Stability Analysis of Linear Time-Delay Systems

Matthew Peet, Antonis Papachristodoulou, and Sanjay Lall

Abstract— This paper presents a computational approach to stability determination of a class of time-delay systems. Using a parametrization of quadratic functionals, we construct a nested sequence of sufficient conditions, expressible as semidefinite programs, which are of non-decreasing accuracy. In addition, using a construction based on Putinar’s Positivstellensatz, we also address the case of parametric uncertainty and uncertain delay.

I. INTRODUCTION In this paper, we address the question of stability of systems of linear differential equations which contain delay. Although the general question of stability of systems with linear dynamics and uncertain delays has been shown to be NP-hard [1], we obtain a nested sequence of sufficient conditions which are of non-decreasing accuracy and which approaches the analytical limit.

The question of stability of linear differential equations which contain delays has been an active area of research for some time. A complete summary of the results in this field is beyond the scope of this paper. However, an overview of these results can be obtained from various survey papers and books on the subject, see for example [2], [3], [4], [5]. Previous results on this subject can be grouped into analysis either in the frequency-domain or in the time-domain. Frequency-domain techniques typically attempt to determine whether all roots of the characteristic equation of the system lie in the left half-plane. Time-domain techniques often use Lyapunov-based analysis, an approach which was extended to infinite dimensional systems by Krasovskii in [6]. Stability results in this area are grouped into delay-dependent and delay-independent conditions. If a delay-dependent condition holds, then stability is guaranteed for a specific value or range of values of the delay. If a delay-independent condition holds, then the system is stable for all possible values of the delay. The result we present in this paper is a sequence of delay-dependent conditions and the approach is based on analysis in the time-domain. A result on the delayindependent case appears in [7].

Our technique can be summarized as follows. It has been shown that for certain classes of linear time-delay systems, the existence of a positive quadratic Lyapunov functional with negative Lie derivative is necessary and sufficient for stability. Furthermore, it has been shown that one can assume such functionals to be defined by the combination of multiplier and integral operators. In this paper, we parameterize increasing subsets of these operators using positive semidefinite matrices. This approach allows us to reformulate the Lyapunov stability test as the limit of a sequence of tractable convex feasibility tests. Our approach has several benefits, which include a generalization to dynamics with parametric uncertainty, generalization to nonlinear dynamics and the ability to construct inverse operators which may allow for results on stabilization using full-state feedback.

This paper is organized as follows. In the sections 2- 4, we will discuss background on stability of linear delaydifferential equations. We then present a parametrization of the set of positive scalar and matrix valued polynomials of bounded degree using positive semidefinite matrices. Following this, we give a parametrization of the necessary multiplier and integral operators. We then apply our results to the case of multiple non-commensurate delays and give numerical examples. II. NOTATION C denotes the space of continuous vector-valued functions.

C_τ denotes the space of continuous vector-valued functions defined on the interval [−τ, 0]. For x ∈ C_τ , ‖x‖ denotes the supremum norm. L_2 denotes the Hilbert space of square Lebesgue-integrable vector-valued functions defined on an interval. ‖·‖_2 denotes the L_2 norm. We occasionally also associate with C_τ an inner product space equipped with the L_2 inner product. Thus for x, y ∈ C_τ , ⟨x, y⟩ denotes the L_2 inner product. An operator A on an inner-product space X is defined to be positive if ⟨x, Ax⟩ ≥ 0 for all x ∈ X. S^n denotes the space of n × n symmetric matrices. Denote by R[x] the ring of scalar polynomials in variables x. Denote by R^{n×m}[x] the set of n by m matrices with scalar elements in R[x]. Let S^n[x] denote the set of symmetric n by n matrices with elements in R[x]. Let P^Y ⊂ R[x] denote the scalar polynomials which are non-negative on Y . Let P^+ := P^{Rn} denote the globally non-negative scalar polynomials. Let S^Y_n denote the elements M ∈ S^n[x] such that M(x) ≥ 0 for all x ∈ Y . Let S^+_n := S^{Rn}_n . Let Z_d[x] denote the vector of monomials in variables x of degree d or less. Define Z^n_d [x] := I_n ⊗ Z_d[x], where I_n is the identity matrix in S^n.

III. BACKGROUND In this paper, we consider time-delay systems which can be expressed in the following form, where we assume for convenience that τ_i < τ_{i+1} for i = 0, . . . , K − 1 and τ_0 = 0.

ẋ(t) = K∑ i=0 A_ix(t − τ_i) +

∫_0

−τ_K

A(θ)x(t + θ)dθ (1)

Here A_i ∈ R^{n×n} and A : R → R^{n×n} is bounded on [−τ_K , 0]. We say that x ∈ C is a solution of Equation (1) with initial condition x_0 ∈ C_{τK} if x(t) = x_0(t) for t ∈ [−τ_K , 0] and Equation (1) holds for all t ≥ 0. It can be shown that elements of this class of system admit a unique solution for every initial condition x_0 ∈ C_{τK} . We can associate with systems of this form a solution map G : C_{τK} → C, where x = Gx_0 if x is a solution of Equation (1) with initial condition x_0. Stability is defined in terms of this solution map.

Definition 1: The solution map G defined by equation (1) is stable if G is continuous at 0 with respect to the supremum norms on C and C_{τK} .

Definition 2: The solution map G defined by equation (1) is asymptotically stable if x = Gx_0 implies lim_{t→∞} x(t) = 0 for any x_0 ∈ C_{τK} With any solution x and time t ≥ 0, one can denote the element x_t ∈ C_{τK} , where x_t(θ) = x(t + θ) for all θ ∈ [−τ_K , 0]. This element is considered to be the state of the system at time t. For a given solution map, we define the flow map Γ : C_{τK} × R_+ → C_{τK} by

y = Γ(x_t, Δt) = (Gx_t)_{Δt} = x_{t+Δt}, which maps the state at time t to the state at time t + Δt. A. Stability Theorem

Lyapunov Theory can be extended to time-delay systems through the use of Lyapunov-Krasovskii functionals. One such extension is defined by the following general theorem [3] which we note can be generalized nonlinear case.

Theorem 3: Consider a solution map G defined by Equation (1). Suppose u, v, w : R^+ → R^+ are continuous nondecreasing functions, and that u(s) > 0, v(s) > 0 for s > 0 and u(0) = v(0) = 0. If there exists a continuous functional V : C → R such that both of the following hold for all ϕ ∈ C_τ

u(|ϕ(0)|) ≤ V (ϕ) ≤ v(‖ϕ‖) (2)

V̇ (ϕ) = lim sup

Δt→0^+ 1 Δt (V (Γ(ϕ, Δt)) − V (ϕ)) ≤ −w(|ϕ(0)|)

Where Γ is the flow map defined by G. Then the solution map G is stable. If w(s) > 0 for s > 0, then the solution map is asymptotically stable. B. Complete Quadratic Functionals

There have been a number of results concerning necessary and sufficient conditions for stability of linear time-delay systems in terms of the existence of quadratic functionals. These results are significant in that they allow us to restrict our search for a Lyapunov-Krasovskii functional to a specific class without introducing any conservatism. Recall that we consider differential equations of the following form.

ẋ(t) = K∑ i=0 A_ix(t − τ_i) +

∫_0

−τ_K

A(θ)x(t + θ)dθ (3)

We now make the additional assumption that A is continuous on [−τ_K , 0]. The following comes from Gu et al. [2].

Definition 4: We say that a functional V : C_τ → R is of the complete quadratic type if there exists a matrix P ∈ S^n and matrix-valued functions Q : R → R^{n×n}, S : R → S^n and R : R^2 → R^{n×n} where R(θ, η) = R(η, θ)^T such that the following holds.

V (ϕ) = ϕ(0)^T P ϕ(0) + 2ϕ(0)^T

∫_0 −τ Q(θ)ϕ(θ)dθ + ∫_0 −τ ϕ(θ)^T S(θ)ϕ(θ)dθ +

∫_0 −τ ∫_0 −τ ϕ(θ)^T R(θ, η)ϕ(η)dθdη

Theorem 5: Suppose the system described by Equation (3) is asymptotically stable. Then there exists a complete quadratic functional V and η > 0 such that the following holds for all ϕ ∈ C_τ .

V (ϕ) ≥ η‖ϕ(0)‖^2 and V̇ (ϕ) ≤ −η‖ϕ(0)‖^2

Furthermore, the matrix-valued functions which define V can be taken to be continuous everywhere except possibly at points θ, η = τ_i, for i = 1, . . . , K − 1.

C. Sum-of-Squares and Convex Optimization

Many difficult problems in analysis and control can be reformulated as convex optimization problems by using the convex cone P^Y for some Y ⊂ R^n. max γ : f_0(x) − γ ∈ P^Y

Although the formulation of the problem is convex, it is not tractable since there exists no efficient test for membership in the set P^Y_d . However, there may exist some approximation to P^Y for which the set membership test is computationally tractable. One such approximation for P^+ is as follows.

Definition 6: A polynomial s ∈ R[x] satisfies s ∈ Σ_s if it can be represented as s(x) =

∑_m i=1 g_i(x)^2 for g_i ∈ R[x]. An element s ∈ Σ_s is referred to as a sum-of-squares polynomial. Σ^d_s is defined as the elements of Σ_s of degree d or less.

In [8], it was shown that the set membership test f ∈ Σ_s is computationally tractable.

Lemma 7: A degree 2d polynomial f ∈ R[x] satisfies f ∈ Σ_s if and only if there exists some matrix Q ∈ S, such that Q ≥ 0 and f(x) = Z_d[x]^T QZ_d[x].

The equality constraint in Lemma 7 is affine in the monomial coefficients of f. Therefore, set membership in Σ_s can be tested using semidefinite programming.

Membership in the cone P^K is harder to approximate than P^+. Consider a region K_f defined by K_f := {x ∈ R^n : f_i(x) ≥ 0, i = 1 . . . n_K } for f_i ∈ R[x]. A condition for membership in P^K_f comes from the following simplified Positivstellensatz result from Putinar [9] for sets which satisfy a condition we call P-compact.

Theorem 8: Suppose K_f , as defined above, is P-compact. Suppose f lies in the interior of P^{Kf} . Then there exist s_i ∈ Σ_s for i = 1 . . . n_K , such that the following holds.

f(x) −

n_K∑

i=1 s_i(x)f_i(x) ∈ Σ_s

Theorem 8 does not represent a tractable test for membership in P^{Kf} since no bounds exist for the degree of the s_i. However, it does provide a basis for a sequence of tractable sufficient conditions.

Definition 9: For a given degree bound, d, and K_f of the form given above, we define the convex cone Υ^{Kf}_d of functions f ∈ R[x] such that there exist s_i ∈ Σ_s for i = 1 . . . n_K , of degree d or less, such that the following holds. f(x) −

n_K∑

i=1 s_i(x)f_i(x) ∈ Σ_s

D. Positive Matrix Functions

We now present an extension of the above results to the convex cones S^+ and S^K of non-negative matrices of polynomials. Of course, one can always test M ∈ S^K by testing whether y^T M(x)y ∈ Σ_s. However, the resulting introduction of variables y increases the complexity. An equivalent condition is given as follows.

Definition 10: M ∈ S^n[x] satisfies M ∈ Σ̄_s if it can be represented as M(x) =

∑_m

i=1 G_i(x)^T G_i(x) for G_i ∈ R^{n×n}[x]. An element M ∈ Σ̄_s is referred to as a sumof-squares matrix function. Σ̄^d_s are the elements of Σ̄_s of degree d or less.

We provide a tractable test for membership in Σ̄_s.

Lemma 11: M ∈ Σ̄_s if and only if there exists some matrix Q ∈ S such that Q ≥ 0 and M(x) = (¯ Z^n_d [x]

)_T QZ̄^n_d [x], where M is of degree 2d.

The complexity of the membership test associated with Lemma 11 is considerably lower than testing y^T M(x)y ∈ Σ_s. Furthermore, the use of the test associated with Lemma 11 does not increase the conservatively, since it can be shown that M ∈ Σ̄_s if and only if y^T M(x)y ∈ Σ_s.

For S^K , the Putinar’s Positivstellensatz was extended to SOS matrices in [10]. This leads to the following sequence of tractable conditions for membership in S^{Kf} .

Definition 12: For d ≥ 0 and K_f as defined previously, M ∈ Ῡ^{Kf}_{n,d} ⊂ S^{Kf} if there exist S_i ∈ Σ̄^d_s such that the following holds.

M(x) −

n_f∑

i=1 f_i(x)S_i(x) ∈ Σ̄_s

IV. PRELIMINARY RESULTS In this section, we propose an approximate parametrization of the multiplier and integral operators which define the complete quadratic functional and some its derivative forms using the cone of positive semidefinite matrices. This will build on the Sum-of-squares results results presented earlier and will allow us to express conditions for stability in terms of semidefinite programming problems. To demonstrate, consider the complete quadratic functional.

V (x) = x(0)^T P x(0) + 2

∫_0 −τ x(0)^T Q(θ)x(θ)dθ + ∫_0 −τ x(θ)^T S(θ)x(θ)dθ +

∫_0 −τ ∫_0 −τ x(θ)^T R(θ, ω)x(ω)dθdω

We can associate with V and ϵ > 0 an operator A : C_τ → C_τ such that V (x) = ⟨x, Ax⟩, where A is defined as follows.

(Ay)(θ) = [ P − ϵI Q(θ) Q(θ)^T S(θ) ] y(θ) +

∫_0 −τ [ 0 0 0 R(θ, ω) ] y(ω)dω

= (A_1y)(θ) + (A_2y)(θ),

The operator A is a combination of multiplier operator A_1 and integral operator A_2. The complete quadratic functional, V satisfies the positivity condition of the stability theorem if the integral operator, A_2, is positive on C_τ and there exists some ϵ > 0 such that the multiplication operator, A_1, is positive on the subspace X ⊂ C_τ where

X := {x ∈ C_τ | , x = [ x_1 x_2 ] and x_1(θ) = x_2(0) for all θ}.

We now define the specific convex cones of operators which we seek to approximate.

Definition 13: For a matrix-valued function M : R → S^n, we denote by A_M the multiplication operator such that

(A_M x)(θ) = M(θ)x(θ).

Definition 14: For a matrix-valued function R : R × R → R^{n×n} such that R(θ, ω) = R(ω, θ)^T , we denote by B_R the integral operator such that

(B_Rx)(θ) =

∫_0 −τ R(θ, ω)x(ω)dω.

Definition 15: For a piecewise-continuous matrix-valued function M, we say M ∈ H^+_1 if ⟨x, A_M x⟩ ≥ 0 for all x ∈ X.

Definition 16: For a piecewise-continuous matrix-valued function R : R × R → R^{n×n} such that R(θ, ω) = R(ω, θ)^T , we say R ∈ H^+_2 if ⟨x, B_Rx⟩ ≥ 0 for all x ∈ C_τ .

Definition 17: For a piecewise-continuous matrix-valued function M, we say M ∈ H^+_3 if ⟨x, A_M x⟩ ≥ 0 for all x ∈ X_3, where

X_3 := { x ∈ C_τ | , x = [ x^T_1 . . . x^T_{K+2}

]_T and x_i(θ) = x_{K+2}(−τ_{i−1}) for all θ, i = 1, . . . , K + 1 } . A. Multiplier Operators and Spacing Functions

In this subsection, we consider the sets H^+_1 and H^+_3 which define positive multiplication operators on X_1 and X_3 respectively. We use the following theorem.

Theorem 18: Suppose S_i : R → S^{2n}, i = 1, . . . , K are continuous symmetric matrix valued functions and τ_i > τ_{i−1} for i = 1, . . . , K with τ_0 = 0. Then the following are equivalent.

1) There exists an ϵ > 0 such that the following holds for all x ∈ C_{τK} . K∑ i=1 ∫_{−τi−1}

−τ_i [ x(0) x(θ) ] S_i(θ) [ x(0) x(θ) ] dθ ≥ ϵ‖x‖^2

2) There exists an ϵ^′ > 0 and continuous symmetric matrix valued functions, T_i : R → S^n, such that for i = 1, . . . , K,

S_i(θ) + [ T_i(θ) 0

0 −ϵ^′I ] ≥ 0 for θ ∈ [−τ_i, −τ_{i−1}] K∑ i=1 ∫_{−τi−1}

−τ_i

T_i(θ) = 0.

Any piecewise-continuous T such that

∫_0

−τ_K T (θ)dθ = 0 is

called a spacing function, denoted T ∈ Ω.

Proof: (2 ⇒ 1) Suppose that statement 2 is true. Then K∑ i=1 ∫_{−τi−1}

−τ_i [ x(0) x(θ) ] S_i(θ) [ x(0) x(θ) ] dθ − ϵ^′‖x‖^2

= K∑ i=1 ∫_{−τi−1}

−τ_i [ x(0) x(θ) ] S_i(θ) + [ T_i(θ) 0

0 −ϵ^′I ] [ x(0) x(θ) ] dθ ≥ 0.

(1 ⇒ 2) Suppose that statement 1 holds for some S_i. Write S_i as S_i(θ) = [ M_{11i}(θ) M_{12i}(θ) M_{12i}(θ)^T M_{22i}(θ) ] . We first prove that M_{22i}(θ) ≥ ϵI for all θ ∈ [−τ_i, −τ_{i−1}], i = 1, . . . , K. By statement 1, we have that K∑ i=1 ∫_{−τi−1}

−τ_i [ x(0) x(θ) ][ M_{11i}(θ) M_{12i}(θ) M_{12i}(θ)^T M_{22i}(θ) − ϵI ][ x(0) x(θ) ] dθ ≥ 0.

Now suppose that M_{22i}(θ) − ϵI is not positive semidefinite for all θ ∈ [−τ_i, −τ_{i−1}]. Then there exists some x_0 ∈ R^n and θ_1 ∈ [−τ_i, −τ_{i−1}] such that x^T_0 (M_{22i}(θ_1) − ϵI)x_0 < 0. By continuity of M_{22i}, if θ_1 = −τ_i or θ_1 = −τ_{i−1}, then there exists some θ^′_1 ∈ (−τ_i, −τ_{i−1}) such that x^T_0 (M_{22i}(θ^′_1) − ϵI)x_0 < 0. Thus assume θ_1 ∈ (−τ_i, −τ_{i−1}). Now, since M_{22i} is continuous, there exists some x_1 and δ > 0 where θ_1 + δ < −τ_{i−1}, θ_1 − δ > −τ_i and such that x^T_1 (M_{22i}(θ) − ϵI)x_1 ≤ −1 for θ ∈ [θ_1 − δ, θ_1 + δ]. Then for β > max{1/(−τ_i − θ_1 − δ), 1/(τ_i + θ_1 − δ)}, let

x(θ) = β(θ − θ_1 + δ +^1_β )x_1 θ ∈ [θ_1 − δ −^1_β , θ_1 − δ] x_1 θ ∈ [θ_1 − δ, θ_1 + δ] (1 − β(θ − θ_1 − δ))x_1 θ ∈ [θ_1 + δ, θ_1 + δ +^1_β ] 0 otherwise Then x ∈ C_{τK} , x(0) = 0 and ‖x(θ)‖^2 ≤ ‖x_1‖^2 for θ ∈ [−τ_K , 0]. Now, since every M_{22i} is continuous, they are bounded on [−τ_i, −τ_{i−1}]. Thus there exists some ϵ_2 > 0 such that M_{22i}(θ) − ϵI ≤ ϵ_2I for θ ∈ [−τ_i, −τ_{i−1}], i = 1, . . . , K. Then let β ≥ 2ϵ_2‖x_1‖^2/δ and we have K∑ j=1 ∫_{−τj−1}

−τ_j [ x(0) x(θ)

]_T

S_j (θ) [ x(0) x(θ) ] dθ − ϵ‖x‖^2

= K∑ j=1 ∫_{−τj−1}

−τ_j

x(θ)^T (M_{22j} (θ) − ϵI)x(θ)dθ

≤ −2δ + ϵ_2

∫_{θ1−δ}

θ_1−δ−1/β

‖x(θ)‖^2dθ + ϵ_2

∫_{θ1+δ+1/β}

θ_1+δ

‖x(θ)‖^2dθ

≤ −2δ + 2ϵ_2‖x_1‖^2/β ≤ −δ.

Therefore, by contradiction, we have that M_{22i}(θ) ≥ ϵI for all θ ∈ [−τ_i, −τ_{i−1}] and i = 1, . . . , K. Now we define ϵ^′ = ϵ/2 and M̃_{22i}(θ) = M_{22i}(θ) − ϵ^′I ≥ ϵ^′I. We now note that since M̃_{22i} is upper and lower bounded and is continuous, then M̃_{22i}(θ)^{−1} is a bounded and continuous function. We now prove statement 2 by construction. Let T_i(θ) = T_0 − (M_{11i}(θ) − M_{12i}(θ)M̃^{−1}_{22i} (θ)M_{12i}(θ)^T )

T_0= 1 τ_K K∑ i=1 ∫_{−τi−1}

−τ_i

(M_{11i}(θ) − M_{12i}(θ)M̃^{−1}_{22i} (θ)M_{12i}(θ)^T )dθ.

Then we have that T_i is continuous and K∑ i=1 ∫_{−τi−1}

−τ_i

T_i(θ)dθ = τ_K T_0 − τ_K T_0 = 0.

Which implies that T ∈ Ω. We now show that T_0 ≥ 0. For any constant vector z_0, let z be a continuous function except possibly at points {−τ_i}^{K−1}_{i=1} and such that z(0) = (I + M̃_{221}(0)^{−1}M_{121}(0)^T )z_0, let x(θ) = z(θ) − M̃_{22i}(θ)−1M_{12i}(θ)T z_0 for θ ∈ [−τ_i, −τ_{i−1}]. Then x is continuous except possibly at points {−τ_i}^{K−1}_{i=1} , x(0) = z_0. It can be shown that if statement 1 holds for all x ∈ C_{τK} , then it holds for all x which are continuous except possibly at points {−τ_i}^{K−1}_{i=1} . Therefore, we have the following. K∑ i=1 ∫_{−τi−1}

−τ_i [ x(0) x(θ)

]_T [

M_{11i}(θ) M_{12i}(θ) M_{12i}(θ)^T M̃_{22i}(θ) ] [ x(0) x(θ) ] dθ

= z^T_0 ( K∑ i=1 ∫_{−τi−1}

−τ_i

M_{11i}(θ) − M_{12i}(θ)M̃^{−1}_{22i} (θ)M_{12i}(θ)^T dθ)z_0

+ K∑ i=1 ∫_{−τi−1}

−τ_i

z(θ)^T M̃_{22i}(θ)z(θ)dθ

= z^T_0 T_0z_0 + K∑ i=1 ∫_{−τi−1}

−τ_i

z(θ)^T M̃_{22i}(θ)z(θ)dθ ≥ ϵ^′‖x‖^2

We now show that this implies that T_0 ≥ 0. Suppose there exists some y such that y^T T_0y < 0. Then there exists some z_0 such that z_0T_0z_0 = −1. Now let α > 1/τ_1 and

z(θ)= { (I + M̃_{221}(0)^{−1}M_{121}(0)^T )z_0(1 + αθ) θ ∈ [−^1_α , 0] 0 otherwise.

Then z is continuous, z(0) = (I + M̃_{221}(0)^{−1}M_{121}(0)^T )z_0 and ‖z(θ)‖^2 ≤ ‖z(0)‖^2 for all θ ∈ [−τ, 0]. Recall that M̃_{22i}(θ) ≤ (ϵ_2 + ϵ′)I = ϵ_3I. Let α > 2ϵ_3‖z(0)2‖ and then we have

z^T_0 T_0z_0 + K∑ i=1 ∫_{−τi−1}

−τ_i

z(θ)^T M̃_{22i}(θ)z(θ)dθ

≤ −1 + ϵ_3

∫_0

−1/α

‖z(θ)‖^2 ≤ −1 + ϵ_3‖z(0)‖^2/α < −.5.

But this is in contradiction to the previous relation. Thus we have by contradiction that T_0 ≥ 0. Now by using the invertibility of M̃_{22i} = M_{22i}(θ) − ϵ^′I ≥ ϵ^′I and the Schur complement transformation, we have that statement 2 is equivalent to M̃_{22i}(θ) ≥ 0 and the following for θ ∈ [−τ_i, −τ_{i−1}], i = 1, . . . , K.

M_{11i}(θ) + T_i(θ) − M_{12i}(θ)M̃_{22i}(θ)^{−1}M_{12i}(θ)^T ≥ 0

We have already shown the first statement. Finally, we have the following for i = 1, . . . , K.

M_{11i}(θ) + T_i(θ) − M_{12i}(θ)M̃_{22i}(θ)^{−1}M_{12i}(θ)^T = T_0 ≥ 0

Thus we have shown that statement 2 is true. This theorem states that any element of H^+_1 which satisfies a certain positivity condition can be represented by the combination of S^+ and a piecewise-continuous spacing function. This allows us to test membership in H^+_1 by simultaneously testing membership in Σ̄_s and Ω. Since T ∈ Ω is equivalent to a linear constraint on the coefficients of the polynomial components of T , we have can construct a sequence of approximations to H^+_1 . We now consider H^+_3 , the set of multiplier operators which are positive on X_3. We can use a simple extension of the previous theorem.

Lemma 19: Suppose S_i : R → S^{n(K+2)} are continuous functions with domains [−τ_i, −τ_{i−1}] for i = 1, . . . , K where τ_K > τ_i > τ_{i−1} > τ_0 = 0 for i = 2, . . . , K − 1. Then the following are equivalent.

1) There exists an ϵ > 0 such that for x ∈ C_{τK} , we have K∑ i=1 ∫_{−τi−1}

−τ_i

x(−τ_0) . . x(−τ_K )

x(θ)

T S_i(θ) x(−τ_0) . . x(−τ_K )

x(θ) dθ ≥ ϵ‖x‖^2.

2) There exists an ϵ^′ > 0 and continuous functions T_i :

R → S^{n(K+1)} such that for i = 1, . . . , K,

S_i(θ) + [ T_i(θ) 0 0 −ϵ^′I ] ≥ 0 θ ∈ [−τ_i, −τ_{i−1}], K∑ i=1 ∫_{−τi−1}

−τ_i

T_i(θ) = 0.

The proof of this lemma has been omitted.

Similar to Theorem 18, Lemma 19 allows us to use semidefinite programming to partially parameterize the set H^+_3 using Σ̄_s and Ω.

1) Parameter-Dependent Spacing Functions: We now extend the results of this subsection to the case where the system dynamics depend on some uncertain time-invariant vector of parameters.

Lemma 20: Suppose we are given a piecewise-continuous function S : R × R^p → S^n. Then S(·, y) ∈ H^+_1 for all y ∈ R^p if there exists some piecewise-continuous T such that T (·, y) ∈ Ω such that the following holds for all y ∈ R^p.

∫_0 −τ T (θ, y)dθ = 0

S(θ, y) + [ T (θ, y) 0 0 0 ] ≥ 0 θ ∈ [−τ, 0]

Now suppose we wish to impose the condition that S(·, y) ∈ H^+_1 for all y ∈ {y : p_i(y) ≥ 0, i = 1, . . . , N} for p_i ∈ R[y].

Lemma 21: If there exist functions S_i : R × R^p → S^n such that S_i(·, y) ∈ H^+_1 for all y with

S(θ, y) = S_0(θ, y) + N∑ i=1 p_i(y)S_i(θ, y),

then S(·, y) ∈ H^+_1 for all y ∈ {y : p_i(y) ≥ 0, i = 1, . . . , N} The generalization of Lemmas 20 and 21 to H^+_3 is similar and therefore not explicitly discussed. B. Positive Finite Rank Operators

We now consider the subset of H^+_2 of continuous matrixvalued kernels which define positive integral operators on C_τ . These operators are compact and satisfy the following inequality for all x ∈ C_τ .

∫_0 −τ ∫_0 −τ x(θ)^T k(θ, ω)x(ω)dθdω ≥ 0

Because C_τ is an infinite dimensional space, we cannot fully parameterize the operators which are positive on this space. Instead, we will fully parameterize the operators which are positive on a finite dimensional subspace of C_τ .

Theorem 22: Let A be a compact Hermitian operator which is positive on Y_m ⊂ C_τ , where

Y_m := {p ∈ C_τ : p is an n-dimensional vector of univariate polynomials of degree d ≤ m}

Then there exists a positive semidefinite matrix Q ∈ S^{n×(m+1)} such that

⟨x, Ax⟩ =

∫_0 −τ ∫_0 −τ x(θ)^T k(θ, ω)x(ω)dθdω ∀ x ∈ Y_m

k(θ, ω) :=

Z(θ) .. . Z(θ)

T Q Z(ω) .. . Z(ω) = Z̃(θ)^T QZ̃(ω)

where Z(θ) is the (m + 1)-dimensional vector of powers of θ of degree d ≤ m.

Before proving the theorem, we quote the following lemma which follows directly from the Spectral Theorem [11].

Lemma 23: Let {e_i}^p_{i=1} be a basis for some finite dimensional subspace Y of an inner product space Z. Let A be some compact Hermitian operator which is positive on Y . Then there exists some K ≥ 0 such that the following holds for all x ∈ Y .

⟨x, Ax⟩ = p∑ i,j=1

K_{ij} ⟨e_i, x⟩⟨e_j , x⟩

Proof: Define e_i to be the transpose of the i^{th} row of Z̃, then {e_i}^{n(m+1)}

i=1 forms a basis for the finite dimensional subspace Y_m ⊂ C_τ . By Lemma 23, there exists some Q ≥ 0 such that the following holds where p = n(m + 1).

⟨x, Ax⟩ = p∑ i,j=1

Q_{ij} ⟨e_i, x⟩⟨e_j , x⟩

= ∫_0 −τ ∫_0 −τ p∑ i,j=1

Q_{ij} e_i(θ)^T x(θ)e_j (ω)^T x(ω)dθdω

= ∫_0 −τ ∫_0 −τ x(θ)^T p∑ i,j=1 ( e_i(θ)Q_{ij} e_j (ω)^T ) x(ω)dθdω

= ∫_0 −τ ∫_0 −τ x(θ)^T Z̃(θ)QZ̃(ω)x(ω)dθdω

This theorem shows how we can parameterize a subset of the convex cone H^+_2 which is positive on a particular finite dimensional subspace of C_τ using the cone of positive semidefinite matrices. As we increase the dimension of this subspace, the parameterized subset will increase, as will the computational complexity of the problem.

1) Piecewise-Continuous Finite-Rank Operators: In this subsection, we parameterize the set H^+_2 of matrix-valued kernel functions which are discontinuous only at points θ, ω = {τ_i}_{i=1}K−1 and which define positive integral operators on C_τ . Although the results of the previous section can be applied directly, the kernel functions defined in such a manner will necessarily be continuous since they are constructed using a finite number of continuous functions. In order to allow for the construction of operators defined by piecewise-continuous matrix valued functions, we use the following lemma.

Lemma 24: Let M be a matrix valued function M : R^2 → S^n which is discontinuous only at points θ, ω = −τ_i for i = 1, . . . , K − 1 where the τ_i are increasing and τ_0 = 0. Then M ∈ H^+_2 if and only if there exists some continuous matrix valued function R : R^2 → R^{nK×nK} such that R ∈ H^+_2 and the following holds where I_i = [−τ_i, −τ_{i−1}], Δ_i = τ_i −τ_{i−1}.

M(θ, ω) = M_{ij} (θ, ω) for all θ ∈ I_i, ω ∈ I_j

M_{ij} (θ, ω) = R_{ij} ( τ_K Δ_i θ + τ_{i−1} τ_K Δ_i , τ_K Δ_j ω + τ_{j−1} τ_K Δ_j )

R(θ, ω) =

R_{11}(θ, ω) . . . R_{1K} (θ, ω) . . . . R_{K1}(θ, ω) . . . R_{KK} (θ, ω)

Proof: (⇐) Define θ_i(θ) =^{τK}_{Δi} θ+τ_{i−1}^{τK}_{Δi} and ω_i(ω) =

τ_K Δ_i ω + τi−1 τ_K Δ_i . Then θi(−τi) = −τK , θi(−τi−1) = 0,

θ(θ_i) =^{Δi}_{τK} θ_i − τ_{i−1} and^{dθ}_{dθi} =^{Δi}_{τK} . The same relation holds between ω and ω_i. Because M is piecewise continuous, M_{ij} as defined above are continuous. Then for any x ∈ C_{τK} , let x_i(θ) =^{Δi}_{τK} x

(_{Δi}

τ_K θ − τi−1 ) . Then x_i ∈ C_{τK} and we have the following.

∫_0

−τ_K

∫_0

−τ_K

x(θ)^T M(θ, ω)x(ω) = K∑ i,j=1 ∫ I_i ∫ I_j

x(θ)^T M_{ij} (θ, ω)x(ω)dθdω

= K∑ i,j=1

∫_0

−τ_K

∫_0

−τ_K

x_i(θ_i)^T R_{ij} (θ_i, ω_j )x_j (ω_j )dθ_idω_j

= ∫_0

−τ_K

∫_0

−τ_K

x_1(θ) . . x_K (θ)

T R(θ, ω) x_1(ω) . . x_K (ω) dθdω ≥ 0

Thus R ∈ H^+_2 implies M ∈ H^+_2 .

(⇒) Now suppose M ∈ H^+_2 . Then for any nK dimensional vector valued function in C_{τK} , x(θ) = [ x_1(θ)^T · · · x_K (θ)^T

]_T , define x̃(θ) =

τ_K Δ_i xi

(_{τK}

Δ_i θ + τi−1 τ_K Δ_i ) for θ ∈ I_i. Then x̃ is continuous except possibly at points {−τ_i} and we have the following.

∫_0

−τ_K

∫_0

−τ_K

x(θ)^T R(θ, ω)x(ω)dθdω = K∑ i,j=1

∫_0

−τ_K

∫_0

−τ_K

x_i(θ_i)^T R_{ij} (θ_i, ω_j )x_j (ω_j )dθ_idω_j

= K∑ i,j=1 ∫ I_i ∫ I_j

x̃(θ)^T M_{ij} (θ, ω)x̃(ω)dθdω

= ∫_0

−τ_K

∫_0

−τ_K

x̃(θ)^T M(θ, ω)x̃(ω)dθdω where M is as defined above. Since M is bounded and positive on x ∈ C_{τK} , it can be shown that M is also positive on the space of functions which are continuous except possibly at points {−τ_i}^{K−1}_{i=1} . Therefore, we have that R ∈ H^+_2 .

This lemma allows us to use elements of the subset of H^+_2 defined by continuous functions to parameterize the larger subset of H^+_2 defined by piecewise-continuous functions. Moreover, if one chooses a set of monomial bases to parameterize a subspace of C_τ , as was described in the previous section, then the transformation is affine.

C. Parameter Dependent Finite Rank Operators We now briefly give an extension of the results of the previous two sections to case of dynamics with parametric uncertainty.

Lemma 25: For a given vector of monomials Z(θ), suppose there exists a positive semidefinite matrix valued function P (α) ≥ 0 such that

M(θ, ω, α) = Z(θ)^T P (α)Z(ω).

Then M ∈ H^+_2 for all α ∈ R^n

Lemma 26: For a given vector of monomials Z(θ), suppose there exist matrices P (α) ≥ 0 and S_i(α) ≥ 0 such that

M(θ, ω, α) = Z(θ)^T P (α)Z(ω)+ l∑ i=1 p_i(α)Z(θ)^T S_i(α)Z(ω).

Then M(α) ∈ H^+_2 for all α : p_i(α) ≥ 0, i = 1, . . . , l. These lemmas allow us to search for parameter dependent positive integral operators defined by continuous kernels using the space of positive semidefinite matrix functions. The extension of these lemmas to piecewise continuous kernels should be clear and is not explicitly discussed.

D. Discussion of Preliminary Results

The results presented in this preliminary section form the core technical content of this paper. We have shown how to parameterize the various sets of positive operators which define the complete quadratic functional and some of its derivative forms using the space of positive semidefinite matrices. Thus, for a given set of dynamics, if the derivative of the complete quadratic functional can be defined by these sets of operators and if the relationship between the matrix valued functions defining the functional and those defining its derivative is affine, then conditions for stability can be expressed as a semidefinite program. Moreover, as the number of basis functions is increased, the accuracy of the condition will increase, as will the size of the associated semidefinite program.

V. RESULTS We now turn our attention to the class of time-delay systems which we will explicitly consider in this paper.

ẋ(t) = K∑ i=0 A_ix(t − τ_i) (4)

Here x(t) ∈ R^n, A_i ∈ R^{n×n}, τ_i < τ_{i+1} for i = 0, . . . , K −1 and τ_0 = 0. In this section, we show that for this case, the derivative of the complete quadratic functional along trajectories of the system can be represented by a quadratic functional defined by the integral and multiplier operators parameterized in the previous section. Moreover, the transformation from the coefficients of the polynomials defining the complete quadratic functional to those defining its derivative is affine.

Theorem 27: Suppose P ∈ S^n, η > 0, Q_i : R → R^{n×n}, S_i : R → S^n and R_{ij} : R^2 → R^{n×n} where R_{ij} (θ, ω) = R_{ji}(ω, θ)^T are continuous for i, j = 1, . . . , K. Let R(θ, ω) = R_{ij} (θ, ω) for θ ∈ I_i, ω ∈ I_j where I_i = [−τ_i, −τ_{i−1}]. Then the solution map defined by equation (4) is asymptotically stable if the following holds.

M ∈ H^+_1 R ∈ H^+_2 −D ∈ H^+_3 G ∈ H^+_2

M(θ) = [ P − ηI τQ_i(θ) τQ_i(θ)^T τS_i(θ) ] θ ∈ I_i

G(θ, ω) = δ δθ R_{ij} (θ, ω) + δ δθ R_{ij} (θ, ω) θ ∈ I_i, ω ∈ I_j

D(θ) = [ D11 τD12_i(θ) τD12_i(θ)^T τD22_i(θ) ] for θ ∈ I_i

D11_{11}= P A_0 + A^T_0 P + Q_1(0) + Q_1(0)^T + S_1(0) − ηI D11_{ij} =

P A_{i−1} − Q_{i−1}(−τ_{i−1}) + Q_i(−τ_{i−1}) i, j = 1, 2 . . . K S_i(−τ_{i−1}) − S_{i−1}(−τ_{i−1}) i = j = 2 . . . K P A_K − Q_K (−τ_K ) i, j = 1, K + 1 −S_K (−τ_K ) i = j = K + 1 0 otherwise D12_j (θ) = R_{1j} (0, θ) + A^T_0 Q_j (θ) − Q̇_j (θ) R_{2j} (−τ_1, θ) − R_{1j} (−τ_1, θ) + A^T_1 Q_j (θ) . . R_{(K)j} (−τ_{K−1}, θ) − R_{(K−1)j} (−τ_{K−1}, θ) + A^T_1 Q_j (θ) A^T_K Q_j (θ) − R_{Kj} (−τ_K , θ) D22_i(θ) = −Ṡ_i(θ)

Proof: We use the following quadratic functional.

V (ϕ) = 1 τ ∫_0

−τ_K [ ϕ(0) ϕ(θ)

]_T

M(θ) [ ϕ(0) ϕ(θ) ]

+ ∫_0

−τ_K

∫_0

−τ_K

ϕ(θ)^T R(θ, ω)ϕ(ω)dθdω +η‖ϕ(0)‖^2 ≥ η‖ϕ(0)‖^2

Since the functional is strictly positive, the system is asymptotically stable if the derivative of the functional is strictly negative. The Lie derivative of the functional along trajectories of the systems is given by the following.

V̇ (Γ(ϕ, 0)) = 1 τ ∫_0

−τ_K

ϕ(0) . . ϕ(−τ_K )

ϕ(θ)

T D(θ) ϕ(0) . . ϕ(−τ_K )

ϕ(θ) dθ

+ ∫_0

−τ_K

ϕ(θ)^T G(θ, ω)ϕ(ω)dθdω − η‖ϕ(0)‖^2 ≤ −η‖ϕ(0)‖^2

where D and G are as defined above. Thus if the conditions of the theorem hold, then the derivative of the functional is strictly negative, which implies asymptotic stability.

A. Examples

Single Delay: In this example, we compare our results with the discretized Lyapunov functional approach used by Gu et al. in [2] in the case of a system with a single delay. Although numerous other techniques exist, the work by Gu et al. provides the most accurate results for the examples we consider. When comparing with the piecewise linear approach here, we consider examples which have been presented in the work [2] and the results cited therein. We use SOStools [12] and SeDuMi [13] for all semidefinite programming problems. Now consider the following system of delay differential equations.

ẋ(t) = [ 0 1 −2 0.1 ] x(t) + [ 0 0 1 0 ] x(t − τ)

The problem is to determine the range of τ for which the differential equation remains stable. The piecewise linear method was used in [2] to address this problem and Table I lists the results obtained. Using the method presented in

Our results N_1 τ_{min} τ_{max} 1 .10017 1.6249 2 .10017 1.7172 3 .10017 1.71785 Analytic .10017 1.71785

Piecewise Linear Functional N_2 τ_{min} τ_{max} 1 .1006 1.4272 2 .1003 1.6921 3 .1003 1.7161

TABLE I τ_{max} AND τ_{min} FOR DISCRETIZATION LEVEL N_2 USING THE

PIECEWISE-LINEAR LYAPUNOV FUNCTIONAL AND FOR N1 MONOMIALS

USING OUR APPROACH AND COMPARED TO THE ANALYTICAL LIMIT

this paper and by sweeping τ in increments of .1, we also determined the range of stability to be an interval. We then used a bisection method to find the minimum and maximum stable delay. Our results are also summarized in Table I as a function of the number of monomial bases used and are compared to the analytical limit. The results for this test case illustrate a high rate of convergence to the analytical limit. In addition to these results, however, we would also like to be able to include τ as an uncertain parameter and then search for parameter dependent Lyapunov functionals which prove stability an interval. The results from this test are given in Table II.

Parametric Uncertainty: In this example, we illustrate the flexibility of our algorithm through analysis of a simple

bases in τ bases in θ τ_{min} τ_{max}

1 1 .1002 1.6246 1 2 .1002 1.717 Analytic .10017 1.71785

TABLE II STABILITY ON THE INTERVAL [τ_{min}, τ_{max}] USING MONOMIAL BASES

FOR A PARAMETER-DEPENDENT LYAPUNOV FUNCTIONAL

inertial missile controlled remotely using a PD controller. Let the derivative control to be half the proportional controller. Now suppose there is some delay due to the fixed speed of light. Assume the rate of change of the delay does not affect the dynamics. Then we have the following.

ẍ(t) = −ax(t − τ) − a 2 ẋ(t − τ)

We wish to determine for what range of τ and a the system will be stable. To this end, we propose stability regions of the following form a ∈ [a_{min}, a_{max}], τ ∈ [τ_{min}, τ_{max}]. This type of region is compact and can be represented as a semi-algebraic set using the polynomials p_1(a) = (a − a_{min})(a − a_{max}) and p_2(τ) = (τ − τ_{min})(τ − τ_{max}). By using the algorithms proposed in this paper, we are able to construct parameter dependent Lyapunov functionals which prove stability over a number of such parameter regions. These results are illustrated in Figure 1.

Fig. 1. Regions of Stability for Example 2

Multiple Delays: Consider the following system of delaydifferential equations.

ẋ(t)= [ −2 0 0 −^9_{10} ] x(t)+ [ −1 0 −1 −1 ][ 1 20 x(t − τ 2 ) + 19 20 x(t − τ) ]

Again, the system is stable when τ lies on some interval. The problem is to search for the minimum and maximum value of τ for which the system remains stable. The results obtained using the piecewise linear method is given in Table III, where N is the level of both discretization and subdiscretization. In applying the results of this paper, we again use a bisection method to find the minimum and maximum value of τ for which the system remains stable. Our results are also summarized in Table III and since this example has commensurate delays, we can compare these results to the analytical limit.

Our Approach number of bases τ_{min} τ_{max} 1 .20247 1.354 2 .20247 1.3722 Analytic .20246 1.3723

Piecewise Linear Functional N τ_{min} τ_{max} 1 .204 1.35 2 .203 1.372

TABLE III τ_{max} AND τ_{min} USING THE PIECEWISE-LINEAR LYAPUNOV

FUNCTIONAL OF GU ET AL. AND OUR APPROACH AND COMPARED TO

THE ANALYTICAL LIMIT

VI. CONCLUSION In this paper, we have developed a numerical approach to stability analysis of a class of linear infinite dimensional systems which includes systems which contain time delay. The approach is to combine multiplier operators with finiterank integral operators. The positive multiplier operators are parameterized using a sum-of-squares type result. The integral operators are parameterized using a basis for a finite-dimensional subspace of C_τ and positive semidefinite matrices. We have further extended our results to the case of parametric uncertainty using a construction of positive matrix functions. The numerical examples given demonstrate a quick convergence to the analytic limit of stability for even a very small number of monomials functions.

REFERENCES

[1] O. Toker and H. Ozbay, “Complexity issues in robust stability of linear delay-differential systems,” Mathematics of Control Signals and Systems, vol. 9, pp. 386–400, 1996.

[2] K. Gu, V. L. Kharitonov, and J. Chen, Stability of Time-Delay Systems.

Birkhäuser, 2003.

[3] J. K. Hale and S. M. Lunel, Introduction to Functional Differential Equations, ser. Applied Mathematical Sciences. Springer-Verlag, 1993, vol. 99.

[4] V. Kolmanovskii and A. Myshkis, Introduction to the Theory and Applications of Functional Differential Equations. Kluwer Academic Publishers, 1999.

[5] S.-I. Niculescu, Delay Effects on Stability: A Robust Control Approach, ser. Lecture Notes in Control and Information Science. Springer- Verlag, May 2001, vol. 269.

[6] N. N. Krasovskii, Stability of Motion. Stanford University Press, 1963.

[7] P.-A. Bliman, “Lyapunov equation for the stability of linear delay systems of retarded and neutral type,” IEEE Transactions on Automatic Control, vol. 47, no. 2, pp. 327–335, 2002.

[8] P. A. Parrilo, “Structured semidefinite programs and semialgebraic geometry methods in robustness and optimization,” Ph.D. dissertation, California Institute of Technology, 2000.

[9] M. Putinar, “Positive polynomials on compact semi-algebraic sets,” Indiana Univ. Math. J., vol. 42, no. 3, pp. 969–984, 1993.

[10] C. W. Scherer and C. Hol, “Matrix sum-of-squares relaxations for robust semi-definite programs,” accepted for publication in Mathematical Programming Series B, 2006.

[11] N. Young, An Introduction to Hilbert Space. Cambridge University Press, 1988.

[12] P. A. Parrilo, “Web site for SOSTOOLS,” 2004,

http://control.ee.ethz.ch/∼parrilo/sos
tools/index.html.

[13] J. F. Sturm, “Using SeDuMi 1.02, a matlab toolbox for optimization over symmetric cones,” Optimization Methods and Software, vol. 11-12, pp. 625–653, 1999, version 1.05 available at

http://fewcal.kub.nl/sturm/software/sed
umi.html.