient Representations of DDEs, DDFs, and NDSs

Note: The arxiv paper includes the case of non-zero initial conditions.

PIETOOLS 2021a Implementation:

• Don’t need to like PIEs to use PIETOOLS

• See http://control.asu.edu/pietools

I Self-installing
I User manual, documentation, etc.

• Conversion process is very fast ( 10ms)

I Applies to a very large class of TDSs
I Input delays, state delays, dist. delays,

output delays

• A helpful input format

• Lots of examples (add yours too!)

Advantages of DDFs:
• DDE representation in most software

tools is näıve and hence inefficient

• DDFs provide a universal format for
representing TDSs

• DDFs allow you to specify delayed
channels

• The proposed method automates the
task of specifying delayed channels.

Good Luck
(Sponsored by: NSF CNS-1739990)

With Luck, you won’t need luck
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