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Networks
Many delays, but small channels

Types of Delay: State delay (τ̂ , τ̃), input delay (hi), process delay (τ̄).

ẋi(t) = aixi(t) +
∑N

j=1
aijxj(t− τ̂ij) + b1iw(t− τ̄i) + b2iu(t− hi)

z(t) = C1x(t) +D12u(t)

yi(t) = c2ixi(t− τ̃i) + d21iw(t− τ̃i).

Question: How to leverage network structure to simplify controller design?
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DELAY DIFFERENTIAL
EQUATIONs (DDEs)



The DDE Model of Delay (Zero Initial Conditions)

The Class of Delay Differential Equations (DDEs):ẋ(t)z(t)
y(t)

 =

A0 B10 B20

C10 D11 D12

C20 D21 D22

x(t)
w(t)
u(t)

+

K∑
i=1

Ai B1i B2i

C1i D11i D12i

C2i D21i D22i

x(t− τi)
w(t− τi)
u(t− τi)


+

K∑
i=1

∫ 0

−τi

Adi(s) B1di(s) B2di(s)
C1di(s) D11di(s) D12di(s)
C2di(s) D21di(s) D22di(s)

x(t+ s)
w(t+ s)
u(t+ s)

 ds

Signals:

• The present state x(t) ∈ Rn

• The disturbance or exogenous input, w(t) ∈ Rm

• The controlled input, u(t) ∈ Rp

• The regulated output, z(t) ∈ Rq

• The observed or sensed output, y(t) ∈ Rr

Sources of Delay:

• State delay: x(t− τ)

• Disturbance Delay: w(t− τ)

• Input Delay: u(t− τ)

• Output Delay: y(t− τ)

Assertion: Analysis and Control is tractable when the number of
infinite-dimensional components is less than 50 (Here: (n+m+ p)K < 50).

Problem: You can’t specify which information gets delayed.
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DIFFERENTIAL
DIFFERENCE EQUATIONs

(DDFs)



The DDF Model of Delay (0 Initial Conditions)

The Class of Differential Difference Equations (DDFs):
ẋ(t)
z(t)
y(t)
ri(t)

 =


A0 B1 B2

C1 D11 D12

C2 D21 D22

Cri Br1i Br2i


x(t)
w(t)
u(t)

+


Bv

D1v

D2v

Drvi

 v(t)

v(t) =

K∑
i=1

Cviri(t− τi) +

K∑
i=1

∫ 0

−τi

Cvdi(s)ri(t+ s)ds.

• The delayed channels (infinite-dimensional) isolated in the ri.
• All other signals are finite-dimensional.
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Model Reduction from DDE to DDF
Network structure allows you to reduce size of delay channels

Figure: Näıve Conversion DDE → DDF Figure: Minimal Conversion DDE → DDF

Define

r̂i(t) =

[
I 0
0 Z(s)

]


Ai B1i B2i

C1i D11i D12i

C2i D21i D22i

Âdi B̂1di B̂2di

Ĉ1di D̂11di D̂12di

Ĉ2di D̂21di D̂22di


x(t)
w(t)
u(t)

 =

[
I 0
0 Z(s)

]
Ui︸︷︷︸Ui,1

Ui,2


Vi

x(t)
w(t)
u(t)


︸ ︷︷ ︸

ri(t)

• Use the SVD to minimize inner dimension of UiVi.
• For networks, inner dimension will be small (typically 1)
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PARTIAL INTEGRAL
EQUATIONs (PIEs)



ODE-PDE Representation of the DDF Model

Figure: DDE to be converted Figure: Equivalent ODE-PDE format

The Class of ODE-PDE Systems (ODE-PDEs):
ẋ(t)
z(t)
y(t)

ϕi(t, 0)

 =


A0 B1 B2

C1 D11 D12

C2 D21 D22

Cri Br1i Br2i


x(t)
w(t)
u(t)

+


Bv

D1v

D2v

Drvi

 v(t) ϕi(t, 0) = ri(t)

ϕ̇i(t, s) =
1

τi
ϕi,s(t, s), v(t) =

K∑
i=1

Cviϕi(t,−1) +

K∑
i=1

∫ 0

−1

τiCvdi(τis)ϕi(t, s)ds

• Each ϕi represents a pipe of length 1 with flow rate 1
τi
, so

ϕi(t,−1) = ri(t− τi).

• The conversion from DDF to ODE-PDE is otherwise trivial.
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ODE-PDE Representation of the DDF Model

Compact Version of ODE-PDE:

� Stack the PDE states to remove summations:

Indexed Form:

ϕi(t, 0) = ri(t), ϕ̇i(t, s) =
1

τi
ϕi,s(t, s), v(t) =

K∑
i=1

Cviϕi(t,−1)+
K∑
i=1

∫ 0

−1

τiCvdi(τis)ϕi(t, s)ds

Compact Form:

ϕ(t, 0) = r(t) ϕ̇(t, s) = Iτϕs(t, s) v(t) = Ĉvϕ(t,−1)+

∫ 0

−1

Ĉvd(s)ϕi(t, s)ds

where

Ĉvd(s) =
[
τ1Cvd1(τ1s) · · · τ1CvdK(τKs)

]
Iτ =

1/τ1 . . .

1/τK


Ĉv =

[
Cv1 · · · CvK

]



ODE-PDE System to PIE System
Ignoring Inputs, Outputs and Distributed Delay for now

ODE Subsystem:
ẋ(t) = A0x(t) + v(t)

PDE Subsystem:

ϕ(t, 0) = r(t) = V x(t) ϕ̇(t, s) = Iτϕs(t, s) v(t) = Uϕ(t,−1)

Variable Substitution: ϕ ↔ ϕs

ϕ(t, s) = ϕ(t, 0)−
∫ 0

s

ϕs(t, θ)dθ = V x(t)−
∫ 0

s

ϕs(t, θ)dθ

Equivalent Partial Integral Subsystem: No boundary condition needed

V ẋ(t)−
∫ 0

s

ϕ̇s(t, θ)dθ = Iτϕs(t, s) v(t) = UV x(t)−
∫ 0

−1

Uϕs(t, s)ds

Equivalent Partial Integral System:[
I 0

V −
∫ 0

s

]
︸ ︷︷ ︸

T

[
ẋ(t)

ϕ̇s(t, ·)

]
︸ ︷︷ ︸

ẋ(t)

=

[
A0 + UV −U

∫ 0

−1

0 Iτ

]
︸ ︷︷ ︸

A

[
x(t)

ϕs(t, ·)

]
︸ ︷︷ ︸

x(t)
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The *-Algebra of Partial Integral (PI) Operators

[
I 0

V −
∫ 0

s

]
︸ ︷︷ ︸

T ∈Π4

[
ẋ(t)

ϕ̇s(t, ·)

]
︸ ︷︷ ︸

ẋ(t)

=

[
A0 + UV −U

∫ 0

−1

0 Iτ

]
︸ ︷︷ ︸

A∈Π4

[
x(t)

ϕs(t, ·)

]
︸ ︷︷ ︸
x(t)∈R×L2

Definition of a 4-PI Operator (Π4)
(
P
[

P, Q1
Q2,

{
Ri
}]): R× L2 → R× L2(

P
[

P, Q1
Q2,

{
Ri
}] [x

Φ

])
(s) :=

[
Px+

∫ 0

−1
Q1(θ)Φ(θ)ds

Q2(s)x+
(
P{Ri}Φ

)
(s)

]
.

4-PI Operators include a 3-PI Operator (Π3), Defined as:(
P{Ri}Φ

)
(s) := R0(s)Φ(s) +

∫ s

−1

R1(s, θ)Φ(θ)dθ +

∫ 0

s

R2(s, θ)Φ(θ)dθ

Seems Unfamiliar? Recall the complete-Quadratic Lyapunov Functional:

V (xt) =

〈[
xt(0)
xt

]
,

[
U

∫ 0

−1
U(−θ − 1)A

ATU(−s− 1)T
∫ 0

−1
ATU(s− ·)A

]
︸ ︷︷ ︸

P∈Π4

[
xt(0)
xt

]〉
R×L2
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The *-Algebra of Partial Integral (PI) Operators

[
I 0

V −
∫ 0

s

]
︸ ︷︷ ︸

T ∈Π4

[
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DDE → DDF → PIE

The *-Algebra of Partial Integral (PI) Operators

You may also recall the derivative also has this form. If

V (xt) =

〈[
xt(0)
xt

]
,

[
M11

∫ 0

−1
M12(·)

MT
12(s) M22(s) +

∫ 0

−1
N(s, ·)

]
︸ ︷︷ ︸

P∈Π4

[
xt(0)
xt

]〉

R×L2

then

V̇ (xt) =

〈[ xt(0)
xt(−1)

]
xt

 ,

[
D11

∫ 0

−1
D12(s)

D12(s)
T −Ṁ22(s)−

∫ 0

−1
(∂s + ∂θ)N(s, ·)

]
︸ ︷︷ ︸

D∈Π4

[ xt(0)
xt(−1)

]
xt

〉

R×L2

where

D11 :=

[
G11 +GT

11 G12

GT
12 −M22(−1)

]
, D12(s) :=

[
AT

0 M12(s)− Ṁ12(s) +N(0, s)
AT

1dM12(s)−N(−1, s)

]
,

G11 = M11A0 +M12(0) +
1

2
M22(0) G12 = M11Ad1 −M12(−1)



Complete PIE Representation of the complete DDF Model

The PIE version of the DDF system model (w/ input delay) is:

T ẋ(t) + Twẇ(t) + Tuu̇(t) = Ax(t) + B1w(t) + B2u(t)

z(t) = C1x(t) +D11w(t) +D12u(t), x(t) =


x(t)

∂sϕ1(t, s)
...

∂sϕK(t, s)


y(t) = C2x(t) +D21w(t) +D22u(t)

where {T ,A, · · · ,D22} ⊂ Π4 are given by:

A = P
[
A0, A
0, {Iτ , 0, 0}

]
, T = P

[
I, 0

T0,
{
0,Ta,Tb

}], Tw = P
[

0, ∅
T1, {∅}

]
, Tu = P

[
0, ∅

T2, {∅}

]
,Dij = P

[
Dij , ∅
∅, {∅}

]

B1 = P
[
B1, ∅
0, {∅}

]
, B2 = P

[
B2, ∅
0, {∅}

]
, C1 = P

[
C10, C11
∅, {∅}

]
, C2 = P

[
C20, C21
∅, {∅}

]
,

where
Ĉvi = Cvi +

∫ 0

−1
τiCvdi(τis)ds, DI =

Inv −

 K∑
i=1

ĈviDrvi

−1

, CIi(s) = −DI

(
Cvi + τi

∫ s

−1
Cvdi(τiη)dη

)

[
T0 T1 T2

]
=


Cr1 Br11 Br21

.

.

.

.

.

.

.

.

.
CrK Br1K Br2K

 +


Drv1

.

.

.
DrvK

 [Cvx Dvw Dvu
]
,
[
Cvx Dvw Dvu

]
= DI

K∑
i=1

Ĉvi
[
Cri Br1i Br2i

]

Ta(s, θ) =


Drv1

.

.

.
DrvK

 [CI1(θ) · · · CIK (θ)
]
, Tb(s, θ) = −I∑

i pi
+ Ta(s, θ), Iτ =


1
τ1

Ip1

.
.
.

1
τK

IpK

 ,

 A(s)
C11(s)
C21(s)

 =

 Bv
D1v
D2v

 [CI1(s) · · · CIK (s)
]
,

A0 B1 B2
C10 D11 D12
C20 D21 D22

 =

 A0 B1 B2
C10 D11 D12
C20 D21 D22

 +

 Bv
D1v
D2v

 [Cvx Dvw Dvu
]
.
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PIETOOLS: The way to a PIE is through a DDF

Neutral Delay System (NDS) to PIE

NDS.A0=[-1]; NDS.Ai{2}=[-2];
NDS.Ei{1}=[.2]; NDS.tau=[.5 1];

NDS=initialize PIETOOLS NDS(NDS);

DDF=convert PIETOOLS NDS2DDF(NDS);

DDF=minimize PIETOOLS DDF(DDF);

PIE=convert PIETOOLS DDF2PIE(DDF);

Original NDS:

ẋ(t) = −x(t) + .2ẋ(t− .5)− 2x(t− 1)

Equivalent DDF Data Structure:

DDF.A0=-1; DDF.tau=[.5 1];

DDF.Cr{1}=-.2; DDF.Cr{2}=-2;
DDF.Cv{1}=1; DDF.Cv{2}=1;
DDF.Drv{1}=[.2]; DDF.Bv=1;

New DDF Representation:

ẋ(t) = −x(t) + v(t)

v(t) = r1(t− .5) + r2(t− τ)

r1(t) = −.2x(t) + .2v(t); r2(t) = −2x(t)

New PIE Representation: T ẋ(t) = Ax(t)
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Duality and Optimal Control
of PIEs



A Strong Duality Theorem for PIEs

(A) Primal PIE:

T ẋ(t) = Ax(t) + Bw(t)
z(t) = Cx(t) +Dw(t)

(B) Dual PIE/ Adjoint PIE:

T ∗ ˙̄x(t) = A∗x̄(t) + C∗w̄(t)

z̄(t) = B∗x̄(t) +D∗w̄(t)

For a PIE and its Dual:

1. stability is equivalent; (A) is stable iff (B) is stable

2. L2-gain is equivalent; γ = sup
w ̸=0

∥z∥
∥w∥ = sup

w̄ ̸=0

∥z̄∥
∥w̄∥
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A Dual KYP lemma for PIEs

A Computational Test for L2-gain.

Theorem 1 (Dual KYP lemma and L2-Gain).

Suppose that T ,A,B, C,D ∈ Π4 and

T ẋ(t) = Ax+ Bw(t) x(0) = 0

y(t) = Cx(t) +Dw(t).

If there exists operator P ∈ Π4, such that P ⪰ 0 −γI D CPT
D∗ −γI B∗

T PC∗ B APT ∗ + T PA∗

 ≼ 0.

Then ∥y∥L2
≤ γ∥ω∥L2

.
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Solving Linear PI Inequality (LPI) Optimization Problems
How to Enforce positivity of a PI operator?

An LMI for Positivity of PI operators: If Π is a C∗ algebra, any positive
operator P ∈ Π can be represented as P = A∗A where A ∈ Π.

Define a vector of bases, Z(s). Then any A ∈ Π4 (in associated module) may
be represented as

(Ax)(s) = (QZx) (s) = Q


x(t)

Z(s)x(s)∫ s

a
Z(s, θ)x(θ)dθ∫ b

s
Z(s, θ)x(θ)dθ

 .

for some matrix Q where Z(s, θ) = Z(s)⊗ Z(θ). We conclude that if
P = A∗A, then P has the form

P
[

P, Q1
Q2,

{
Ri
}] = A∗A = Z∗QTQZ = Z∗PZ

for some matrix P ≥ 0.

 −γI D CPT
D∗ −γI B∗

T PC∗ B APT ∗ + T PA∗

 ≼ 0 becomes

 −γI D CPT
D∗ −γI B∗

T PC∗ B APT ∗ + T PA∗

 = −Z∗
PZ, P ≥ 0
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H∞-optimal static state-feedback control (no input delay∗)

T ẋ(t) + Tuu̇(t) = Ax(t) + B1w(t) + B2u(t), v(0) = 0

z(t) = C1x(t) +D11w(t) +D12u(t),

y(t) = C2x(t) +D21w(t) +D22u(t), u(t) = ZP−1x(t) (1)

Theorem 2 (H∞ optimal control, no input delay (Tu = 0)).

Decision Variables: γ,P,Z

Optimization problem: min
γ,Z,P≻0

γ[ −γI D11 (C1P + ZD12Z)T ∗

D∗
11 −γI B∗

1

T (C1P + ZD12Z)∗ B1 T (AP + B2Z)∗ + (AP + B2Z) T ∗

]
≼ 0.

Then ∥y∥L2
≤ γ∥ω∥L2

.

• We have cast the optimal control problem as a Linear Operator Inequality.

∗For the case with input-delay, see upcoming talk at IFAC TDS, 2022.
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Implementing the Controller on a DDF

Then implement the controller
• Method 1: Real-World Implementation on a DDF

u(t) = K
[

x(t)
∂sri(t+ τis)

]
= K1x(t) +

∑
i

∫ 0

−1

K2,i(s)∂sri(t+ τis)ds

ri(t) =
[
Cri Br1i Br2i Drvi

] 
x(t)
w(t)
u(t)
v(t)


v(t) =

∑
i=1

Cviri(t− τi) +
∑
i=1

∫ 0

−τi

Cvdi(s)ri(t+ s)ds.

where the Cvi, Cvdi, Cri, Br1i, Br2i, Drvi come from the DDF
representation.

• Method 2: Simulation. Simulate as directly a PIE

T ẋf (t) = (A+ B2K)xf (t) + B1w(t)

and reconstruct the solution using x(t) = T xf (t)
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Application to Large
Networks



Problems with multiple (i.e. K) delay channels

Ex. 1: Spring-Mass Chain: (K delays,
2K states)

ẋ1(t) =

[
0 1

−k −b

]
(x1(t) + x1(t−τ1)) +

[
0 0
k b

]
x2(t−τ2) + u(t)

ẋn(t) =

[
0 1

−k −b

]
+

[
0 0
k b

]
xn−1(t − τn) + w(t)

ẋi(t) =

[
0 1

−2k −2b

]
+

[
0 0
k b

]
(xi−1(t − τi) + xi+1(t − τi+1))

y(t) = xn(t), z(t) = xn(t) + .1u(t)

Reduced Computation Time:

Dimension Size CPU seconds
Ex. nom min nom min

Ex. 1 (K=5) 60 9 N/A 220.6
Ex. 1 (K=10) 220 19 N/A 9,350
Ex. 2 (K=5) 100 5 N/A 2.42
Ex. 2 (K=10) 400 10 N/A 94.7

Table: Computation times for nominal and minimal
realizations. Times are H∞-control.

Ex. 2: Showers: (K delays, 2K
states)
Ṫ1i(t) = T2i(t) − wi(t)

Ṫ2i(t) = −αi
(
T2i(t − τi) − wi(t)

)
+
∑N

j ̸=i
γijαj

(
T2j(t − τj) − wj(t)

)
+ ui(t)

z(t) =
[∑N

i=1 T1i(t) .1
∑N

i=1 ui(t)
]T

αi = 1, γij = 1/N, τi = i.
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DDEs are a poor choice for representing delayed networks
Better options include DDFs, and NDSs

PIETOOLS 2021b Implementation:

• Automates conversion between representations

• See http://control.asu.edu/pietools

▶ User manual, documentation, etc.

• Conversion process is very fast ( 10ms)

• Provides a standardized representation of

DDEs/DDFs/PIEs

▶ Applies to a very large class of TDSs
▶ Input delays, state delays, dist. delays,

output delays

• A helpful input format

• More than 50 examples in the libraries

Advantages of DDFs:
• DDE representation in most software

tools is näıve and hence inefficient

• DDFs provide a universal format for
representing TDSs

• DDFs allow you to specify delayed
channels

• The proposed method automates the
task of specifying delayed channels.

Thank you for your attention
(Sponsored by: NSF CNS-1935453)
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