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We Consider the Challenge of Representation of Differentiable Functions
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We Expand a Function in 1D using the Fundamental Theorem of Calculus

Consider u € W[a,b] := {u | 0%u € La[a,b], Y0 < k < d}.

d = 1: Then, by the Fundamental Theorem of Calculus (FTC)
Define boundary operator

+ [ o.ub)i "
| = {4
d = 2: Then 0,u € W'[a,b], so by FTC
Then
dzu(n) d=1:
u(z) = u(a) +/ {0 u(a / 0,(0 u)(@)d&} dn u(z) = (6'u) +/$(b05'zu)(9)d9

a) + dzu(a /dn+//62 0)dodn d=2-

=u(a) + [z — a]dyu(a) +/ [z — 6]07u(6)dd u(z) = (b_2u)+[:v—a](b_lamu)—&—/w[x—@:
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We can Express a 1D Function in terms of its Highest-order Derivative

Sobolev expansion of Functions in 1D Define boundary operator

Suppose u € W%a,b] for d € N and [a,b] C R. Then,

d
u(z) = Z(ggbk_dalgu) (), z € [a,b],

Zgzkv s €4,

then, vF = bff‘si@fiu forall 0 < k < §;.

Example: 3rd-Order Differentiable Function
For u € W?[a, b],

(628%u) = u(a), (6"20;u) = d,u(a),

(bku)(a:) _ {u(a), k<0,

Define integral operator

u(z),
(ggu)(l‘) = < pr(x — a)u(x),
f; Pr—1(x — 0)u(0)do

k

where px(z) = 7.

0=k=d,
0<k<d,
0<k=d.
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