A Converse Sum-of-Squares Lyapunov Result: An Existence Proof Based on the Picard Iteration

Matthew M. Peet and Antonis Papachristodoulou

Abstract— In this paper, we show that local exponential stability of a polynomial vector field implies the existence of a Lyapunov function which is a sum-of-squares of polynomials. To do that, we use the Picard iteration. This result shows that local stability of polynomial vector fields can be computed in a relatively efficient manner using semidefinite programming.

I. INTRODUCTION Recent years have seen extensive use of computational methods to solve nonlinear and infinite-dimensional control problems. Many difficult problems in control and dynamical systems can be formulated as polynomial non-negativity conditions. For example, the ability to optimize over the set of positive polynomials using the sum-of-squares relaxation has opened up new ways for addressing nonlinear control problems, in much the same way Linear Matrix Inequalities are used to address analysis questions for linear finite-dimensional systems. Roughly speaking, we now have the ability to optimize polynomial Lyapunov functions for nonlinear systems in a convex manner. This means that determining the question of global stability for polynomial systems is relatively straightforward.

In this paper we focus on developing a sound mathematical basis for the use of sum-of-squares Lyapunov functions for analysis of nonlinear systems - we do not detail the process of actually computing sum-of-squares Lyapunov functions, as this can be found in other references. For references on early work on optimization of polynomials, see [1], [2], and [3]. For more recent work see [4] and [5]. Today, there exist a number of software packages for optimization over positive polynomials, with prominent examples being given by SOSTOOLS [6] and GloptiPoly [7]. The main subject of this paper is local stability of the zero equilibrium of

ẋ(t) = f (x(t)),

where f : R^n → R^n is polynomial. For local positivity of polynomials, we apply Positivstellensatz results [8], [9], [10]. A number of authors have discussed the use of polynomial optimization algorithms for constructing polynomial Lyapunov functions to show stability of this type of system. Substantial contributions to this area include [3], [11], [12], [13], and [14]. A Survey appears in [15].

In this paper we address the question of whether an exponentially stable nonlinear system will have a sum-of-squares Lyapunov function which establishes this property.

The results of this paper are the latest in a long line of enquiry which seeks to determine whether stability of a system implies the existence of a Lyapunov function and what are the properties of that function. There are too many results in this vein to list them all. However, particularly relevant work includes the flurry of activity on continuity properties in the 1950s including the work of [16], [17] and [18] and the overview in [19]. Infinitely-differentiable functions were explored in the work [20], [21]. Other innovative results are found in [22] and [23]. The reader is also referred to the books [24] and [25] for further treatment of converse theorems of Lyapunov.

There are two technical contributions in this paper to the development of converse Lyapunov theory. Like the previous paper [26], this paper fundamentally uses approximation theory. However, unlike the work in [26], this approximation is more closely tied to systems theory in that we approximate the solution map rather than the Lyapunov function directly. This approximate solution map is used in a standard form of converse Lyapunov function. The first key insight is to note that, due to the structure of this converse functional, if the approximation to the solution map is polynomial, then the Lyapunov function will be sum-of-squares. The second key insight is to use the Picard iteration to approximate the solution map instead of standard polynomial approximations such as the Bernstein polynomials. The reason is that the Picard iteration retains several key features of the solution map. It is well-known that the Picard iteration is not ideally suited for approximation of functions in a general context, as it only converges on a short interval. However, when approximating the solution map for a stable system, we show how the Picard iteration can be extended indefinitely, while still retaining the properties of the solution map. Moreover, because the Picard iteration inductively integrates the vector field, if the vector field is polynomial, the Picard iteration will be polynomial at each iteration.

Treatment of converse Lyapunov functions from the perspective of computation is relatively new. Due to the limitations of computation, such converse functions must be defined on a finite-dimensional space. One such space is polynomials of bounded degree. In the previous work [26], we were able to show that local stability on a bounded region implies the existence of a polynomial Lyapunov function. The results of the present paper improve on this previous work in that they show that stability implies the existence of a sum-of-squares Lyapunov function. This improvement is important because it is possible to optimize over sumof-squares polynomials, while it is not currently possible to optimize over positive polynomials. Finally we note that a more complete version of this proof, in addition to a degree bound, appear in the journal version of this paper, current under review.

II. NOTATION AND BACKGROUND Denote the Euclidean unit ball centered at 0 of radius r by B_r. For a function of several arguments, f (x_1,··· ,x_n), we will sometimes use ∂ /∂ i f to denote the partial derivative with respect to the ith argument.

The core concept we use in this paper is the Picard iteration. We use this to construct an approximation to the solution map and then use the approximate solution map to construct the Lyapunov function. Construction of the Lyapunov function will be discussed in more depth later on. However, at this point we review the Picard iteration - a standard method for proving the existence of solutions.

Consider an ordinary differential equation of the form

ẋ(t) = f (x(t)), x(a) = x_0, f (0) = 0.

The solution map is a function ϕ which satisfies ∂ ∂t ϕ(t,a,x) = f (ϕ(t,a,x)) and ϕ(a,a,x) = x.

For a time-invariant system the solution map can be simplified to the form ϕ(s,t). However, we do not make this simplification for technical reasons which arise in the proof.

Definition 1: Let X be a metric space. We say a mapping T : X → X is contractive with coefficient c ∈ [0,1) if

‖T x − Ty‖ ≤ c‖x − y‖ x,y ∈ X The following is a Fixed-Point Theorem.

Theorem 2 (Contraction Mapping Principle): Let X be a complete metric space and let T : X → X be a contraction with coefficient c. Then there exists a unique a ∈ X such that

Ta = a.

Furthermore ‖ ‖T^kx0 − a ‖ ‖ ≤ c^k ‖x0 − a‖.

To apply these results to the existence of the solution map, we use the Picard iteration.

Definition 3: For give T and r, define the metric space

X := { z(t,a,x) :

sup_{t∈[a,a+T]} ‖z(t,a,x)‖ ≤ 2r, z is continuously differentiable. } (1) with norm ‖z‖ = sup_{t∈[a,a+T ]} ‖z(t,a,x)‖.

Define the Picard iteration,

(Pz)(t,a,x) = x + ∫ t a f (z(s,a,x))ds.

In the following few sections, we will show that the Picard iteration is contractive on X for some r and T .

III. PICARD INVARIANCE LEMMA The first result is a technical Lemma showing that the Picard iteration satisfies a certain property of the solution map.

Lemma 4: Let z(s,t,x) = 0. For a time-invariant system, the Picard iteration satisfies

P^k(s,t,x) = P^k(s − a,t − a,x) Proof: Proof by induction. At the first iteration,

Pz(s,t,x) = Pz(s − a,t − a,x) = x.

Suppose that

P^kz(s,t,x) = P^kz(s − a,t − a,x).

Then

P^{k+1}z(s,t,x) = x + ∫ s t f (P^kz(ω,t,x))dω

= x +

∫ s−a t−a f (P^kz(ω + a,t,x))dω

= x +

∫ s−a t−a f (P^kz(ω,t − a,x))dω

= P^{k+1}z(s − a,t − a,x).

Therefore, the Lemma holds by induction.

IV. PICARD ITERATION We begin this section by showing that for any radius r, the Picard iteration is contractive on X for some T .

Lemma 5: Given r > 0, let T < min{^r_c ,^1_L } where f has Lipschitz factor L on B_{2r} and c = sup_{x∈B2r} f (x). Then for any x ∈ B_r, P : X → X and there exists some ϕ ∈ X such that for t ∈ [a,a + T], d dt ϕ(t,a,x) = ϕ(t,a,x), ϕ(0,0,x) = x

and for any z ∈ X, ‖ ‖ ‖ϕ − P^kz ‖ ‖ ‖ ≤ (T L)^k ‖ϕ − z‖.

Proof: First show P : X → X. If x ∈ B_r and z ∈ X, then ‖z(s,t,x)‖ ≤ 2r and so sup t∈[a,a+T ]

‖Pz(t,a,x)‖ = sup_{t∈[a,a+T ]} ‖ ‖ ‖ ‖x + ∫ t a f (z(s,a,x)) ‖ ‖ ‖ ‖ ds

≤ ‖x‖ +

∫ a+T a ‖ f (z(s,a,x))‖ ds

≤ r + T c < 2r

Thus we conclude that Pz ∈ X. Furthermore, for z_1,z_2 ∈ X,

‖Pz_1 − Pz_2‖ = sup_{t∈[a,a+T ]} ‖ ‖ ‖ ∫ t a ( f (z_1(s,a,x)) − f (z_2(s,a,x))) ds ‖ ‖ ‖ ≤ ∫ a+T a ‖ f (z_1(s,a,x)) − f (z_2(s,a,x))‖ ds

≤ T L sup

s∈[a,a+T ]

‖z_1(s,a,x) − z_2(s,a,x)‖

= T L‖z_1 − z_2‖

Therefore, by the contraction mapping theorem, the Picard iteration converges on [0,T ] with convergence rate (T L)^k.

V. PICARD EXTENSION CONVERGENCE LEMMA In this section we propose a new way of extending the Picard iteration. We use the final value of the previous Picard iteration as the initial condition for a new round of Picard iteration. This is done to achieve convergence on an arbitrary interval while maintaining the polynomial nature of the approximation.

Lemma 6: Suppose that the solution map ϕ exists on s − t ∈ [0,∞] and ‖ϕ(s,t,x)‖ ≤ K ‖x‖ for any x ∈ B_r. Suppose that f is Lipschitz on B_{2Kr} with factor L and bounded with bound c. Let T < min{^r_c ,^1_L }. Then let z = 0 and define

G^k_0(s,t,x) = (P^kz)(s,t,x)

and for i > 0, define G_i recursively as

G^k_{i+1}(s,t,x) = (P^kz)(s,t,G^k_i (T,0,x)).

Then the G^k_i are polynomials for any i,k and the composite function

G^k(s,t,x) := G_i(s − iT,t,x) ∀ s ∈ [t + iT,t + iT + T ]

is continuously differentiable. For any δ > 0, let k be sufficiently large. Then for any x ∈ B_{r/(2K)}, G^k ∈ Y where

Y := z(t,a,x) :

sup_{t∈[a,a+δ ]} ‖z(t,a,x)‖ ≤ r, z is continuously differentiable and G^k(s,t,x) = G^k(s − a,t − a,x). . (2) Furthermore ‖ ‖Gk(s,0,x) − ϕ(s,0,x) ‖ ‖ ≤ c(k)‖x‖ where

lim_{k→∞} c(k) = 0.

Proof: The first thing to note is that since the conditions of Lemma 5 is satisfied, if x ∈ B_r, P^k converges to ϕ on [0,T ]. Let d = T L. Then sup s∈[0,T ] ‖ ‖ ‖G^k_0(s,0,x) − ϕ(s,0,x) ‖ ‖ ‖ = sup_{s∈[0,T]} ‖ ‖ ‖P^k(s,0,x) − ϕ(s,0,x) ‖ ‖ ‖ ≤ d^k ‖ϕ(s,0,x)‖ ≤ Kd^k ‖x‖.

Thus G converges to ϕ on the interval [0,T ]. Now suppose that ‖ G^k − ϕ ‖ ≤ c_{i−1}(k)‖x‖ on interval [iT − T,iT ] with lim_{k→∞} c_i(k) = 0. sup s∈[iT,iT +T ] ‖ ‖ ‖G^k(s,0,x) − ϕ(s,0,x) ‖ ‖ ‖ = sup

s∈[iT,iT +T ] ‖ ‖ ‖G^k_i (s − iT,0,x) − ϕ(s,0,x) ‖ ‖ ‖ = sup

s∈[iT,iT +T ] ‖ ‖P^k(s − iT,0,G^k_{i−1}(T,0,x)) − ϕ(s,0,x) ‖ ‖ = sup

s∈[iT,iT +T ] ‖ ‖P^k(s − iT,0,G^k_{i−1}(T,0,x)) − ϕ(s − iT,0,ϕ(iT,0,x)) ‖ ‖ ≤ sup

s∈[iT,iT +T ] ‖ ‖P_k(s − iT,0,G_{ki−1}(T,0,x)) − ϕ(s − iT,0,G_{ki−1} (T,0,x)) ‖ ‖

+ sup

s∈[iT,iT +T ] ‖ ‖ϕ(s − iT,0,G_{ki−1}(T,0,x)) − ϕ(s − iT,0,ϕ(iT,0,x)) ‖ ‖ We treat these terms separately. First note that ‖ ‖ ‖G^k_{i−1}(T,0,x) ‖ ‖ ‖ ≤ ‖ϕ(iT,0,x)‖ + ‖ ‖ϕ(iT,0,x) − G^k_{i−1}(T,0,x) ‖ ‖ ≤ K ‖x‖ + c_{i−1}(k)‖x‖ ≤ K(1 + c_{i−1}(k))‖x‖.

Since lim_{k→∞} c_i(k) = 0, for sufficiently large k, ‖ ‖Gk_{i−1}(T,0,x) ‖ ‖ ≤ K(1 + c_{i−1}(k))‖x‖ ≤ r. Hence sup s∈[iT,iT +T ] ‖ ‖P_k(s − iT,0,G_{ki−1}(T,0,x)) − ϕ(s − iT,0,G_{ki−1} (T,0,x)) ‖ ‖

≤ sup

s∈[iT,iT +T ]

d^k ‖ ‖ϕ(s − iT,0,G_{ki−1}(T,0,x)) ‖ ‖

≤ Kd^k ‖ ‖ ‖G^k_{i−1}(T,0,x) ‖ ‖ ‖ ≤ K^2d^k(1 + c_{i−1}(k))‖x‖ .

Now, if x,y ∈ B_r, ‖ϕ(s,0,x)‖ ,‖ϕ(s,0,y)‖ ≤ Kr on [0,T ] and hence ϕ(s,0,x) − ϕ(s,0,y) ≤ e^{Ls} ‖x − y‖. Now, for sufficiently large k, ‖ ‖G^k_{i−1}(T,0,x) ‖ ‖ ≤ r and so sup s∈[iT,iT +T] ‖ ‖ ‖ϕ(s − iT,0,G^k_{i−1}(T,0,x)) − ϕ(s − iT,0,ϕ(iT,0,x)) ‖ ‖ ‖ ≤ sup

s∈[iT,iT +T]

e^{L(s−iT)} ‖ ‖ ‖G^k_{i−1}(T,0,x) − ϕ(iT,0,x) ‖ ‖ ‖ ≤ e^{LT} c_{i−1}(k)‖x‖

Combining, we conclude that sup s∈[iT,iT +T] ‖ ‖ ‖G^k_i (s − iT,0,x) − ϕ(s,0,x) ‖ ‖ ‖ ≤ e^{T L}c_{i−1}(k)‖x‖ + K^2d^k(1 + c_{i−1}(k))‖x‖ = ((e^{T L} + K^2d^k)c_{i−1}(k) + K^2d^k)‖x‖ = c_i(k)‖x‖.

where we define c_i(k) = (e^{T L} + K^2d^k)c_{i−1}(k) + K^2d^k. Since by assumption lim_{k→∞} c_{i−1}(k) = 0 and lim_{k→∞} d^k = 0, it is readily seen that lim_{k→∞} c_i(k) = 0.

It is easy to see that G^k is continuously differentiable by evaluation at the points of interpolation. To show G^k(s,t,x) = G^k(s − a,t − a,x), recall

G^k(s,t,x) := { G_i(s − iT,t,x) s ∈ [t + iT,t + iT + T ] and G^k_{i+1}(s,t,x) = P^k(s,t,G^k_i (T,0,x)).

So G^k(s − a,t − a,x) = G_i(s − iT − a,t − a,x) for s − a ∈ [t − a + iT,t − a + iT + T ], which means G^k(s − a,t − a,x) = G_i(s − iT − a,t − a,x) for s ∈ [t + iT,t + iT + T ]. Now G_i(s − iT − a,t − a,x) = P^k(s − a,t − a,G^k_{i−1}(T,0,x)) = P^k(s,t,G^k_{i−1}(T,0,x)) = G_i(s − iT,t,x). Therefore, G^k(s − a,t − a,x) = G^k_i (s − iT,t,x) = G^k(s,t,x) for s ∈ [t + iT,t + iT + T ]. This implies that G^k(s − a,t − a,x) = G^k(s,t,x) for all s.

Note that there is considerable flexibility in choosing the time interval, T , in the extended Picard iteration. The shorter the interval, the faster the convergence on the interval. However, more intervals mean more complicated approximations. This issue is discussed in detail in the journal version of this paper [under review] wherein the convergence rate is used to obtain a degree bound on the Lyapunov function.

VI. DERIVATIVE INEQUALITY LEMMA In this critical lemma, we show that the Picard iteration approximately retains the differentiability properties of the solution map. The proof is based on induction and is inspired by an approach in [27]. This lemma is then adapted to the extended Picard iteration introduced in the previous section.

Lemma 7: Suppose that the conditions of Lemma 5 are satisfied. Then for any x ∈ B_r and any k ≥ 0, sup t∈[a,a+T ] ‖ ‖ ‖ ‖ ∂ ∂ a (P^kz)(t,a,x) + ∂ ∂ x (P^kz)(t,a,x)^T f (x) ‖ ‖ ‖ ‖ ≤ (T L)^k T ‖x‖ Proof: Begin with the identity for k ≥ 1

(P^kz)(t,a,x) = x + ∫ t a f ((P^{k−1}z)(s,a,x))ds.

Then ∂ ∂ a (P^kz)(t,a,x)

= − f ((P^{k−1}z)(a,a,x)) + ∫ t a ∇ f ((P^{k−1}z)(s,a,x)) ∂ ∂ a (P^{k−1}z)(s,a,x)ds

= − f (x) + ∫ t a ∇ f ((P^{k−1}z)(s,a,x)) ∂ ∂ a (P^{k−1}z)(s,a,x)ds, and ∂ ∂ x (P^kz)(t,a,x)

= I + ∫ t a ∇ f ((P^{k−1}z)(s,a,x))^T ∂ ∂ x (P^{k−1}z)(s,a,x)ds.

Now define for k ≥ 1,

y_k(t,a,x) := ∂ ∂ a (P^kz)(t,a,x) + ∂ ∂ x (P^kz)(t,a,x)^T f (x).

For k ≥ 2, we have

y_k(t,a,x) := ∂ ∂ a (P^kz)(t,a,x) + ∂ ∂ x (P^kz)(t,a,x)^T f (x) = ∫ t a ∇ f ((P^{k−1}z)(s,a,x)) ∂ ∂ a (P^{k−1}z)(s,a,x)ds + ∫ t a ∇ f ((P^{k−1}z)(s,a,x))^T ∂ ∂ x (P^{k−1}z)(s,a,x) f (x)ds = ∫ t a ∇ f ((P^{k−1}z)(s,a,x)) [ ∂ ∂ a (P^{k−1}z)(s,a,x) + ∂ ∂ x (P^{k−1}z)(s,a,x) f (x) ] ds = ∫ t a ∇ f ((P^{k−1}z)(s,a,x))y_{k−1}(s,a,x)ds.

This means that since (P^{k−1}z)(t,a,x) ∈ B_{2r}, by induction sup [a,a+T ]

‖y_k(t)‖

≤ T sup

t∈[a,a+T ] ‖ ‖ ‖∇ f ((P^{k−1}z)(t,a,x)) ‖ ‖ ‖ sup

t∈[a,a+T ]

‖y_{k−1}(t,a,x)‖

≤ T L sup

t∈[a,a+T ]

‖y_{k−1}(t,a,x)‖

≤ (T L)^{(k−1)} sup_{t∈[a,a+T ]} ‖y_1(t,a,x)‖

For k = 1, (Pz)(t,a,x) = x, so y_1(t) = f (x), so sup [a,a+T]

‖y_1(t)‖ ≤ L‖x‖.

Thus sup [a,a+T]

‖y_k(t)‖ ≤

(T L)^k T ‖x‖.

We now adapt this lemma to the extended Picard iteration. Lemma 8: Suppose that the conditions of Lemma 6 are satisfied. Let k be sufficiently large. Then for any x ∈ B_{r/(2K)}, sup t∈[a,a+T ] ‖ ‖ ‖ ∂ ∂ a G^k(t,a,x) + ∂ ∂ x G^k(t,a,x)^T f (x) ‖ ‖ ‖ ≤ K (T L)^k T (1 + c(k))‖x‖ Proof: Recall

G^k(s,t,x) := { G_i(s − iT,t,x) s ∈ [t + iT,t + iT + T ] and G^k_{i+1}(s,t,x) = P^k(s,t,G^k_i (T,0,x)).

For t ∈ [a + iT,a + iT + T ], ‖ ‖ ‖ ∂ ∂ a G^k(t,a,x) + ∂ ∂ x G^k(t,a,x)^T f (x) ‖ ‖ ‖ = ‖ ‖ ‖ ∂ ∂ a G^k_i (t − iT,a,x) + ∂ ∂ x G^k(t − iT,a,x)^T f (x) ‖ ‖ ‖ = ‖ ‖ ‖ ‖ ∂ ∂ a P^k(t − iT,a,G^k_i (T,0,x)) + ∂ ∂ x P^k(t − iT,a,G^k_i (T,0,x))^T f (x) ‖ ‖ ‖ ‖ ≤ (T L)^k T ‖ ‖ ‖G^k_i (T,0,x) ‖ ‖ ‖ As we have already shown, ‖ ‖ ‖G^k_i (T,0,x) ‖ ‖ ‖ ≤ (K + Kci(k))‖x‖.

Thus ‖ ‖ ‖ ∂ ∂ a G^k(t,a,x) + ∂ ∂ x G^k(t,a,x)^T f (x) ‖ ‖ ‖ ≤ (T L)^k T (K + Kc_i(k))‖x‖

Since the c_i are increasing, sup t∈[a,a+δ ] ‖ ‖ ‖ ‖ ∂ ∂ a G^k(t,a,x) + ∂ ∂ x G^k(t,a,x)^T f (x) ‖ ‖ ‖ ‖ ≤ (T L)^k T (K + Kc(k))‖x‖.

VII. MAIN RESULT - A CONVERSE SOS LYAPUNOV FUNCTION In this section, we combine the previous results in a relatively straightforward manner to obtain a converse Lyapunov function which is also a sum-of-squares polynomial. Specifically, we use a standard form of converse Lyapunov function and simply substitute the our extended Picard iteration for the solution map. Consider the system

ẋ(t) = f (x(t)), x(0) = x_0. (3)

Theorem 9: Suppose that f is polynomial and that system (3) is exponentially stable with

‖x(t)‖ ≤ K ‖x(0)‖e^{−λt}

for some λ > 0, K ≥ 1 and for any x(0) ∈ M, where M is a bounded region. Then there exist α,β ,γ > 0 and a sum-of-squares polynomial V (x) such that for any x ∈ M,

α ‖x‖^2 ≤ V (x) ≤ β ‖x‖^2

∇V (x) f (x) ≤ −γ ‖x‖^2 .

Proof: Let δ =^{log2K2}_{2λ} and r be such that M ⊂ B_{r/2K}. Since a polynomial is Lipschitz on any bounded region, Let L be the Lipschitz factor for f on B_{2Kr}. Then by Lemma 5, for some T > 0, the Picard iteration converges on [0,T ] with rate d(k) = (T L)^k. Choose N >^δ_T . Define G^k as in Lemma 6. By Lemma 6, there is a c(k) such that ‖ ‖Gk − ϕ ‖ ‖ ≤ c(k)‖ϕ‖ on [0,δ ] with rate lim_{k→∞} c(k) = 0. Choose k sufficiently large such that

c(k)^2 + δ K d(k) T (1 + c(k))(K + c(k)) ≤ 1 4 and c(k)^2 < 1 4KLδ

(1 − e^{−2Lδ} ).

We propose the following Lyapunov function, indexed by k.

V_k(x) := ∫ δ 0 G^k(s,0,x)^T G^k(s,0,x)ds

The proof is divided into three parts:

a) Upper and Lower Bounded: To prove that V_k is a valid Lyapunov function, first consider upper boundedness. Suppose x ∈ B and s ∈ [0,δ ]. Then ‖ ‖ ‖G^k(s,0,x) ‖ ‖ ‖^2 = ‖ ‖ ‖ϕ(s,0,x) + [ G^k(s,0,x)^T − ϕ(s,0,x) ]‖ ‖^2

≤ ‖ϕ(s,0,x)‖^2 + ‖ ‖ [ G^k(s,0,x)^T − ϕ(s,0,x) ]‖ ‖^2

As per Lemma 6, ‖ ‖ ‖G^k(s,0,x) − ϕ(s,0,x) ‖ ‖ ‖ ≤ c(k) ‖ϕ(s,0,x)‖ ≤ Kc(k)‖x‖.

From stability we have ‖ϕ(s,0,x)‖ ≤ K ‖x‖. Hence,

V_k(x) = ∫ δ 0 ‖ ‖ ‖G^k(s,0,x) ‖ ‖ ‖^2 ds ≤ δ K^2 ( 1 + c(k)^2 ) ‖x‖^2 .

Therefore the upper boundedness condition is satisfied for any k ≥ 0 with β = δ K^2(1 + c(k)^2).

Next we consider the strict positivity condition. First we note

‖ϕ(s,0,x)‖^2 = ‖ ‖G_k(s,0,x) + [ϕ(s,0,x) − G_k(s,0,x)] ‖ ‖^2 ≤ ‖ ‖ ‖G^k(s,0,x) ‖ ‖ ‖^2 + ‖ ‖ ‖ϕ(s,0,x) − G^k(s,0,x) ‖ ‖ ‖^2

which implies ‖ ‖ ‖G^k(s,0,x) ‖ ‖ ‖^2 ≥ ‖ϕ(s,0,x)‖^2 − ‖ ‖ ‖ϕ(s,0,x) − G^k(s,0,x) ‖ ‖ ‖^2

By Lipschitz continuity of f , as mentioned earlier,

‖ϕ(s,0,x)‖^2 ≥ e^{−2Ls} ‖x‖^2 , and as noted earlier ‖ ‖ ‖G^k(s,0,x) − ϕ(s,0,x) ‖ ‖ ‖ ≤ Kc(k)‖x‖.

Thus

V_k(x) = ∫ δ 0 ‖ ‖G_k(s,0,x) ‖ ‖^2 ds ≥ ( 1 2L (1 − e^{−2Lδ} ) − δ Kc(k)^2 ) ‖x‖^2 .

Thus for k as defined previously, the positivity condition holds with α =^1_{4L} (1 − e^{−2Lδ} ).

b) Negativity of the Derivative: Finally, we prove the derivative condition. Recall

V_k(x) := ∫ δ 0 G^k(s,0,x)^T G^k(s,0,x)ds = ∫ t+δ t G^k(s,t,x)^T G^k(s,t,x)ds

then since

∇V (x(t)) f (x(t)) = d dt V (x(t)),

we have by the Leibnitz rule for differentiation of integrals, ∂ ∂t V_k(x(t)) = [ G^k(t + δ ,t,x(t))^T G^k(t + δ ,t,x(t)) ]

− [ G^k(t,t,x(t))^T G^k(t,t,x(t)) ]

+ ∫ t+δ t 2G^k(s,t,x(t))^T ∂ ∂ 2 G^k(s,t,x(t))ds + ∫ t+δ t 2G^k(s,t,x(t))^T ∂ ∂ 3 G^k(s,t,x(t)) f (x(t))ds = ‖ ‖ ‖G^k(δ ,0,x(t)) ‖ ‖ ‖^2 − ‖x(t)‖^2 + ∫ t+δ t 2G^k(s,t,x(t))^T [ ∂ ∂ 2 G^k(s,t,x(t)) + ∂ ∂ 3 G^k(s,t,x(t)) f (x(t)) ] ds

As per Lemma 8, we have ‖ ‖ ‖ ‖ ∂ ∂ 2 G^k(s,t,x(t)) + ∂ ∂ 3 G^k(s,t,x(t))^T f (x(t)) ‖ ‖ ‖ ‖ ≤ K d(k) T (1 + c(k))‖x(t)‖

and as previously noted, ‖ ‖G_k(s,t,x(t)) ‖ ‖^2 ≤ (K_2e_{−2λ (s−t)} + c(k)_2)‖x(t)‖2 .

Similarly, ‖ ‖G^k(s,t,x(t)) ‖ ‖ ≤ (K + c(k))‖x(t)‖. We conclude ∂ ∂t V_k(x(t)) ≤ (K^2e^{−2λ δ} + c(k)^2)‖x(t)‖^2 − ‖x(t)‖^2

+ 2δ d(k) T (1 + c(k))(K + c(k))‖x(t)‖^2 ≤ ( K^2e^{−2λ δ} + c(k)^2 − 1 + 2δ K d(k) T (1 + c(k))(K + c(k)) ) ‖x(t)‖^2

Therefore, we have strict negativity of the derivative since

K^2e^{−2λ δ} + c(k)^2 + 2δ d(k) T (1 + c(k))(K + c(k)) = 1 2 + c(k)^2 + 2δ K d(k) T (1 + c(k))(K + c(k)) ≤ 3 4 < 1 Thus ∂ ∂t V_k(x(t)) ≤ − 1 4 ‖x(t)‖^2 .

c) Sum of Squares: Since f is polynomial and z is trivially polynomial, (P^kz)(s,0,x) is a polynomial in x and s. Therefore, V_k(x) is a polynomial for any k > 0. To show that V is sum-of-squares, we first rewrite the function

V (x) = N ∑_{i=1} ∫ T iT −T [ G^k_i (s − iT,0,x)^T G^k_i (s − iT,0,x) ] ds. Since G^k_i z is a polynomial in all of its arguments, G^k_i (s − iT,0,x)^T G^k_i (s−iT,0,x) is sum-of-squares. It can therefore be represented as R_i(x)^T Z_i(s)^T Z_i(s)R_i(x) for some polynomial vector R_i and matrix of monomial bases Z_i. Then

V (x) = N ∑_{i=1}^Ri^{(x)T}

∫ iT

iT −T

Z_i(s)^T Z_i(s)dsR_i(x) = N ∑_{i=1}^Ri^{(x)T M}i^Ri^{(x)}

Where M_i =

∫ iT

iT −T Zi(s)

T Z_i(s)ds ≥ 0 is a constant matrix.

This proves that V is sum-of-squares since it is a sum of sums-of-squares.

Note: If interested in a degree bound, this can be obtained given a bound on k: if f is a polynomial of degree q, and z is a polynomial of degree d in x, then Pz will be a polynomial of degree max{1,dq} in x. Thus the degree of P^kz will be dq^k. Thus since z = 0 the first term in the Lyapunov function will be degree q^k. However, the other terms iterate on P^kz, so the second term will be degree q^{2k} and so on. Thus the final degree will be q^{Nk} in x where N >^δ_T . Note that finding a closed-form expression for k is quite involved.

VIII. CONCLUSION In this paper, we have used the Picard iteration to construct an approximation to the solution map on arbitrarily long intervals. We have used this approximation to prove that local exponential stability of a polynomial vector field implies the existence of a Lyapunov function which is a sum-of-squares of polynomials. The immediate question is whether we can obtain a degree bound for this functional. This is possible, but due to the complexity of the proof this has been omitted from this paper. Another question which arises is whether this function will have a negative derivative which is a negative of a sum-of-squares derivative. The answer cannot be found through direct analysis of the proof. In addition, a further investigation of the tradeoff between complexity and accuracy is warranted. Still unresolved is the fundamental question of whether globally stable vector fields will also admit sum-of-squares Lyapunov functions.

REFERENCES

[1] J. B. Lasserre, “Global optimization with polynomials and the problem of moments,” SIAM J. Optim., vol. 11, no. 3, pp. 796–817, 2001.

[2] Y. Nesterov, High Performance Optimization, vol. 33 of Applied Optimization, ch. Squared Functional Systems and Optimization Problems. Springer, 2000.

[3] P. A. Parrilo, Structured Semidefinite Programs and Semialgebraic Geometry Methods in Robustness and Optimization. PhD thesis, California Institute of Technology, 2000.

[4] D. Henrion and A. Garulli, eds., Positive Polynomials in Control, vol. 312 of Lecture Notes in Control and Information Science. Springer, 2005.

[5] G. Chesi, “On the gap between positive polynomials and SOS of polynomials,” IEEE Transactions on Automatic Control, vol. 52, pp. 1066–1072, June 2007.

[6] S. Prajna, A. Papachristodoulou, P. Seiler, and P. A. Parrilo, “New developments in sum of squares optimization and SOSTOOLS,” in Proceedings of the American Control Conference, 2004.

[7] D. Henrion and J.-B. Lassere, “GloptiPoly: Global optimization over polynomials with Matlab and SeDuMi,” in IEEE Conference on Decision and Control, pp. 747–752, 2001.

[8] G. Stengle, “A nullstellensatz and a positivstellensatz in semialgebraic geometry,” Mathematische Annalen, vol. 207, pp. 87–97, 1973.

[9] M. Putinar, “Positive polynomials on compact semi-algebraic sets,” Indiana Univ. Math. J., vol. 42, no. 3, pp. 969–984, 1993.

[10] C. Schmüdgen, “The K-moment problem for compact semi-algebraic sets,” Mathematische Annalen, vol. 289, no. 2, pp. 203–206, 1991.

[11] G. Chesi, A. Tesi, A. Vicino, and R. Genesio, “On convexification of some minimum distance problems,” in European Control Conference, 1999.

[12] T.-C. Wang, Polynomial Level-Set Methods for Nonlinear Dynamics and Control. PhD thesis, Stanford University, 2007.

[13] W. Tan, Nonlinear Control Analysis and Synthesis using Sum-of- Squares Programming. PhD thesis, University of California, Berkeley, 2006.

[14] A. Papachristodoulou and S. Prajna, “On the construction of Lyapunov functions using the sum of squares decomposition,” in Proceedings IEEE Conference on Decision and Control, 2002.

[15] G. Chesi, “LMI techniques for optimization over polynomials in control: A survey,” IEEE Transactions on Automatic Control. To Appear.

[16] E. A. Barbasin, “The method of sections in the theory of dynamical systems,” Rec. Math. (Mat. Sbornik) N. S., vol. 29, pp. 233–280, 1951.

[17] I. Malkin, “On the question of the reciprocal of Lyapunov’s theorem on asymptotic stability,” Prikl. Mat. Meh., vol. 18, pp. 129–138, 1954.

[18] J. Kurzweil, “On the inversion of Lyapunov’s second theorem on stability of motion,” Amer. Math. Soc. Transl., vol. 2, no. 24, pp. 19– 77, 1963. English Translation. Originally appeared 1956.

[19] J. L. Massera, “Contributions to stability theory,” Annals of Mathematics, vol. 64, pp. 182–206, July 1956.

[20] F. W. Wilson Jr., “Smoothing derivatives of functions and applications,” Transactions of the American Mathematical Society, vol. 139, pp. 413–428, May 1969.

[21] Y. Lin, E. Sontag, and Y. Wang, “A smooth converse Lyapunov theorem for robust stability,” Siam J. Control Optim., vol. 34, no. 1, pp. 124–160, 1996.

[22] V. Lakshmikantam and A. A. Martynyuk, “Lyapunov’s direct method in stability theory (review),” International Applied Mechanics, vol. 28, pp. 135–144, March 1992.

[23] A. R. Teel and L. Praly, “Results on converse Lyapunov functions from class-KL estimates,” in IEEE Conference on Decision and Control, pp. 2545–2550, 1999.

[24] W. Hahn, Stability of Motion. Springer-Verlag, 1967. [25] N. N. Krasovskii, Stability of Motion. Stanford University Press, 1963. [26] M. M. Peet, “Exponentially stable nonlinear systems have polynomial Lyapunov functions on bounded regions,” IEEE Transactions on Automatic Control, vol. 52, May 2009.

[27] H. Khalil, Nonlinear Systems. Prentice Hall, third ed., 2002.