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Networks

Many delays, but small channels
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Types of Delay: State delay (7,7), input delay (h;), process delay (7).

i‘(t - aixl ) Z azyx] 7A’ij) + buw(t — 7_'7;) + bgiu(t — hz)
z(t) = Cra(t) + Di2u(?)
yi(t) = coii(t — 73) + dorsw(t — 7).

Question: How to leverage network structure to simplify controller design?
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DELAY DIFFERENTIAL
EQUATIONs (DDE:s)



The DDE Model of Delay (Zero Initial Conditions)

The Class of Delay Differential Equations (DDEs):

x(t) A() BlO B20 .’L’(t) K Al Bli BQZ' .’E(t — Ti)
2(t) Cio D11 Diz| |w(t) Z C1i Di1ii Digi| |w(t—ms)
y(t) Ca Da1 Daa| [u(t) i=1 [C2; Da1;  Dagi| |u(t—m)

+Z/ Chai(s) Diidi(s) Dizai(s)| |w(t+s)
C4i(s)  D21ai(s)  Dazai(s)| |u(t+ s)

Aai( 8) Biai(s Bzdi(s)] r(t‘FS)I
ds

® The present state z(t) € R" ® State delay: z(¢t —7)

® The disturbance or exogenous input, w(t) € R™ ® Disturbance Delay: w(t — 7)
® The controlled input, u(t) € RP ® Input Delay: u(t — 1)

® The regulated output, z(t) € R? ® Output Delay: y(t — )

® The observed or sensed output, y(t) € R"

Assertion: Analysis and Control is tractable when the number of
infinite-dimensional components is less than 50 (Here: (n +m + p)K < 50).

Problem: You can't specify which information gets delayed.

Matthew M. Peet and S. Shivakumar DDE — DDF — PIE: 4 /22



DIFFERENTIAL
DIFFERENCE EQUATIONSs
(DDFs)



The DDF Model of Delay (0 Initial Conditions)

% #(t) A B B. 0 B, z(t)
u(t) z2t)| _[Cv Dn Dz | Do | y(t)
; |:Tl(t)j| TG Dn Dn :.‘1((:)) + Dz!.:| l'(r)‘H
N it Cri Brii Brai i
ri(t)
5 K 0
vty =) Curilt—m Coai(s)ri(t + s)d
; 7 T)+§I[Ti ,(9)1(1»:)9(
v(t) // \ n) )
ritt- ) [ (!

The Class of Differential Difference Equations (DDFs):

z(t) Ao B1 B (1) B,

z(t)| _|Ci Di1 Di wt)| + Dy o(t)

yt)| | C2 D2 Daa Dy,
u] [P

i(t) Cri Brii Bra;
K K
o(t) =Y Curilt —7) + >
i=1 i=1

/0 Cuai(s)ri(t + s)ds.

—7;

® The delayed channels (infinite-dimensional) isolated in the r;.

® All other signals are finite-dimensional.
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Model Reduction from DDE to DDF

Network structure allows you to reduce size of delay channels

w(t) \|[#(t) Ao B Bx] [x(t) 2(t)
2(t)| = |Cio Du Duzf [w(®)| +v(t) .
—0 Nyo] e D D] Lute) 7L
ri(t) = [w(:)]
u(t) u() || i)
& [A Bu B & 0 [Aai(s) Bia(s)
o(t) = Z[z, Zu ﬁ,j nlt=7)+ 2/ [ ’.t ; :)mé; A(t+ 8)d

Figure: Naive Conversion DDE — DDF
Define

A; By By

C1i D11y D

I 0 Coi Doy Doy

} Adgi Biai Baai

Chrai Divai Dizai

Caai Da1di Dagas

w(t) \|[a(t) Ao B Bx] [z(t) 2(t) ;
u(t) 2(t)| = [Cio Du Diaf |w(t)| +v(t) y(t)
v®] O Du Dn [u(t) —>
()]
u(t) ri(t) = Vi [w(t) | 70
u(t) ]

Z 11T1t—n)+z/ (8)Uj ari(t + s)ds

Figure: Minimal Conversion DDE — DDF

® Use the SVD to minimize inner dimension of U;V;.
® For networks, inner dimension will be small (typically 1)
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z(t) I 0 x(t)
wi| =g £0g] Lo vi|utt
al?) > Lu)
[U;J rilt)
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PARTIAL INTEGRAL
EQUATIONSs (PIEs)



ODE-PDE Representation of the DDF Model

(1) ;
w(t) \|[i() Ao Bio Ba) [x(t) 2() 3 (4“’ ,ﬁf“ }j‘i a(t) 5;; ()
() 2(t)| = |Cro Du Dua| |w(t)| +v(t) W) =lcs Du Dol |*®O|*|Da ‘(')H
—O 3y0)]  [C20 Dai D) Lutt) = Cr. Bn. B O |p.
a(t) 6:(t, 0)
o ri(t) = Vi w0 |0
u(t) ] ' it 1+Z/7C, 728)n (8, 8)ds
—
o(t) = ZUIH T>+Z/ ($)Uszri(t + s)ds —— e
O I [

Figure: Equivalent ODE-PDE format

Figure: DDE to be converted

The Class of ODE-PDE Systems (ODE-PDEs):
By

(t) Ay Bi B "
D D D1y
Zgg - g; D;i D;z w(t) | + D;, v(t) $i(t,0) = ri(t)
¢i (t7 O) CM BT‘U Br?i U(t) Drvi
$ilt,s) = —dis(t;s), o(t) = Custhilt, —1) + Z/f’icvdi(ﬁS)qbi(t,s)ds
’ =1 ; _

® Each ¢; represents a pipe of length 1 with flow rate =, so

d)i(t, —1) = ’I“i(t — Ti).
® The conversion from DDF to ODE-PDE is otherwise trivial
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DDE — DDF — PIE

L ODE-PDE Representation of the DDF Model

Compact Version of ODE-PDE:

e Stack the PDE states to remove summations:

Indexed Form:
¢Z(t70) = T’i(t)7 ¢Z(t7 S)

Compact Form:

(Z)Zsts

¢(t70) = r(t) qz.ﬁ(t, 8) = T¢S(ta 5)

where

Cud(s) = [11Cvar(115)

Cv = [Cvl

C’UK}

ODE-PDE Representation of the DDF Model

K ro
ZC’U1¢Z 1)+Z / f‘icvdi(TiS)(bi(
=il ¥ —

() = Cod(t, —1)+ /cvd S

1/m

11Coak (TKS)] =

1/7‘K



ODE-PDE System to PIE System

Ignoring Inputs, Outputs and Distributed Delay for now

ODE Subsystem:
z(t) = Apx(t) + v(t)
PDE Subsystem:
$(t,0) =r(t) = Va(t)  o(t,s)=Los(t,s)  v(t) =Us(t, 1)

Variable Substitution: ¢ < ¢,
o(t,s) = ¢(t,0) — /¢5t9d9—Vx /qbstﬁ

Equivalent Partial Integral Subsystem: No boundary condition needed
0

0
—/ bs(t,0)d0 = I.¢4(t, s) v(t):UVa:(t)—/ Ugs(t,s)ds

-1

Equivalent Partial Integral System:
[I 0 } {.a'c(t) ] _ [A0+UV —Ufol] [ (t) }

v [0 st 0 I | st
N———— N—_——
T x(t) A x(t)
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The *-Algebra of Partial Integral (Pl) Operators

) e o 2 )

——— —— ——
Telly %(t) A€l x(t)ERX Lo

Definition of a 4-PI Operator (I1) (P[5 #,]): Rx Ly =R x Ly

(Pramillel)o- Goi bmsol

4-PI Operators include a 3-Pl Operator (II;), Defined as:

(P(ry®) () = Ro(s)®(s) + /_ Sl Ri(s,0)®(0)do + / Ra(s,0)®(0)do

Seems Unfamiliar? Recall the complete-Quadratic Lyapunov Functional:

Vi) = <{X§ff>] | v [ U(-0-1)a {xt}io)w

T T (0 4T
ATU(-s—1)T [0, ATU(s—-)A
Pelly Rx Lo
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The *-Algebra of Partial Integral (PI) Operators

DDE — DDF — PIE

L The *_Algebra of Partial Integral (Pl) Operators

You may also recall the derivative also has this form. If

Vi(xe) = <{X;(t0)} ’ {M]él(ls) Mgg(glfji(zf(& ~)] [X;(f())}>

Pelly RX Lo
then
) x:(0) D11 fi)l D1a(s) x¢(0)
V(Xt) == < [th(tl):| ) |:D12(S)T —MQQ(S) _ ffl(as 4 ag)N(S, ):| [thctl):| >
where
__ [Gu+GTy Gi2 S) — AT Mi2(s) — Mia(s) + N(0, s)
Lz o= { e —Mzz(—1)}’ Di2(s) := { AT Mis(s) — N(—1,s) ]

1
G11 :M11A0+M12(0)+§M22(0) Gi2 = M1 Aan — Mi2(—1)



Complete PIE Representation of the complete DDF Model
The PIE version of the DDF system model (w/ input delay) is:

Tx(t) + Toti(t) + Toi(t) = Ax(t) + Byw(t) + Bau(t) ) Qfl((tt) )
S bl
Z(t) = Clx(t) + Dllw(t) + Dlgu(t), X(t) = :
y(t) = CQX(t) + Dglw(t> + DQQU(t) 5‘5¢K.(t s)
7
where {T, A, --- Day} C Iy are given by:
L0 , D;;i, 0
a=?[% lonl TPl ere ) e = Pl ) =Pl ] e = P[00 o))
B =P ] B2 = P[] e =7[%0 Gy e2 =7 [%0 G
where .
Cyi = Cuy +/i)1 7iCydi(Tis)ds, Dy = (I"v - Z Cyi Dy m)) » Cri(s) = =Dy (C'ui + 7 /jl Cudi(ﬂ'")dﬂ)
=
Cr1 Bri1 Bra21 Dyy1 K
[To T1 T2] = : S } [Cve Dvw Dvul, [Cvz Dvw Dvu] =D 37 Cyi [Cri Brii Brail
CrK Brik Brak Dy K =
Dyy1 ?Ipl
Tal(s,0) = { : } [Cri(®) -+ Crg(®)], Tp(s,0) = —Is. p, + Tals, 0), Ir =
Dryk PR
A(s) By Ag B; By Ag By Bao By
C11(s)| = | D1y | [Cr1(s) -+ Crk(s)], |C10 D11 Di2| = |C10 D11 Diz2| + [Diy| [Cvx Dyvw Duwul-
Ca1(s) Day Cz0 D21 D22 C20 D21 D22 Day
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PIETOOLS: The way to a PIE is through a DDF

Neutral Delay System (NDS) to PIE ~ Equivalent DDF Data Structure:
NDS.AO=[-1]; NDS.Ai{2}= [-21; DDF.AO=-1; DDF.tau=[.5 1];
NDS.Ei{1}=[.2]; NDS.tau=[.5 1]; DDF.Cr{1}=-.2; DDF.Cr{2}=-2;
NDS=initialize PIETOOLS.NDS(NDS);  DDF.Cv{1}=1; DDF.Cv{2}=1;
DDF=convert PIETOOLS NDS2DDF (NDS);  DDF.Drv{1}=[.2]; DDF.Bv=1;

DDF=minimize PIETOOLS_DDF (DDF) ; New DDF Representation:
PIE=convert PIETOOLS_DDF2PIE(DDF) ; i(t) = —x(t) + v(t)
Original NDS: v(t) =r1(t —.5) +ro(t — 7)

@(t) = —x(t) + 22(t = .5) = 2z(t = 1) py () = —20(t) + 20(t); ro(t) = —22(t)

New PIE Representation: 7x(:) = ax(t)

>> PIE.T
>> PIE.A
ans=
ans=
[11 1 [0,0]
[-3.7500] | [-1.25,-1.2517
[-0.7500] | ans.R
[0] | ans.R
[-21 1
[o1 |
ans.R=
ans.R=
[0,0] | [-0.2500,-0.2500] | [-1.2500,-0.2500]
(2,01 I [0,0] | [0,0]
01 | [0,0] | [0,-11
~[0,11 1 10,01 | [0,0]
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Duality and Optimal Control
of PIEs



A Strong Duality Theorem for PIEs

(A) Primal PIE:

7

For a PIE and its Dual:
1. stability is equivalent; (A) is stable iff (B) is stable

)
2. Lo-gain is equivalent; v = sup ||\‘;|I‘I — sup
w0 W#£0
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A Dual KYP lemma for PIEs

A Computational Test for Ly-gain.
Theorem 1 (Dual KYP lemma and L,-Gain).
Suppose that T, A, B,C,D € 114 and

Tx(t) = Ax + Bw(t) x(0) =0
y(t) = Cx(t) + Dw(t).

If there exists operator P € 114, such that P = 0

—~I D CPT

D —AI B* <0.

TPC* B APT*+TPA*

Then lyllz, <~llwllz,-
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Solving Linear Pl Inequality (LPI) Optimization Problems

How to Enforce positivity of a Pl operator?

An LMI for Positivity of Pl operators: If IT is a C* algebra, any positive
operator P € II can be represented as P = A* A where A € II.

Define a vector of bases, Z(s). Then any A € I14 (in associated module) may
be represented as
x(t)

(A(6) = @7%) ()= @ | 1 7o poiyio

12 Z(s,0)x(6)d6

for some matrix Q@ where Z(s,0) = Z(s) ® Z(0). We conclude that if
P = A*A, then P has the form

Pl ] = AA=2QTQz = 2" PZ

for some matrix P > 0.

—~I D CPT —~I D CPT
D* —~I B* < 0 becomes D* —~I B* =-Z"'PZ,
TPC* B APT* + TPA* TPC* B APT* + TPA*
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H -optimal static state-feedback control (no input delay*)

Tx(t) + Tai(t) = Ax(t) + Buw(t) + Bou(t), v(0) =0
Z( ) = C’lx(t) + an(t) + Dlg’u(t),
y(t) = Cax(t) + Dayw(t) + Dagult), u(t) = ZP~'x(t) (1)

~

Theorem 2 (H,, optimal control, no input delay (7, = 0)).
Decision Variables: v, P, Z

Optimization problem: min 7y

v,Z,P>0
—I D11 (CiP + ZD12Z)T™
D1y =il Bi <0.

T(CiP+ ZD122)" By T (AP +B2Z)" + (AP + B22) T*
Then |lyllL, < yllwl|L.-

® We have cast the optimal control problem as a Linear Operator Inequality.

*For the case with input-delay, see upcoming talk at IFAC TDS, 2022.
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Implementing the Controller on a DDF

Then implement the controller
® Method 1: Real-World Implementation on a DDF

MU:K&mfﬁ))]:Kw@+§:/iKm@Wm@+n$®

(t+ms
x((t))
w(t
"= B B D] |
u(t)

0
1@=Z@M%M+Z[cw@w+m&

where the Cy;, Cyai, Cri, Br1i, Broi, Dyy; come from the DDF
representation.
® Method 2: Simulation. Simulate as directly a PIE

Tf(f(lf) = (.A + BQ’C)Xf(t) + B1w(t)

and reconstruct the solution using x(t) = Tx(t)
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Application to Large
Networks



Problems with multiple (i.e. K) delay channels

Ex. 2: Showers: (K delays, 2K

states
Ex. 1: Spring-Mass Chain: (K delays, )

2K states)

T4 (t) = T () — w;i(t)

Toi(t) = —ay (Toi(t — 73) — w;i(t))

a0 = [ % L) @i+ erce—m + [ 5] ezte—ra) +ui) N

1 6 _p| (=1 1 1 Eob| T2(t—T2 ¢ +2j#i vijo (sz(t—rj) —wj(t))+ui(t)
=[N, m@w asNeom]T

a; =1, 7 =1/N, = =i

in =% B+ [0 Y enort - e

@4 (t) = [,‘;k 712,,] + {z (lﬂ (@1 (t = 7)) +oiqp1(t = 7541))

YO =en (@), =) = en(®) + 1u(®) Contraler S (1)
a1(t) u(t)
Reduced Computation Time:
Dimension Size CPU seconds
Ex. nom | min || nom | min
Ex. 1 (K=5) 60 9 N/A | 2206
Ex. 1 (K=10) || 220 19 N/A | 9,350 LAY 1
Ex. 2 (K=5) 100 5 N/A | 242
Ex. 2 (K=10) || 400 10 N/A | 947 G zo(t) €
Table: Computation times for nominal and minimal o
realizations. Times are H ., -control. UAY 2
5
x3(t)
ya(t) B
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DDEs are a poor choice for representing delayed networks
Better options include DDFs, and NDSs

PIETOOLS 2021b Implementation: Advantages of DDFs:

® DDE representation in most software
tools is naive and hence inefficient

® Automates conversion between representations

® See http://control .asu.edu/pietools ® DDFs provide a universal format for
» User manual, documentation, etc. representing TDSs
® Conversion process is very fast ( 10ms) ® DDFs allow you to specify delayed
channels

® Provides a standardized representation of
DDEs/DDFs/PIEs
> Applies to a very large class of TDSs

» Input delays, state delays, dist. delays,
output delays

® The proposed method automates the
task of specifying delayed channels.

A helpful input format

® More than 50 examples in the libraries

Thank you for your attention

(Sponsored by: NSF CNS-1935453)
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