Bootstrap Current Optimization in Tokamaks Using Sum-of-Squares Polynomials

A. Gahlawat^{1,2}, E. Witrant^1, M. M. Peet^2, and M. Alamir^1

Abstract— In this paper we present a Lyapunov based feedback design strategy, by employing the sum-of-squares polynomials framework, to maximize bootstrap current in tokamaks. The bootstrap current may play an important role in reducing the external energy input required for tokamak operation. The sum-of-squares polynomials framework allows us to algorithmically construct controllers. Additionally, we provide a heuristic to take into account the control input shape constraints which arise due to limitations on the actuators.

I. INTRODUCTION

A tokamak is a thermonuclear fusion reactor which uses toroidal and poloidal magnetic fields to heat and compress the plasma (Deuterium and Tritium) to initiate and sustain nuclear fusion reactions [15]. The toroidal and poloidal magnetic coils combined produce a helical magnetic field which confines the plasma. The poloidal field is also generated by the plasma current. The plasma current also contributes to the plasma heating as a consequence of the electrical resistance of the plasma [15].

The main source of plasma current in tokamaks is the current induced in the plasma by the transformer action caused by the central ohmic coil [19]. This current is also known as the induced current. Additional sources of current are the radio-frequency (RF) antennas. The total current provided by these sources thus account for a considerable portion of energy required for tokamak operation. Moreover, because of the transformer action, the tokamak operates as a pulsed device [15]. An additional source of plasma current is the internally generated bootstrap current. The bootstrap current is generated by trapped ions and electrons [19]. Thus, bootstrap current is an automatically generated source of plasma current. An increase in the bootstrap current would lead to a reduced requirement of external current inputs provided by the transformer action and the RF-antennas. This reduced dependence on external current sources would also increase the pulse lengths for which the tokamak can operate. For example, the ultimate goal of the ITER project [7] is to demonstrate the steady state operation of tokamaks. A high value of bootstrap current has been identified as a crucial factor for steady state operation of tokamaks [9], [17].

The authors are with:^1 UJF / CNRS, Grenoble Image Parole Signal Automatique (GIPSA-lab), UMR 5216, B.P. 46, F-38402 St Martin d’Héres, France;^2 Cybernetic Systems and Controls Lab (CSCL) in the Department of Mechanical, Materials and Aerospace Engineering, Illinois Institute of Technology, Chicago,Il-60616, USA. E-mail:

agahlawa@hawk.iit.edu

The bootstrap current density is given by

j_{bs}(x, t) = p(x, t) ∂ψ/∂x , where p(x, t) is a function of the temperature and density profiles of electrons and ions [20], ψ(x, t) is the poloidal magnetic flux profile, x ∈ [0, 1] is the spatial variable and t ≥ 0 is time. Additionally, p(x, t) is continuous and bounded in both space and time and is positive for x ∈ [0, 1] a.e. and t ≥ 0. The dependency of bootstrap current on poloidal flux, temperature and density profiles is explained in [8]. Hence, we aim to maximize j_{bs}(x, t) by minimizing ∂ψ/∂x using the RF-antennas. We achieve this goal by employing a simplified model for the evolution of ∂ψ/∂x and by developing Lyapunov functional based conditions. These conditions appear as integral inequalities and to ensure their positivity/negativity we construct controllers such that there integrands are positive/negative. Thus we construct a Lyapunov functional and a controller such that the aforementioned integrands can be represented as sumof-squares polynomials in certain variables. Additionally, we also provide a heuristic to enforce the spatial shape constraints on the control input. These constraints arise as a consequence of the actuators’ operation limits.

The application of the sum-of-squares framework allows us to algorithmically construct controllers in a computationally effective manner. A few research papers on the application of sum-of-squares polynomials for controller synthesis of infinite-dimensional systems are [14], [5], [12]. An example of application of sum-of-squares polynomials for the control of tokamaks can be found in [6].

The paper is organized as follows: Section II briefly covers the concepts used throughout the paper, Section III provides the main contribution and in Section IV we numerically simulate the controlled system and discuss the results.

II. PRELIMINARIES A. System model

We employ the model presented in [20] for the evolution of the poloidal magnetic flux ψ. This model uses the cylindrical approximation and neglects the diamagnetic effect to obtain ∂ψ ∂t (x, t) = η_‖(x, t) μ_0a^2 ( ∂^2ψ ∂x^2 + 1 x ∂ψ ∂x ) + η_‖(x, t)R_0j_{ni}(x, t) (1) with the boundary conditions ∂ψ ∂x (0, t) = 0 and ∂ψ ∂x (1, t) = −

R_0μ_0I_p(t) 2π , where I_p(t) is the plasma current, η_‖(x, t) is the plasma resistivity, μ_0 is the permeability of free space, a is the radius of the last closed magnetic surface , R_0 is the plasma major radius and j_{ni}(x, t) is the combined current density resulting from RF and bootstrap sources. Additionally, x ∈ [0, 1] is the spatial variable and t ≥ 0 is the time.

To obtain the evolution model of Z(x, t) = ψ_x(x, t)^1 we differentiate (1) in space to obtain ∂Z ∂t (x, t) = 1 μ_0a^2 ∂ ∂x ( η_‖(x, t) x ∂ ∂x (xZ) )

+ R_0 ∂ ∂x ( η_‖(x, t)j_{ni}(x, t) ) with boundary conditions

Z(0, t) = 0 and Z(1, t) = −

R_0μ_0I_p(t) 2π . (2)

The non-inductive current density j_{ni}(x, t) is a sum of the external non-inductive current density j_{eni}(x, t) and the bootstrap current density j_{bs}(x, t). Thus, the model can now be represented as ∂Z ∂t (x, t) = 1 μ_0a^2 ∂ ∂x ( η_‖(x, t) x ∂ ∂x (xZ) )

+ R_0 ∂ ∂x ( η_‖(x, t)j_{bs}(x, t) ) + R_0 ∂ ∂x ( η_‖(x, t)j_{eni}(x, t) ) . (3) We will also be utilizing the plasma edge value of Z_x. To obtain this value we assume that the total current density j_T (x, T ), defined in [1] as

j_T (x, T ) = − 1 μ_0R_0a^2r

(xZ_x(x, t) + Z(x, t))

to be zero at the plasma edge. Thus we get

Z_x(1, t) = −Z(1, t). (4)

B. Control input

In the system (3), the external non-inductive current density j_{eni}(x, t) is the control input. The actuators for the control input are the radio frequency (RF) antennas. In particular, two types of RF-antennas are used: lower hybrid current density (LHCD) antennas and electron cyclotron current drive (ECCD) antennas. In this paper we consider the nominal case of having only one LHCD antenna as an actuator.

The authors in [20], using X-ray measurements from Tore Supra, developed empirical scaling laws to approximate the current deposited by the LHCD antennas with Gaussian shapes. In particular

j_{eni}(x, t) = v_{lh}(t)e^−

(μ_{lh}(t) − x)^2 2σ_{lh}(t)

, (5)

where v_{lh}(t) ∈ [0, 1.22 MA], μ_{lh}(t) ∈ [0.14, 0.33] and σ_{lh}(t) ∈ [0.016, 0.073] for all t ≥ 0. Thus, the control input is constrained to be a Gaussian with parameters v_{lh}, μ_{lh} and σ_{lh}.

1Throughout the paper, for a function f(x) of a variable x, f_x(x) denotes the partial derivative of f(x) with respect to x.

C. Sum-of-squares polynomials

A polynomial p(x) in variables x ∈ R^n is a sum-of-squares polynomial (SOSP) if there exist polynomials p_i(x) for i ∈ {1, · · · , N} such that

p(x) = N∑ i=1 p^2_i (x).

Hence, a SOSP is non-negative by definition. The following theorem provides a necessary and sufficient condition for a polynomial to be SOSP.

Theorem 1 ([13]): A polynomial p(x), x ∈ R^n for n ∈ N, of degree 2d, d ∈ N, is a SOSP if and only if there exists a positive semi-definite and symmetric Q ∈ R^{d+1} such that

p(x) = z(x)^T Qz(x), (6)

where z(x) ∈ R^{d+1} is a vector of monomials in x upto degree d.

Note that this theorem can easily be generalized for polynomial matrices.

The problem of checking the sign definiteness of a polynomial is NP-hard [2]. However, as a consequence of Theorem 1, the problem of checking for the existence of a SOSdecomposition for a polynomial is computationally tractable because the condition given by (6) can be represented as linear matrix inequalities (LMIs) [3]. In the presented work, we employ SOSPs to guarantee the negativity/positivity of integrands which in turn imply the positivity/negativity of the respective integrals.

III. MAIN RESULT In this section we construct a Lyapunov functional which minimizes the gradient of the poloidal magnetic flux Z(x, t) in order to maximize the bootstrap current density j_{bs}(x, t). We then proceed by applying integration by parts to obtain an optimization problem with certain polynomials/polynomial matrices as the optimization variables.

A. Lyapunov functional

Theorem 2: Suppose that there exists a scalar γ > 0 and a strictly positive polynomial M : [0, 1] → R such that with

V (t) =

∫_1 0 Z(x, t)f(x)M^{−1}(x)Z(x, t)dx, f(x) = x^2 (7) the condition

V̇ (t) ≤ 1 γ ‖j_{bs}(x, t)‖^2_{L2(0,1)} − γ‖Z(x, t)‖^2_Lw_{2 (0,1)} (8)

holds for all t ∈ [0, T ) for 0 < T < ∞. Then for all t ∈ [0, T ) for which

γ‖Z(x, t)‖^2_Lw_{2 (0,1)} > 1 γ ‖j_{bs}(x, t)‖^2_{L2(0,1)},

|Z(x, t)‖^2_Lw_{2 (0,1)} decreases. Additionally, if for any t ∈ [0, T ), |Z(x, t)‖^2_Lw_{2 (0,1)} ≤^1_γ ‖p(x, t)‖_Lw̄_{1 (0,1)}, |Z(x, t)‖^2_Lw_{2 (0,1)} is not guaranteed to decrease further. Here, L_2(0, 1) and L_1(0, 1) are the spaces of real-valued square integrable and integrable functions respectively. Additionally L^w_2 (0, 1) and L^{w̄}_1 (0, 1) are the weighted spaces of square integrable and integrable functions, respectively, for weights w(x) = M^{−2}(x) and w̄(x) = M^{−1}(x) [10]. The function p(x, t) is a function of temperature and density profiles and together with Z(x, t) defines j_{bs}(x, t) = p(x, t)/Z(x, t).

Proof: First note that the weights w(x) = M^{−2}(x) and w̄(x) = M^{−1}(x) do not lead to any ill-defined terms as M(x) is a strictly positive polynomial for all x ∈ [0, 1]. Thus M^{−2}(x) and M^{−1}(x) are continuous and bounded functions on [0, 1]. Suppose that the hypotheses of the theorem hold. Additionally assume that for all t ∈ [T_1, T_2], for 0 ≤ T_1 < T_2 < T ,

γ‖Z(x, t)‖^2_Lw_{2 (0,1)} > 1 γ ‖j_{bs}(x, t)‖^2_{L2(0,1)}.

Then, since

V̇ (t) ≤ 1 γ ‖j_{bs}(x, t)‖^2_{L2 (0,1)} − γ‖Z(x, t)‖^2_Lw_{2 (0,1)},

V̇ (t) < 0 for all t ∈ [T_1, T_2].

Integrating in time from T_1 to T_2 we get, from (7),

V (T_1) − V (T_2) = ∫_1 0 f(x)M^{−1}(x)(Z^2(x, T_1) − Z^2(x, T_2))dx > 0

which implies that sup x∈[0,1]

f(x) sup_{x∈[0,1]} M(x)

∫_1 0 M^{−2}(x)Z^2(x, T_1)dx

− sup_{x∈[0,1]} f(x) sup_{x∈[0,1]} M(x)

∫_1 0 M^{−2}(x)Z^2(x, T_2))dx > 0.

Consequently,

∫_1 0 M^{−2}(x)Z(x, T_1)dx >

∫_1 0 M^{−2}(x)Z(x, T_2)dx

⇔ ‖Z(x, T_1)‖^2_Lw_{2 (0,1)} > ‖Z(x, T_2)‖^2_Lw_{2 (0,1)}.

Thus, we have shown that for all t for which 1 γ ‖j_{bs}(x, t)‖^2_{L2(0,1)} − γ‖Z(x, t)‖^2_Lw_{2 (0,1)} < 0,

‖Z(x, t)‖^2_Lw_{2 (0,1)} decreases. Additionally, for all t ∈ [0, T ) for which 1 γ ‖j_{bs}(x, t)‖^2_{L2(0,1)} − γ‖Z(x, t)‖^2_Lw_{2 (0,1)} < 0

⇔ ‖j_{bs}(x, t)‖_{L2 (0,1)} < γ‖Z(x, t)‖_Lw_{2 (0,1)} ⇔ ‖j_{bs}(x, t)‖_{L2 (0,1)}‖Z(x, t)‖_Lw_{2 (0,1)} < γ‖Z(x, t)‖^2_Lw_{2 (0,1)} ⇔ | | | | | | p(x, t) Z(x, t) | | | | | |_{L2(0,1)} ‖M^{−1}Z(x, t)‖^L2^{(0,1)}

< γ‖Z(x, t)‖^2_Lw_{2 (0,1)}, where we have used the definition j_{bs}(x, t) = p(x, t)/Z(x, t) and ‖Z(x, t)‖_Lw_{2 (0,1)} = ‖M^{−1}(x)Z(x, t)‖_{L2 (0,1)} . Applying the Cauchy-Schwarz inequality on the left hand side 1 γ ‖p(x, t)‖_Lw̄_1 (0, 1) < ‖Z(x, t)‖^2_Lw_{2 (0,1)}.

Since ‖p(x, t)‖_Lw̄_1 (0, 1) > 0 for all t ≥ 0, we have shown that for all t ∈ [0, T ) for which 1 γ ‖j_{bs}(x, t)‖^2_{L2(0,1)} − γ‖Z(x, t)‖^2_Lw_{2 (0,1)} < 0,

we have that

1) ‖Z(x, t)‖^2_Lw_{2 (0,1)} decreases and 2) 0 <^1_γ ‖p(x, t)‖_Lw̄_1 (0, 1) < ‖Z(x, t)‖^2_Lw_{2 (0,1)}.

From these two points we assert that ‖Z(x, t)‖^2_Lw_{2 (0,1)} is minimized for all t ∈ [0, T ) for which 1 γ ‖j_{bs}(x, t)‖^2_{L2(0,1)} − γ‖Z(x, t)‖^2_Lw_{2 (0,1)} < 0.

We will now show that ‖Z(x, t)‖^2_Lw_{2 (0,1)} is not guaranteed to decrease beyond the positive lower bound 1 γ ‖p(x, t)‖_Lw̄_1 (0, 1). Assume that for some t ∈ [0, T ),

‖Z(x, t)‖^2_Lw_{2 (0,1)} ≤ 1 γ ‖p(x, t)‖_Lw̄_1 (0, 1)

⇒ ‖Z(x, t)‖^2_Lw_{2 (0,1)} ≤ 1 γ | | | | | | p(x, t) Z(x, t)

Z(x, t) | | | | | | L^{w̄}_1

(0, 1)

⇒ ‖Z(x, t)‖^2_Lw_{2 (0,1)} ≤ 1 γ ‖j_{bs}(x, t)Z(x, t)‖_Lw̄_1 (0, 1).

The Cauchy-Schwarz inequality implies that

‖Z(x, t)‖^2_Lw_{2 (0,1)} ≤ 1 γ ‖j_{bs}(x, t)‖_{L2 (0,1)}‖Z(x, t)‖_Lw_{2 (0,1)}

⇔ ‖Z(x, t)‖_Lw_{2 (0,1)} ≤ 1 γ ‖j_{bs}(x, t)‖_{L2 (0,1)}

⇔ γ‖Z(x, t)‖^2_Lw_{2 (0,1)} ≤ 1 γ ‖j_{bs}(x, t)‖^2_{L2(0,1)} ⇔ 1 γ ‖j_{bs}(x, t)‖^2_{L2 (0,1)} − γ‖Z(x, t)‖^2_Lw_{2 (0,1)} ≥ 0.

Hence, if for any t ∈ [0, T ),

‖Z(x, t)‖^2_Lw_{2 (0,1)} ≤ 1 γ ‖p(x, t)‖_Lw̄_1 (0, 1),

V̇ (t) may be non-negative and ‖Z(x, t)‖2_{Lw2 (0,1)} may increase towards^1_γ ‖j_{bs}(x, t)‖^2_{L2(0,1)}.

Note that a higher value of γ would lead to a smaller value of ‖Z(x, t)‖^2_Lw_{2 (0,1)} satisfying the condition 1 γ ‖j_{bs}(x, t)‖^2_{L2(0,1)} − γ‖Z(x, t)‖^2_Lw_{2 (0,1)} < 0

which in turn would cause it to decrease further. It would also result in a smaller lower bound^1_γ ‖p(x, t)‖_Lw̄_1 (0, 1) beyond which ‖Z(x, t)‖^2_Lw_{2 (0,1)} is not guaranteed to decrease. Thus, we wish to maximize γ.

B. Feedback design optimization problem

We now apply integration by parts to the condition in (8) to formulate our optimization problem. We assume that the plasma resistivity can be approximated, as given in [4]:

η_‖(x, t) = a(t)e^{λ(t)x} for all (x, t) ∈ [0, 1] × [0, T ), where 0 < a ≤ a(t) ≤ ā and 0 < λ ≤ λ(t) ≤ λ̄.

Theorem 3: Suppose that for a given γ there exist polynomials M, R : [0, 1] → R such that M(x) > 0 for all x ∈ [0, 1], Ω(x, λ) + Θ ≤ 0 for all (x, λ) ∈ [0, 1] × [λ, λ̄] and 2A_4 + 2B_2 + A_2(1) ≤ 0, where Ω(x, λ) =

2A_1(x) 0 −R_0μ_0a^2f(x) 0 A_0(x, λ) −R_0μ_0a^2f_x(x) −R_0μ_0a^2f(x) −R_0μ_0a^2f_x(x) 0 ,

Θ = 0 0 0 0^{μ0 a2 γ}_a 0 0 0 −^{μ0a2}_{āe}¯_{λγ} , where

A_0(x, λ) = 2A_3(x) − λA_2(x) − A_{2,x}(x) + 2B_1(x, λ), A_1(x) = −f(x)M(x), A_2(x) = −f̄(x)M(x) − f(x)M_x(x) − f_x(x)M(x), A_3(x) = −2M(x) − f_x(x)M_x(x), A_4 = M(1),

B_1(x) = − f_x(x)R(x) 2 + f(x)R_x(x) 2 + λ f(x)R(x) 2 , B_2 =

R(1) 2 , f(x) = x^2 and f̄(x) = 2x.

Then

V (t) =

∫_1 0 Z(x, t)M^{−1}(x)f(x)Z(x, t)dx

satisfies

V̇ (t) ≤ 1 γ ‖j_{bs}(x, t)‖^2_{L2(0,1)} + γ‖Z(x, t)‖^2_Lw_{2 (0,1)}

for all t ≥ 0 with the controller

j_{eni}(x, t) =

K(x) R_0μ_0a^2

Z(x, t).

Here K(x) = R(x)M^{−1}(x).

Proof: Suppose that there exists a γ > 0 for which the hypotheses of Theorem 3 hold. Taking the time derivative of V (t) along the system trajectories gives us

V̇ (t) 2 = ∫_1 0 ZM^{−1}f dZ dt dx = V̇_1(t) + V̇_2(t) + V̇_3(t),

where

V̇_1(t) =

∫_1 0 ZM^{−1}f ∂ ∂x ( η_‖ x ∂ ∂x (xZ) ) dx, V̇_2(t) = R_0

∫_1 0 ZM^{−1}f ∂ ∂x (η_‖j_{bs})dx,

V̇_3(t) = R_0

∫_1 0 ZM^{−1}f ∂ ∂x (η_‖j_{eni})dx.

Note that we have dropped the spatial and temporal dependencies of the variables for brevity.

We now define Z(x, t)M^{−1}(x) = Y (x, t). Hence

V̇_1(t) =

∫_1 0 Y f ∂ ∂x ( η_‖ x ∂ ∂x (xMY ) ) dx, V̇_2(t) = R_0

∫_1 0 Y f ∂ ∂x (η_‖j_{bs})dx and

V̇_3(t) = R_0

∫_1 0 Y f ∂ ∂x (η_‖j_{eni})dx.

Applying integration by parts twice on V̇_1(t) we get

V̇_1(t) =

∫_1 0 η_‖ μ_0a^2

(Y_xA_1(x)Y_x) dx + ∫_1 0 η_‖ μ_0a^2 ( Y ( A_3(x) − λA_2(x) 2 − A_{2,x}(x) 2 ) Y ) dx + η_‖(1) μ_0a^2

Y (1, t) ( A_4 +

A_2(1) 2 ) Y (1, t) + η_‖(1) μ_0a^2

Z_x(1, t)Y (1, t). (9)

Here we have used the fact that

Z(x, t) = M(x)Y (x, t) ⇒ Z_x(x, t) = M_x(x)Y (x, t) + M(x)Y_x(x, t) ⇒ Z_x(1, t) = M_x(1)Y (1, t) + M(1)Y_x(1, t).

Applying integration by parts on V̇_2(t) and using j_{bs}(1, t) = 0 we get

V̇_2(t) = ∫_1 0 R_0η_‖ (Y (−f_x)j_{bs} + Y_x(−f)j_{bs}) dx (10)

Using the feedback strategy j_{eni}(x, t) = K(x)Z(x, t)/R_0μ_0a^2, we get

V̇_3(t) = 1

μ_0a^2

∫_1 0 Y f ∂ ∂x ( η_‖KZ ) dx = 1 μ_0a^2

∫_1 0 Y f ∂ ∂x ( η_‖KMM^{−1}Z ) dx = 1 μ_0a^2

∫_1 0 Y f ∂ ∂x ( η_‖RY ) dx. Applying integration by parts twice,

V̇_3(t) = ∫_1 0 η_‖ μ_0a^2

Y B_1(x)Y dx + η_‖(1) μ_0a^2

Y (1, t)B_2Y (1, t). (11)

Since V̇ (t) = 2V̇_1(t) + 2V̇_2(t) + 2V̇_3(t), using (9), (10) and (11), we obtain

V̇ (t) =

∫_1 0 η_‖ μ_0a^2

Y_x Y j_{bs} T Ω(x, λ)

Y_x Y j_{bs} dx

+ η_‖(1) μ_0a^2

Y (1, t) (2A_4 + A_2(1) + 2B_2) Y (1, t) + η_‖(1) μ_0a^2

Z_x(1, t)Y (1, t).

Consequently,

V̇ (t) − ‖j_{bs}‖^2_{L2(0,1)} + γ‖Z‖^2_{Lw2 (0,1)}

= V̇ (t) − ‖j_{bs}‖^2_{L2(0,1)} + γ‖Y ‖^2_{L2(0,1)} = ∫_1 0 η_‖ μ_0a^2

Y_x Y j_{bs} T Ω(x, λ)

Y_x Y j_{bs} dx

+ ∫_1 0 ( − j^2_{bs} γ + γY^2 ) dx + η_‖(1) μ_0a^2

Y (1, t) (2A_4 + A_2(1) + 2B_2) Y (1, t) + η_‖(1) μ_0a^2

Z_x(1, t)Y (1, t)

= ∫_1 0 η_‖ μ_0a^2

Y_x Y j_{bs} T Ω(x, λ)

Y_x Y j_{bs} dx

+ ∫_1 0 η_‖ μ_0a^2 ( − μ_0a^2j^2_{bs} η_‖γ + μ_0a^2γY^2 η_‖ ) dx + η_‖(1) μ_0a^2

Y (1, t) (2A_4 + A_2(1) + 2B_2) Y (1, t) + η_‖(1) μ_0a^2

Z_x(1, t)Y (1, t). (12)

Since η_‖(x, t) = a(t)e^{λ(t)x}, a ≤ η_‖(x, t) ≤ āe^{λ̄} for all (x, t) ∈ [0, 1] × [0, T ). Hence,

Y_x Y j_{bs} T Ω(x, λ)

Y_x Y j_{bs}

− μ^0a^2j^{2bs} η_‖γ + μ_0a^2γY^2

η_‖

≤ Y_x Y j_{bs} T Ω(x, λ)

Y_x Y j_{bs}

− μ^0a^2j^{2bs} āe^{λ̄}γ + μ_0a^2γY^2 a

= Y_x Y j_{bs} T (Ω(x, λ) + Θ)

Y_x Y j_{bs} .

Since Ω(x, λ) + Θ ≤ 0 for all (x, λ) ∈ [0, 1] × [λ, λ̄], we conclude that

∫_1 0 η_‖ μ_0a^2

Y_x Y j_{bs} T Ω(x, λ)

Y_x Y j_{bs} dx

+ ∫_1 0 η_‖ μ_0a^2 ( − μ_0a^2j^2_{bs}

η_‖γ + μ_0a^2γY^2

η_‖ ) dx ≤ 0 (13)

for all t ≥ 0. Similarly, since from the theorem hypothesis 2A_4 + A_2(1) + 2B_2 ≤ 0,

η_‖(1) μ_0a^2

Y (1, t) (2A_4 + A_2(1) + 2B_2) Y (1, t) ≤ 0. (14)

Finally, from the boundary conditions given in (2) and (4) coupled with the definition of Y (x, t), it is straightforward to observe that η_‖(1) μ_0a^2

Z_x(1, t)Y (1, t) ≤ 0. (15)

Combining equations (12), (13), (14) and (15) completes the proof.

C. Shape constraints

We would like to comment that a state-feedback control is possible to implement because of the availability of the on-line estimate of the state Z(x, t) as detailed in [11].

We now implement shape constraints on the control input j_{eni}(x, t). To ensure that j_{eni}(x, t) resembles Gaussians of feasible parameters v_{lh}, μ_{lh} and σ_{lh}, we add an additional constraint of the form

g_1(x) ≤ j_{eni}(x, t) =

K(x) R_0μ_0a^2

Z(x, t) ≤ g_2(x),

where g_1(x) < g_2(x), for all x ∈ [0, 1], are polynomial approximations of two selected feasible Gaussians. Since both K(x) and Z(x, t) are continuous, the control input is a continuous function bounded by the the shape of the constraint envelope defined by g_1(x) and g_2(x). Additionally, we assume that

Z(x, t) = α(t)Z_1(x) + (1 − α(t))Z_2(x) for all t ≥ 0,

where α ∈ [0, 1] and Z_1(x) is the polynomial approximation of the open-loop steady state. Similarly, Z_2(X) is the polynomial approximation of the closed-loop steady state under maximum actuation of j_{eni}(x, t) = j_{lh}(x, t). Hence, Z_1(x) and Z_2(x) define the expected envelope on the state Z(x, t) established for a given set of operating conditions. The parameter α reflects our actuation capabilities. Since K(x) = R(x)/M(x), the shape constraint becomes

R_0μ_0a^2M(x)g_1(x) ≤ R(x) (αZ_1(x) + (1 − α)Z_2(x)) ≤ R_0μ_0a^2M(x)g_2(x)

for all (x, α) ∈ [0, 1] × [0, 1]. Since this is a heuristic, we try different constraint envelopes to choose g_1(x) and g_2(x).

We conclude this section by stating the optimization problem that is finally solved:

Maximize γ > 0 such that for given polynomials Z_1(x), Z_2(x), g_1(x) and g_2(x) there exist polynomials M(x) and R(x) satisfying:

1) M(x) > 0 for all x ∈ [0, 1], 2) Ω(x, λ) + Θ ≤ 0 for all (x, λ) ∈ [0, 1] × [λ, λ̄], 3) 2A_4 + 2B_2 + A_2(1) ≤ 0 and 4) R_0μ_0a^2M(x)g_1(x) ≤ R(x) (αZ_1(x) + (1 − α)Z_2(x)) ≤ R_0μ_0a^2M(x)g_2(x) for all (x, α) ∈ [0, 1] × [0, 1], where Ω(x, λ), Θ, A_4, A_2(x) and B_2 are defined in the statement of Theorem 3.

We solve the optimization problem using SOSTOOLS [16] which is a toolbox for MATLAB^© . The search for the maximum γ is performed using the bisection method. We solve this problem for the Tore Supra tokamak for which R_0 = 2.38m and a = 0.38m. Moreover, the plasma resistivity is defined as η_‖(x, t) = a(t)e^{λ(t)x} where a(t) ∈ [0.0093, 0.0121] and λ(t) ∈ [4, 7.3] for all t ≥ 0. These values were obtained from the data for shot TS 35109.

Fig. 1: Constraint envelope and^{K(x)}_{R0 μ0a2} (αZ_1(x) + (1 − α)Z_2(x)) for α ∈ [0, 1]

Fig. 2: Evolution of closed loop and open loop ‖j_{bs}(x, t)‖_{L2 (0,1)}

IV. SIMULATION

We obtain a maximum value of γ = 10^4 as the solution for the optimization problem for Tore Supra. The feasible polynomials M(x) and R(x) obtained for this value of γ are of degree 12 in the spatial variable x. We simulate the closed-loop system on the simulator developed in [20]. The following figures provide the simulation results.

Figure 1 shows the constraint envelope as well as

K(x) R_0μ_0 a^2 (αZ1(x) + (1 − α)Z2(x)) for α ∈ [0, 1], where

K(x) = R(x)/M(x).

Figure 2 shows the comparison between the time evolution of the spatial L_2-norm of open-loop and closed-loop j_{bs}(x, t). With the synthesized controllers we are able to obtain a percentage increase of ≈ 90%.

Figures 3a and 3b illustrate the time evolution of the controlled state Z(x, t) and j_{bs}(x, t) respectively. The effect of the controller can be observed by comparing the contours before and after t = 12s.

Finally, to analyse the control input shapes, we fit feasible Gaussians to control inputs at various times as shown in Figure 4. We observe that the control input approximates the shape of feasible Gaussians satisfactorily for roughly 70% of the spatial domain. However, the control input departs from the Gaussian shapes as x → 0. This is due to the controller

(a) Evolution of closed loop state Z(x, t)

(b) Evolution of closed loop bootstrap current density j_{bs}(x, t)

Fig. 3: Evolution of closed loop state and bootstrap current density

having the form

j_{eni}(x, t) =

K(x) R_0μ_0a^2

Z(x, t)

and the boundary condition Z(0, t) = 0. Note that the Gaussian approximation of the LHCD current deposit is obtained from hard X-ray measurements and, as stated in [20], a large uncertainty remains concerning the actual deposit close to the plasma canter (x = 0). Furthemore, the use of RF-antennas generating a sharper deposit (such as ECCD) would satisfy the zero value condition of the control input at the plasma center.

V. CONCLUSIONS AND FUTURE RESEARCH In the presented work we investigate the applicability of the sum-of-squares polynomials framework for the control of tokamak plasmas. In particular, we devise a strategy to maximize the bootstrap current density in the plasma while taking into account the time varying plasma resistivity and the non-linearity present in the model because of the bootstrap current. Our method also provides a heuristic to constrain the shape of the control inputs. The simulation results illustrate the effectiveness of the proposed method. Additionally, this method is computationally effective method for synthesizing controllers numerically, provided that the control gain K(x) can be computed off-line. This can be considered a weak condition considering the steady-state operation objectives or

(a) Closest Gaussian fit with parameters v_{lh} = 6.15 × 10^5, μ_{lh} = 0.28 and σ_{lh} = 0.072

(b) Closest Gaussian fit with parameters v_{lh} = 4.35× 10^5, μ_{lh} = 0.33 and σ_{lh} = 0.072

(c) Closest Gaussian fit with parameters v_{lh} = 4.35 × 10^5, μ_{lh} = 0.33 and σ_{lh} = 0.072

Fig. 4: Shape comparison between constructed j_{eni}(x, t) and feasible Gaussians at different time instances.

by taking sufficiently large bounds on the admissible steady state profiles.

However, additional research has to be performed before this method can provide controllers which can be tested under realistic operating scenarios. An additional loop is required to infer the antennas’ engineering parameters (power, refractive index for LHCD and orientation for ECCD) that minimize the difference between the desired and effective current deposit. We will also be investigating the use of bootstrap current density to develop feedback laws since online measurement of the pressure profiles, in addition to the gradient of the poloidal magnetic flux profiles, are available. We would eventually be validating the controllers on METIS [18], an advanced simulator for toroidal plasmas. We would also generalize this method to include multiple

LHCD and ECCD antennas.

REFERENCES

[1] J. Blum. Numerical simulation and optimal control in plasma physics.

1989.

[2] L. Blum. Complexity and real computation. Springer Verlag, 1998. [3] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan. Linear matrix inequalities in system and control theory, volume 15. Society for Industrial Mathematics, 1994.

[4] F. Bribiesca Argomedo, C. Prieur, E. Witrant, and S. Brémond. A strict control lyapunov function for a diffusion equation with timevarying distributed coefficients. Conditionally accepted for publication in IEEE Transactions on Automatic Control, 2011.

[5] A. Gahlawat and M.M. Peet. Designing observer-based controllers for pde systems: A heat-conducting rod with point observation and boundary control. In Proceedings of the IEEE Conference on Decision and Control, 2011.

[6] A. Gahlawat, M.M. Peet, and E. Witrant. Control and verification of the safety-factor profile in tokamaks using sum-of-squares polynomials. In World Congress, volume 18, pages 12556–12561, 2011.

[7] BJ Green, I. Teams, et al. Iter: burning plasma physics experiment.

Plasma physics and controlled fusion, 45:687, 2003.

[8] CE Kessel, TK Mau, SC Jardin, and F. Najmabadi. Plasma profile and shape optimization for the advanced tokamak power plant. ARIES-AT, Fus. Eng, 1980.

[9] M. Kikuchi. Steady state tokamak reactor based on the bootstrap current. Nuclear fusion, 30:265, 1990.

[10] E. Kreyszig. Introductory functional analysis with applications, volume 21. wiley, 1989.

[11] D. Mazon, J. Blum, C. Boulbe, B. Faugeras, A. Boboc, M. Brix, P. De Vries, S. Sharapov, and L. Zabeo. Real-time identification of the current density profile in the jet tokamak: method and validation. In Decision and Control, 2009 held jointly with the 2009 28th Chinese Control Conference. CDC/CCC 2009. Proceedings of the 48th IEEE Conference on, pages 285–290. IEEE, 2009.

[12] A. Papachristodoulou and M.M. Peet. On the analysis of systems described by classes of partial differential equations. In Decision and Control, 2006 45th IEEE Conference on, pages 747–752. IEEE, 2006.

[13] P.A. Parrilo. Structured semidefinite programs and semialgebraic geometry methods in robustness and optimization. PhD thesis, California Institute of Technology, 2000.

[14] M. Peet, A. Papachristodoulou, and S. Lall. Positive forms and stability of linear time-delay systems. In Decision and Control, 2006 45th IEEE Conference on, pages 187–193. IEEE, 2006.

[15] A. Pironti and M. Walker. Fusion, tokamaks, and plasma control: an introduction and tutorial. Control Systems Magazine, IEEE, 25(5):30– 43, 2005.

[16] S. Prajna, A. Papachristodoulou, and P.A. Parrilo. Introducing sostools:

A general purpose sum of squares programming solver. In Decision and Control, 2002, Proceedings of the 41st IEEE Conference on, volume 1, pages 741–746. IEEE, 2002.

[17] KC Shaing, AY Aydemir, YR Lin-Liu, and RL Miller. Steady state tokamak equilibria without current drive. Physical review letters, 79(19):3652–3655, 1997.

[18] T. Takeda, K. Tani, T. Tsunematsu, Y. Kishimoto, G.I. Kurita, S. Matsushita, and T. Nakata. Plasma simulator metis for tokamak confinement and heating studies. Parallel computing, 18(7):743–765, 1992.

[19] J. Wesson. Tokamaks. 1987.

[20] E. Witrant, E. Joffrin, S. Brémond, G. Giruzzi, D. Mazon, O. Barana, and P. Moreau. A control-oriented model of the current profile in tokamak plasma. Plasma Physics and Controlled Fusion, 49:1075, 2007.