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The DDE Model of Delay (Zero Initial Conditions)
The Class of Delay Differential Equations (DDEs):

I(t) AO BlO BQQ Ji(t) K Al Bli x t — T;
[Z(t) Ciwo D11 D12 [w(t)] + Z Cii  Diu Dle] [w (t—m7 ]
y(t) C2 D21 Daa| |u(t) i=1 |Co;  Da1g  Dazi| [u(t —7)
K 0 | Aai(s) Biai(s) Baails) +s)
-I-Z/ Chai(s)  Driiai(s)  Dizai(s) ( s)| ds
i=17"Ti | Coqi(s) Do1ai(s) D224i(s) u(t + s)

Note: Delays present in signals: {x(t — 7;), w(t — 7;),u(t — 7;)}

® The present state z(t) € R" ® State delay: z(t —7)

® The disturbance or exogenous input, w(t) € R™ ® Disturbance Delay: w(t — 1)
® The controlled input, u(t) € RP ® Input Delay: u(t — 1)

® The regulated output, z(t) € R? ® Output Delay: y(t — 1)

® The observed or sensed output, y(t) € R"

Assertion: Analysis and Control Problems are Tractable with the number of
infinite-dimensional components is less than 50 (Here: (n +m + p)K < 50).
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L The DDE Model of Delay (Zero Initial Conditions)
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Model of a fleet of UAVs:

ii(t) = amq( )+Z @i (t = i) + briw(t — ) + basu(t — ha)

2(t) = Crz(t) + Dlzu( )
Yi(t) = caizi(t — 7i) + deriw(t — 7).



The NDS Model of Delay (Zero Initial Conditions)

The Class of Neutral Delay Systems (NDSs):

i(t) Ao Bio B [=(t) xk [Ai Bu B E; x(i—ﬂ:)
z(t)| = [Cio Du1 D12] [w(t)]-q-z Cii Diii Dia Eu] Z((t::))
y(t) Ca D21 Daa| |u(t) i=1 |C2; Da21; Daai Eoy .'t(t—T:)
Ko [Aals) Bus(s) Baa(s) Eails)][ 205

-I-Z/ Chai(s) Dr1ai(s) Di2qi(s) Eldi(s)] 1:((t+§)) ds

i=17"Ti| Coq;(8) Da214i(8) Da224i(s) E24:i(8) #(t+ )

Note: Delays present in signals: {x(t — 7;),2(t — 1), w(t — 1), u(t — 7:)}.
Tractable? Now we need 2n + m + p < 50.

Problem: Neither the DDE or NDS format allows you to specify which
information gets delayed.

® General -Purpose methods and software must be designed for the worst
case, where everything is delayed.

® Limits most software tools to the study of very small toy problems.
® Also an issue in numerical simulation.
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The DDF Model of Delay (0 Initial Conditions)
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The Class of Differential Difference Equations (DDFs):
B,

®(t)
2(t)
y(t)
7i(t)

o(t) = Z Coiri(t — 73) + Z

Ao Bl B2 IE(t)
Cl Dll D12 [ ] Dlv
w +

C> Dz Dy
Cri Brii Bra;

—T;

DZ'U
Drvi

/0 Crai(s)rs(t + s)ds.

® The delayed channels (infinite-dimensional) isolated in the ;.

® All other signals are finite-dimensional.
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Alternative ODE-PDE Representation of the DDF Model

w(t) §| z(t)
u(t) > ;gg _ 2? L?]]l 11)3122 I,(i) 51‘. (t y(t)
y(t) |~ |C2 Da Dan 2((”) + D3, u(t) ;
& (t,0) Cri Br: Bra Dyi )
@i(t, 0

l'(f).ZC @it —1) +Z[7C: 7:8) ¢ (t, s)ds ,

v(t)

The Class of ODE-PDE Systems (ODE-PDEs):

i(t) Ao Bi Ba] o B,
0 l-1a [ww S Ot
¢i (t7 0) Cm' Brli Br?i U(t) Drvz
bilt,s) = %¢i,s(t, s), u(t) = Z Cuihi(t +Z/ Coai(1:8)0i(t, s)ds
¢ i=1

® Each ¢; represents a pipe of length 1 with flow rate T% SO
d)z(ta —1) = ’I"?,(t — Ti)-
® The conversion from DDF to ODE-PDE is otherwise trivial.
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Alternative PIE Representation of the DDF Model

The Class of Partial Integral Equation (PIE) Systems:

Tx(t) + Bryi(t) + Br,a(t) = Ax(t) + Biw(t) + Bou(t) ) o(t)
z(t) = C1x(t) + Dryw(t) + Digu(t), x(t) =
y(t) = Cax(t) + Dayw(t) + Daoult)

where {T, A,--- Das} are 4-Pl Partial Integral Operators:

as(ﬁK.(ta s)

A _ 0, 0 L D;j, 0
A= 7’[ 0, (I, 0,0}} T = ”[TO {0, Ta, Tb}} Bry = P[Tl {o)] B, *p[Tz,{@}]’Dw = 7’[ 0, {0}
_ p[B1, @ _ p[B2, 0 — p|C10, C11 — p|C20: Ca1
B =P[5 () B =7 (o) CL=PT) ey |0 2=P0 (o) ]
where L
N 0 K - s
Cyi = Cui +/ ) 7iCydi(i8)ds, Dy = |Iny — | 32 CyiDpy; » Cri(s) = =Dy | Cyi + n‘/ ) Cydi(Tim)dn
_ = _
Cr1 Bri1 Bra21 Dyy1 K
[Tp T; Tg] + [Cve Dvw Dvul, [Cvz Dvw Dvu] =D 37 Cyi [Cri Brii Brail
: : : : =
CrK Brik Brak DryK
Dyy1 71 P1
Ta(s, 0) = [Cr1(8) -+ Crg(®)], Tp(s,60) = —Is, p, + Tals, 0), Ir = -
Dy PK
A(s) By Ag B; By Ag Bi Bg By
C11(s)| = | D1y | [Cr1(s) -+ Crk(s)], |C10 D11 Di2| = |Ci0 D11 Diz2| + [Diy| [Cvz Dyvw Duwu]-
C21(s) Doy C20 D21 D22 C20 D21 D22 Day
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LAlternative PIE Representation of the DDF Model

Definition of a 4-PI Operator (P |7 )] ): Rx Lz —»Rx Ls

Pz + [° Qi(s)®(s)ds
e i) o [
( [sz{Rx}] 2| Q2(8)x + (Pir,y®) (s)
4-PIl Operators include a 3-Pl Operator, Defined as:
(P{Ri}‘i’)( ) = Ro / R1 S 0 9)d9+/ R2 S 9

PIE Representations are required to utilize PIETOOLS 2021a:
e Construct and Solve Linear Pl Inequalities (LPls)

e Used for
— Stability Analysis
— Hoo-gain analysis
— H.-optimal observer synthesis
— H.-optimal controller synthesis.

M. 1

)do



Naive Conversion From DDE to DDF Model

w(t) % i(t) Ao B Bao]| [2(t) | 2(t)
z2(t)| = [Crwo Du Do |w(t)| +v(t) uit)
Jﬁ% y(t) Cao D21 Dag| |u(t) (1) %
ri(t) = |:u'(t):|
0 w(t) |[ (D)
0= B[ Bl 8] oo £ ] 8000 B 2] e
i=1 |Cai Doy Dao; =15, [ C2di(s) Darai(s) Dozai(s)
Define:
B, Ay By Bay Agi(s) Biai(s) DBadi(s
Dy, | =1, Cyi = |Cri D11i Di2i|, Coai(s) = |Crai(s) Di1ai(s) Di2ai(s) ]| ,
Dg, Cai Da1i Dag; CZdi(s) D21di(3) D22di(5)

Drvi = 07 [Cri Brli Br2i] = Iv
Then the DDE
{Ao, Bij, Cij, Dij, Bigj, Ciaj, Dijar }
and the DDF
{Ao, Bio, Cio, Dij, By, Diy, Brii, Brai, Criy Cuiy Codis Drvi}

are equivalent (the size of the infinite-dimensional channel is unchanged).
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Naive Conversion From NDS to DDF Model

Define:
A; By By E; Agi(s) Bigi(s) DBagi(s) FEai(s)
Cyi = |C1i D11y Digi Evi|, Cuai(s) = |Crai(s) Di1di(s) Di2di(s) Eai(s)| »
Coi Da1; Doy FEo; C24i(8) D214i(s) Dazai(s) Eaai(s)
B I 0 0 0 0 O
v 0 I 0 0 0 O
DlU = I7 [CT”L BT‘li BTQi] - O 0 I b) DT”Ui - 0 O 0
Dav Ay B B 100

Then the NDS
{Ao, Bij, Cij, Dij, Eij, Bigj, Cigj, Dijar, Eijar }
and the DDF

{Ao, Bio, Cio, Dij, By, Diy, Br1s, Brai, Cri, Cui, Codiy Drvi }
are equivalent using

Ti(t): (t) ) 221,,[(

So the size of the infinite-dimensional channel is likewise unchanged.
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How to find efficient DDF representations of DDFs?

Theorem 1.
Given a DDF (and choice of Z(s)), construct the matrices T;, Ty; as

T = O O B By D] (&) = Coa9) [Cro Bony By Dl

Use the SVD to construct the smallest U; and V; such that

Uvr = |:Tdi:| i€ [K].

Now define: -

~ ~ ~ = T C’ui _ I 0 .
[Cri Brli Br2i Drm'] - V; ’ [évdi(s)] _ |:O Z(S):| U’L.

Then the DDF
{AOa Bi7 C’i? DZ]7 BU7 Diiﬂ BT‘lia BT2i7 C’r‘ia Cviv C’Udi7 DTUi}
and the DDF
{Ao, B;, C;, D;j, By, Dy, Bi1iy Braiy Criy Cuiy Cudiy Drvi}
2(¢)
are equivalent DDF representations, where 7;(t) = V,I [f&)} :

v(t)
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L How to find efficient DDF representations of DDFs? - w o L]l

{40,81,Co Dy B Dis By Brats G Cot ot Dt}

@ (t)
We are using the SVD to identify the information in ri(t) = | %) | which does
@ (t)
not influence ot — )
K [A; By, B By W(E = 73)
v@®) =3 [C1i Diti  Di2i  Creil |40t — 115
i=11C2;  Da1i  Dazi  Caeil |40 — +y)
K 0 [Agi(s)  Brg(s)  Bogi(s)  Bai(s) ] [2012)
+ > / [ 1;1(5 D174i(s)  Diag(s) Cldii(s} :((fj:ss)) ds.
i=1_7. [C2d4i(s)  D21di(s) D224i(s)  Cadei(s)] | ;¢ 4 o)

To use the SVD to construct the smallest U; and V; such that

Tv
Uvit ‘
sz
Perform an SVD to obtain unitary U and V' and eliminate zero singular values:
@

1 [T T

1,} —vusvT = [ul “2711;} 7p; o =| - :

Ug"v ul"l;i P UT,I;'L

—_—



Application to Several DDE Models

Ex. 1: Chain of N Spring-Masses:

a0 = [ % L) @+ erce—mn + [ 5] eate-ra) +ut)

an = [% L]+ [R S enort =+ w

@4 (t) = { 0 L ] + [2 g} (i1 (t — ) + a1t —71i41)) 2B = [Efvzl Tyt AN u(n)

—2k —2b

y(t) = zn(t), z2(t) = zn(t) + .1u(t)

Ex. 3: Popular 2-delay system:

1

a0 = [ L e[T] O] e—rart]y §lec-m

Numerical Results:

Dimension Size

Ex. ‘

nominal | minimal
Ex I (N=5) %0 9
Ex. 1 (N=10) 220 19
Ex. 2 (N=5) 100 5
Ex. 2 (N=10) 400 10
Ex. 3 8 2
Ex. 4 10 5

Table: The total dimension of delayed
channels r; for nominal and minimal DDF
realizations.

Matthew Peet
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Ex. 2: Network of N Showers:
Ty (t) = To4(t) — w;(t)

Toi(t) = —ay (Toi(t — 7)) — w; (1))

+ Z;\;Z Vij g (sz(f - T) = wj(f)) + ug(t)

]T

a; =1, Vij = 1/N, 7; =1i.

Ex. 4: From [Sipahi, et al.]:

1.6 —2.2 1.6
—0.2 -0.2 -0.2 —-0.2 —

0 0.4 —1.4-3.4 1
—0.2 0.4 —-0.1—-1.1-3.3

[
coo

0.40888 0.00888 0.20888 —0.09112 —0.29112

0 0.2 0 0 0.6
—0.1 —0.4 0 —0.8 0

0 0 —0.1 0 0

0 0 0 —0.2 —0.1

Recall: We assert problems are
tractable when the oco-dim part
size less than ", p; < 50!
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PIETOOLS 2020a/2021a Implementation

PIETOOLS User Interfaces:
e PIETOOLS_DDE: User Interface for PIETOOLS. Used for declaration of

DDEs, conversion to PIEs. LPIs for: Stability Analysis, H.,-gain analysis,
H .-optimal observer synthesis, H.,-optimal controller synthesis.

e PIETOOLS_DDF: Alternative Interface used for declaration of DDFs
Executives which can be called from the PIETOOLS interfaces:

1.
2.

[ay

CLOONO AW

examples DDE_library PIETOOLS: 25 DDE examples with citations.
examples DDF_library PIETOOLS: 17 DDF and NDS examples w/
citations.

initialize PIETOOLS_DDE: Parse user input for DDE elements.
initialize PIETOOLS_DDF: Parse user input for DDF elements.
initialize PIETOOLS_NDS: Parse user input for NDS elements.

convert PIETOOLS_NDS2DDF: Convert NDS input format to DDF.
convert_PIETOOLS_DDE: Convert DDE input format to PIE.

convert PIETOOLS_DDF: Convert DDE input format to PIE.

minimize PIETOOLS_DDE: Construct minimal DDF representation of DDE.
minimize PIETOOLS_DDF: Construct minimal DDF representation of DDF.

Matthew Peet Minimal DDFs: 1 /1



LMls for ODEs can often be recast as LPIs for PIEs

4-P| Operators have the algebra properties of matrices

ODE: i(t) = Ax(t) + Byw(t) + Bou(t)
z(t) = Cra(t) + Dyjw(t) + Digu(t)
y(t) = Caz(t) + Dajw(t) + Dagu(t)

= Ax(t) + Byw(t) + Bau(t)

A, By, Cy, Dy : matrices
Stability: Dual Stability:
P =0 P=0

ATp i pPA<oO ap+praAT 5o

PIE: Tx(t)
z(t) = Cyx(t) + Dryw(t) + Digu(t)
y(t) = Cox(t) + Doy w(t) + Dagu(t)
T.A,B;,C;,Djj : 3/4P| operators
Stability: Dual Stability:
P =0 P =0

A*PT + T*PA <O APT* + TPA

* <0

Hoo-norm: min ~, P > 0
v, P

Hog-norm: min v, P = 0
v, P

T T
—I Dy By P I Dr BEPT
Dyq —~1 Cq <0 11 1
pB; cf aATp4pa 1 e c1 ~
1 1 T*PBy ct A*PT + T*PA
H o -optimal Estimator: ’ralg 7 H oo -optimal Estimator: ,IY“)‘-;';‘ ~
P =0 P =0
—~1  -Df}  —(PBy+ D31 2)TT —yI  —D¥,  —(PBy+ Dy E)*T
*qu *}I T C1 <0 —Dqq —~T Ccq <0
0 cq 0% +(PA+ 20g) 0* cy O* + T*(PA+ 2C3)
H oo -optimal controller: min ~ H ~c -optimal controller: min ~
v, P ¥, P
P =0 P =0
—2I  Di1 (01P+D12Z) -y Pn <c1P+2D122>T*
D};l —~I <0 D1*1 =yl » L S0
0 By <>T+<AP+BQZ> 0 51 0 +(A'P+52Z)T
Minimal DDFs:
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Application to Several DDE Models

Ex. 1: Chain of N Spring-Masses: Ex. 2: Network of N Showers:
Tyi(t) = T4 (t) — wi(t)

. _Jo 1 B 00 B
20 =[5 L@@ reern + [{ leaemr ruw 00 T

i = [ % L]+ [0 8] enm1t = mm) 4w + N, vige (Ta 0 = 75) = wy(®) + wi(6)

—k —b
2t) = [oN 1y, N um]”

#il) = Lgk 712b] * [2 g} (@i_1(t — 7)) +@ip1(t — T441)) =[S, 10 1N uo)]
a; =1, v =1/N, 7; =i

y(t) = zn (1), 2(t) = @n (t) + .1u(t)

Ex. 3: Popular 2-delay system:
Ex. 4: From [Sipahi, et al.]:

a0 = [ L] e[} O] ee—rat]y §lee-m

-2 .2 . .
N " 2 -38 0 .7 0
Reduced Computation Time: #n=|8 0 -160 0 |a()
-1 —-.1 -1.5 0 —1.8

Dimension Size CPU seconds _22 0 0 1 0
Ex. nom ‘ min H nom ‘ min 1.6 —2.2 1.6 0 0
— +|-02-02-02-02-02|a(t -1
Ex. 1 (n=b) 60 9 N/A | 2206 020270270202 x(t -7
Ex. 1 (n=10) 220 19 N/A 9,350 —0.2 0.4 —0.1 —1.1-3.3
Ex. 2 (n=5) 100 5 N/A 2.42 0.40888 0.00888 0.20888 —0.09112 —0.29112
Ex. 2 (n=10) || 400 10 N/A | 947 0 0.2 0 0 0.6
Ex. 3 8 2 22.56 .332 + —g-l —8-4 81 —8-8 8 (t—7)
Ex. 4 10 5 147.3 | 4.915 o o o 0.2 o1
Table: Computation times for nominal and minimal
realizations. Times are H . -control for Exs. 1 and 2
and stability analysis for Exs. 3 and 4.
Minimal DDFs: 13/1
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Conclusion
An Automated System for Constructing Efficient Representations of DDEs, DDFs, and NDSs

Note: The arxiv paper includes the case of non-zero initial conditions.

PIETOOLS 2021a Implementation: Advantages of DDFs:

® DDE representation in most software
¢ Don't need to like PIEs to use PIETOOLS il za'l've e i

® See http://control.asu.edu/pietools ® DDFs provide a universal format for
» Self-installing representing TDSs
» User manual, documentation, etc. * DDFs allow you to specify delayed
channels

® Conversion process is very fast ( 10ms)
® The proposed method automates the

» Applies to a very large class of TDSs !
task of specifying delayed channels.

» Input delays, state delays, dist. delays,
output delays

® A helpful input format

® Lots of examples (add yours too!)

Good Luck

(Sponsored by: NSF CNS-1739990)
With Luck, you won't need luck
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