
Constructive Representation of Functions in
N -Dimensional Sobolev Space

Declan S. Jagt, Matthew M. Peet

Arizona State University
Tempe, AZ USA

January 19, 2024



We Consider the Challenge of Representation of Differentiable Functions
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We Expand a Function in 1D using the Fundamental Theorem of Calculus

Consider u ∈ W d[a, b] := {u | ∂k
xu ∈ L2[a, b], ∀0 ≤ k ≤ d}.

d = 1: Then, by the Fundamental Theorem of Calculus (FTC)

u(x) = u(a) +

∫ x

a

∂xu(θ)dθ

d = 2: Then ∂xu ∈ W 1[a, b], so by FTC

u(x) = u(a) +

∫ x

a

[ ∂xu(η)︷ ︸︸ ︷
∂xu(a) +

∫ η

a

∂x(∂xu)(θ)dθ

]
dη

= u(a) + ∂xu(a)

∫ x

a

dη +

∫ x

a

∫ η

a

∂2
xu(θ)dθdη

= u(a) + [x− a]∂xu(a) +

∫ x

a

[x− θ]∂2
xu(θ)dθ

Define boundary operator

(bku)(x) =

{
u(a), k < 0,

u(x), k = 0

Then
d = 1 :

u(x) = (b−1u) +

∫ x

a

(b0∂xu)(θ)dθ

d = 2 :

u(x) = (b−2u)+[x−a](b−1∂xu)+

∫ x

a

[x−θ](b0∂2
xu)(θ)dθ
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We can Express a 1D Function in terms of its Highest-order Derivative

Sobolev expansion of Functions in 1D

Suppose u ∈ W d[a, b] for d ∈ N and [a, b] ⊆ R. Then,

u(x) =
d∑

k=0

(
g
d
kb

k−d∂k
xu

)
(x), x ∈ [a, b],

Moreover, for any {vk ∈ L2[Ω
(k−δi)ei ] | 0 ≤ k ≤ δi}, if

u(s) =

δi∑
k=0

(
g
δi
i,kv

k)(s), s ∈ Ω,

then, vk = bk−δi
i ∂k

siu for all 0 ≤ k ≤ δi.

Example: 3rd-Order Differentiable Function

For u ∈ W 3[a, b],

(b−3∂0
xu) = u(a), (b−2∂1

xu) = ∂xu(a),

(b−1∂2
xu) = ∂2

xu(a), (b0∂3
xu)(x) = ∂3

xu(x)

and

Define boundary operator

(bku)(x) =

{
u(a), k < 0,

u(x), k = 0.

Define integral operator

(gdku)(x) =


u(x), 0 = k = d,

pk(x− a)u(x), 0 ≤ k < d,∫ x

a
pk−1(x− θ)u(θ)dθ 0 < k = d.

where pk(z) =
zk

k! .
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