Constructing Piecewise Polynomial Lyapunov Functions Over Arbitrary
Convex Polytopes Using Handelman Basis

Abstract— We introduce a new algorithm to check the local
stability and compute the region of attraction of isolated
equilibria of nonlinear systems with polynomial vector fields.
First, we consider an arbitrary convex polytope that contains
the equilibrium in its interior. Then, we decompose the polytope
into several convex sub-polytopes with a common vertex at
the equilibrium. Then, by using Handelman’s theorem, we
derive a new set of affine equality and inequality feasibility
conditions -solvable by linear programming- on each sub-
polytope. The solution to this feasibility problem yields a
piecewise polynomial Lyapunov function on the entire polytope.
To the best of the authors’ knowledge, this is the first effort that
utilizes Handelman’s theorem to construct piecewise polynomial
Lyapunov functions on sub-divided arbitrary polytopes. In a
computational complexity analysis, we show that for large
number of states and large degrees of the Lyapunov function,
the complexity of the proposed feasibility problem is less than
the complexity of the semi-definite programs associated with
Sum-of-Squares and Polya’s algorithms. Using different types
of convex polytopes, we assess the accuracy of the algorithm in
estimating the region of attraction of the equilibrium point of
reverse-time Van Der Pol oscillator.

I. INTRODUCTION

Analyzing the stability of dynamical systems by apply-
ing Lyapunov-based methods often requires checking the
feasibility of a set of inequalities. Solving these feasibility
problems can also be thought of as deciding the positivity of
a set of functions. In the case of dynamical systems with
polynomial vector fields, choosing polynomial Lyapunov
functions results in the problem of deciding the positivity
of a set of polynomials. However, it has been shown that the
general problem of deciding the positivity of polynomials is
NP-hard [1]. One approach to solve this decision problem is
to find a representation which certifies the positivity of the
polynomial and can be calculated in polynomial time.

Thus far, several positivity certificates for polynomials
have been proposed [2]. One of the most well-known pos-
itivity certificates is the Sum of Squares (SOS) representa-
tion. Perhaps the most fundamental result on the existence
of SOS representations for positive polynomials is Artin’s
theorem [3]. It states that for every positive-semi-definite
polynomial f, there exists a polynomial g such that g>f is
SOS. However, it has been shown that there exists no single
polynomial g (a uniform denominator) that satisfies Artin’s
theorem for every positive-semi-definite polynomial f [4].
The problem of searching for the SOS representation of a
positive polynomial can be formulated as a Semi-Definite
Program (SDP) [5] using the SOS algorithm [6]. Since
solving SDPs is computationally tractable, SOS algorithm
has been used extensively in stability analysis and control of

a variety of complex systems. These include stability analysis
of nonlinear systems [7], [8], robust stability analysis of
switched and hybrid systems [9], and stability analysis of
time-delay systems [10], [11]. Moreover, it was shown in
[12] that there exists an SOS Lyapunov function with a
degree bound for every exponentially stable nonlinear system
on a bounded region.

Another well-known positivity certificate is given by
Polya’s Theorem [13]. It states that every positive homo-
geneous polynomial defined on the positive orthant can
be represented as a sum of even-powered monomials with
positive coefficients. Different variants and extensions of
Polya’s theorem have been utilized in analysis and control,
e.g., Polya’s certificate on a simplex and multi-simplex for
robust stability analysis [14], [15], non-negativity certificate
for polynomials with zeros [16] and a certificate for positivity
on the entire real domain [17].

Using SOS or Polya’s algorithm for stability analysis of
large-scale systems requires setting up and solving large
SDPs. For example, using the SOS algorithm to construct a
degree 6 Lyapunov function on a hypercube for a system with
5 states requires solving an SDP with ~ 10° variables with
an LMI of size ~ 10°. However, unlike the SOS algorithm,
the SDPs associated with Polya’s algorithm possess a block-
diagonal structure. This enables efficient decentralization of
the computation required for setting up and solving the SDP.
Decentralized implementations of Polya’s algorithm applied
to robust and nonlinear stability problems can be found
in [18], [19]. However, Polya’s algorithm can only be used
to obtain positivity certificates on simple geometries such as
simplices and hypercubes. To find certificates of positivity
on a broader class of convex sets, one can use Handelman’s
theorem [20]. The theorem gives a complete parameterization
of the cone of positive polynomials defined on arbitrary
convex polytopes by giving a representation in the basis of
affine functions (Handelman basis) with positive coordinates.
A degree bound for Handelman’s certificate is given in [21].
A non-negativity certificate expressed in Handelman basis
and with arbitrary positive polynomial coordinates is given
in [22].

Thus far, Handelman’s theorem has been used to construct
polynomial Lyapunov functions on hypercubes [23]. In this
paper, we employ a decomposition strategy which allows us
to use Handelman’s theorem to construct piecewise poly-
nomial Lyapunov functions on arbitrary convex polytopes.
First, we decompose a given convex polytope into a set
of convex sub-polytopes that share a common vertex at
the origin. Then, on each sub-polytope we derive a set of



constraints that are affine in the unknown coefficients of
the Lyapunov function expressed in the Handelman basis.
Finally, we derive an additional set of affine constraints
which ensure the zeroness of the Lyapunov function at the
origin and its continuity on the entire polytope. The feasi-
bility of the derived affine constraints can be checked using
linear programming. Our complexity analysis shows that for
certain decompositions, the computational cost of solving
the linear program associated with the derived constraints
scales polynomially with the state-space dimension. We also
show that for large state-space dimensions, high degrees
of the Lyapunov functions and certain decompositions, the
complexity of the proposed LP is lower than the complexities
of the SDPs associated with SOS and Polya’s algorithms.
Finally, we perform a numerical experiment to evaluate the
accuracy of the proposed method in computing the invariant
set of the reverse-time Van Der Pol oscillator.

II. DEFINITIONS AND NOTATION
In this section, we define convex polytopes, facets of
polytopes, decompositions, interfaces, Handelman bases and
representations with respect to polytopes.
Definition 1: (Convex Polytope) Given the set of vertices
P:={p;eR"i=1,--- K}, define the convex polytope I'p
as

K K
Tp:={peR":p=Y wpi:m€[0,1] and Y u;=1}.
i=1

i=1 —
Every convex polytope can be represented as

Fi={xeR":wix4+u;>0,i=1,---,K},

for some w; € R" u; € R,i=1,--- K. Throughout the paper,
every polytope that we use contains origin.

Definition 2: (Facets of a polytope) Given a polytope of
the form

Fi={xeR" :wix4+u;>0,i=1,---,K},
define the i—th facet of the polytope I' as
Chi={xeR":w/x+u; =0 and ijx+uj >0

for .] € {17 7K}7j 7& l}
Definition 3: (D-decomposition) Given a polytope of the
form

Fi={xcR" :wx+u>0,i=1,---,K},
we say Dr:={D;}i—i.... t is a D-decomposition of T', if D; C
R" are polytopes of the form
D;:={xeR": hzijrg,'J >0,j=1,---,m}

such that U D; =T, Nk D; = {0} and int(D;) Nint(D;) =0
fori,je{l,--- ,L},i#j.

Definition 4: (Collection of adjacent sub-polytopes)
Given a D-decomposition {D;};— ... ; of polytope I', where
D;:={xeR": hgjx—ﬁ—g,-J >0, j=1,---m;}, for any i, we
denote the polytopes adjacent to D; as

() =
{H; € Dr: h]T»,klx—i—gj_’k] = thzx‘f‘gi,kz for some ki,k; € N}

Definition 5: (Handelman basis associated with a poly-
tope) Given a polytope of the form

Fi={xeR":wix+u;>0,i=1,--- K},
we define the set of Handelman bases, indexed by

acE;:={acNK:|a|; <d}, as

K
B([) :={Aaq(x) : Ae(x) = H(wiTx—i-ui)af, o€ Ey}.

=1
Definition 6: (Restriction olf a polynomial to a facet)
Given a polytope of the form I':= {x € R" : w/x+u;, i =
1---K}, and a polynomial f(x) of the form

K
fo=Y bml—!(wiqu-Mi)oci7

ackEy i=

define the restriction of f(x) to the k-th facet of I as

K
f@lg= Y ba]J(wixtu)™.
(XEE([IOCk=0 i=1
Definition 7: (Upper Dini Derivative) Let f : R" — R" be
a continuous map. Then, define the upper Dini derivative of
a function V : R” — R in the direction of f(x) as

D* (V,f(x)) = limsup LETA D ZV(x),

h—0+ h
It can be shown that for a continuously differentiable V (x),

DTV, f(x) = (VV(x), f(x)).

Finally, given a polynomial of the form

K
flx)= Z bg H(wiTx—i—u,-)a", xeR"
acky i=1
with N = Z?:o (;!?::]1))!! monomials, we will use the map C:
R[x] = RN, C(f) :=[c1,-+ ,cn], where ¢; is the coefficient
of the j-th monomial in f(x) in the lexicographical ordering.
We have derived c; as a function of bg,d,u;,w;,i=1,--- K
in the Appendix.

III. BACKGROUND AND PROBLEM STATEMENT

We address the problem of local stability of nonlinear
systems of the form

x=f(x), )

around the origin, where f : R" — R". Consider the classic
Lyapunov result for nonlinear systems.

Theorem 1: For any Q C R" such that 0 € Q, if there
exists a continuous function V : R” — R and continuous
positive definite functions Wy, W,, W3,

Wi(x) <V (x) <W(x) for x € Q and
DY (V, f(x)) < —Ws(x) for x € Q,
then system (1) is asymptotically stable on {x: {y:V(y) <
Vix)} C Q}.

In this paper, we construct piecewise polynomial Lyapunov
functions, which may not have classical derivatives. As such,



we use Dini derivatives instead, which exist for all contin-
uous functions, thus for piecewise polynomial functions as
well.

In this paper, we solve the following problem.

Problem statement: Given the vertices p; € R",i=1,--- K
we would like to find max,cp+ s and a polynomial V (x) such
that V (x) satisfies the conditions of Theorem 1 on the convex
polytope {x € R" :x=YX | w;p; : p; €[0,s] and Y5, p; =s}.

Every convex polytope can be represented as a semi-
algebraic set. It has been shown that deciding whether a
real-valued polynomial is positive over a semi-algebraic set
is NP-hard [1]. To avoid intractability, we use a result given
by Handelman [20] which defines a tractable certificate for
positivity of polynomials on convex polytopes.

Theorem 2: (Handelman’s Theorem) Given w; € R" u; €
R,i=1,---,K, define the polytope I':= {x € R" : wl x+u; >
0,i=1,--- ,K}. If polynomial f(x) >0 for all x € T, then
there exist by > 0, o € N such that for some d € N,

= Z bo (Wl x4up)® -
acE,
Recall that the set of exponents E; is defined in Defini-

tion 5. For any arbitrary positive polynomial and some poly-
tope I', Theorem 2 gives a representation of the polynomial
using the Handelman basis B(I") associated with the polytope
I' and with non-negative coordinates by. In other words, the
theorem parameterizes every positive polynomial using the
positive orthant. We now present the converse of Theorem 2,
which gives a certificate of nonnegativity of a polynomial on
a polytope using the Handelman basis.

Proposition 1: Given w; e R" u; e R,i=1,--- K, define
the polytope I':= {x € R" : wlx+u; > 0,i = 1,--- ,K}.
Suppose the polynomial f(x) of degree d is of the form

=Y ba(wix+u)*--
acky,

where each by > 0. Then, f(x) >0 for all xT.
In the following section, we use Proposition 1 to construct
a set of affine constraints for a given polynomial on a
given polytope. The feasibility of these constraints can be
tested using linear programming. Any feasible point yields a
certificate for the positivity of the polynomial on the given
polytope.

(i + i)

(wix + ug)*,

IV. PROBLEM SETUP

We first present some lemmas necessary for the proof of
our main result.

Lemma 1: (Zeroness at the origin) Let Dr := {D;}i—1,... 1
be a D-decomposition of a polytope I', where for each i

Di = {XeR”thj.x"_glj 207]: 17 7mi}’

and let
m;
fit) =Y bai[[(hx+gip)*% i=1,L.
acky =1
Then, for all i € {1,---,L} and all

ackj={aeN":|a; <d, o =0 for all k:g;; =0},

if by,; =0, then each f;(0) =
Proof: Note that

mj
Y bs [ [ (T +0)%+ Y boi [T (h] jrt-21.)"
1

lZEEd\Ed J=1 O!EEd J=

filx) =

First, for each a € Ed\Ed, there exists at least one k €
{1,---,m;} such that g;; =0 and & > 0. Thus, at x =0,

Y ba,H hix+gi)%=0. (%)

(XEEd\Ed J=1

Second, for each o € Ed, bg ;= 0. Thus, for any x

Zba,H hi x+gij)% =0. ()

aGEd j=1
Thus, from (*) and (**), we show that if by ; =0 for all @ €
E,, then f;(0) = 0. ]

Lemma 2: (Continuity of piecewise polynomial functions)
Let Dr := {D;}i—1,... . be a D-decomposition of a polytope
I', where for each i

D; = {xeR”:hiTij—i—g,;j >0,j=1,---,m},

and let {H!} be the set of all polytopes adjacent to D;. For
i=1,---,L, define

ﬁ(x) = Z bOCIH(hl jx+glj)

acEy j=1
If
C(fi(x)|ee) = C(fg()[ 1)

for every facet (X C Djk=1,---
Dyl =1,---,m; and every g € {1,---,L} such that D, €
{H’} and Ck ¢l then fi(x) = f,(x) for all x € D;ND,.

Proof: For any i € {1---,L} and k € {1,---,m;}, we
can write

,m; and every facet {! C

mj

[0 =Y bai[T(h p+gi)%+

acE ;:04>0 j:l

Z boczH hljx+glj)
Jj=1

O!EEd o =0

Since for any x € Ck c D, hka—i—g,-)k =0, it follows that for
any x € ¢,

m;
Z ba,iH(hzjx+gi,j)a-’ =0.
acE;:04.>0 j=1
Therefore, for any x € {¥
filx) = Z bOClH(hz ]x+g,])
acE ;:04,=0 j=1

Then, from Definition 6 we have

£ = @) ()



Furthermore, since for every facet £ ¢ D;,K =1,--- ,m; and
every facet {! C Dyl =1,---,m; and every g € {1,---,L}

such that D, € {H!} and Ck CZ we have
C(fi®)ge) = C(fg()] 1),
it follows that
Ji®ge = fox)lgr- (%)

Last, for any x € ! Dy,

Ja@lg = f4(x).
Thus, if for every facet (K ¢ D;,K = 1,---
facet CZCDq,lfl ,m; and every ¢ € {I,---
that D, € {H!} and Ck gl
C(fix)lg) = C(fy(¥)gr)

then from (¥), (**) and (**%), fi(x) = f,(x) for all x € D;N
D,.

(s %)

,m; and every
,L} such

|
Theorem 3: (Main result) Consider system (1) with poly-
nomial vector field f(x) of degree dy. Given w;, h; ; € R,
u;, gi,; € R, define the polytope
Fi={xecR" :wx4+u;>0,i=1,---,K},
with D-decomposition Dr := {D;};=1.... 1, where
Di:={xeR": hzjx+gi,j >0,j=1,---,m}.

Suppose for each i € {1,---,L}, {H!} is the set of polytopes
adjacent to each D;. Then, for some d € N and for i =
1,---,L, if there exist

bg; >0 for ocE; and 2)
cg;i <0 for Be Egra;-1, 3)
such that
L. bg; >0 and cp,i <0 for at least one o € E; and B €
Eqvas—1s

II. ba,—O for all @ € £;:= {a € N" : |a|; < d,
=0, forall k:g;r =0},
1L C(V,'(x)|§k) = C(Vy(x)|¢r) for every facet Ck CDj k=

1,---,m; and every facet {! C Dyl =1,---,m; and

every g € {1,---,L} such that D, € {H!} and Z_fk ¢l
IV. C((Wix), f(x))) = C(Zi(x)),
where
V,( = Z bouH htjx+glj a/ and 4)
acky j=1
Zi(x) := Z cm-lrI(h,-T’jx—i-g,;j)ﬁf7

ﬁeEderf—l Jj=1
then system 1 is asymptotically stable at the origin.
Proof: Let us choose V(x) as

m;

V) =Vix) = Y bai [ (hjx+i)%

acE;  j=1
forxeD;,i=1,--- L.

In order to show that V(x) is a Lyapunov function for
system 1, we need to prove the following:

1) Vi(x) >0 for all xe D\{0},i=1,--- L,

2) DT (Vi(x),f(x)) <O for all xe D\{0}, i=1,--- L,

3) V(0)=0,

4) Continuity of V(x).
Then, by Theorem 1, it follows that the system 1 is asymp-
totically stable at the origin. Now, let us prove items (1)-
(4). First, since for each i € {1,---,L} and « € Ey, bg; >
0 and cﬁ, < 0, from Proposition 1, it follows that for each

ie{l,---,L}, V()>OandZ()§0f0rallxeD,\{O}.
Then, from condition I, since for each i € {1,---,L}, there
exists at least one by ; > 0, and at least one cg; < 0, thus,

for each i € {1,---,L}, V()>OandZ()<0forall
x € D;\{0}. Second, since Z;(x) < 0 for x € D;\{0}, i €
{1,---,L}, and C({VVi(x), f(x))) = C(Zi(x)), it follows that
foreachie {1---,L}, (VVi(x), f)(x) <0 for all x € D;\{0}.
Then, since for each i € {1,---,L}, D" (Vi(x),f(x)) =
(VVi(x), f(x)) for all x € D;, D" (Vi(x), f(x)) <O for all x €
D\{0} and i€ {1---,L}. Third, by Lemma 1, condition II
directly implies that V;(0) =0 for all i € {1,---,L}. Thus,
V(0) = 0. Finally, since each V;(x) is continuous on int (D;),
we only need to show that V(x) is continuous on D;N
Dy, for all i,ge{1,---,L}:D, € {H!}. By Lemma 2, condi-
tion IIT directly implies that V;(x) = V,(x) for all x € D,ND;.

|

Remark 1: The inequality and equality constraints (2), (3),
I and 1I in Theorem 3 are affine in {bg;} and {cg;}. Fur-
thermore, in the Appendix, we have shown that the equality
constraints in IIT and TV are affine in {b,;} and {cg;}. Thus,
for some d € N, one can use linear programming to find
{ba.i} and {cp;} that satisfy the constraints (2), (3) and I to
Iv.

Using Theorem 3, we define the following algorithm to
find the set of coefficients {by;} of Lyapunov functions of
the form (4).

V. COMPLEXITY ANALYSIS

In this section, we analyze and compare the complexity
of the LP and SDP problems associated with Algorithm 1,
Polya’s algorithm in [19] and SOS algorithm. In this com-
parison, we consider the polytopic domain of analysis to be
a hypercube, centered at the origin. We will use the formula

L (i+K—1)!
EO iK—1)!"

which gives the number of basis functions in B(I") for a
convex polytope I with K facets.

Nyars ==

A. Complexity of the LP associated with Algorithm 1

We consider the following assumption in the analysis.

Assumption 1: We perform the analysis on an
n—dimensional hypercube, centered at the origin. The
hypercube is decomposed into L = 2n sub-polytopes such
that each sub-polytope has m = 2n — 1 facets, m = 1 of
which do not contain the origin. Fig. 1 shows the 1—, 2—
and 3—demensional decomposed hypercube.



Algorithm 1: Search for piecewise polynomial Lyapunov
functions
Inputs:

o The polytope’s data: w;,u; fori=1,--- L
o D-decomposition data: #; ;j and g; ; fori=1,---
j=1,--,m

« The vector field of the dynamical system: f(x).
e Maximum degree of the Lyapunov function: d,

for i=1,---,Ldo
Calculate the set of adjacent polytopes to D;, i.e.,
{HJI} using Definition 4
Calculate the set of facets of D;, i.e., {{/} using

L Definition 2

while d < d,,, do

Check the feasibility of the constraints (2), (3) and I

to IV in Theorem 3 using an LP solver

if feasible then

| Break the while loop
else
L Setd=d—+1

Outputs:

« In case of feasibility: the coefficients by ; for o € E,,
i=1,---,L of the piecewise polynomial Lyapunov

function V;(x) = Lger, ba T2 (W] -+ g0,)%

e @
1D hypercube with 2 intervals

2D hypercube with 4 triangular
sub-polytopes

3D hypercube with 6 pyramidal
sub-polytopes

Fig. 1. Decomposition of the hypercube in 1—,2— and 3—dimensions

Let n be the state-space dimension, dy be the degree of the
Lyapunov function and dy be the degree of the vector field
f(x) in system (1). Then, the number of decision variables
in the LP associated with Algorithm 1 is

v d+m—1) YT

NSML<dZ y (dimo D)

= dim—1) &= di(m—1)!

72 d+m—1) >’ 5)

where the first term is the number of b, coefficients, the
second term is the number of cg coefficients and the third
term is the number of b, coefficients that are set to zero in
condition II of Theorem 3. By substituting for L,m and m
in (5) from Assumption 1, we have

(X

dy+dp—1

{ (d+2n-2)!
)y d1(2n—2)!

(d+2n-2)!
d12n—2)!

,K and

_dv_1>.

Then, for large number of states, i.e., large n,

er ~2n ((271 — 2)dv + (21’1 _ z)vardff]) N ndVerf

N,

The number of constraints in the LP is

& o@rn—1) VY Grn—1)
H 1 (7 =" 7
=Noars+L| Y S My

NH
cdi(n—1)! =

cons
(6)
where the first term is total number of inequality constraints
associated with the positivity of b, and negativity of cg,
the second term is the number of equality constraints on
the coefficients of the Lyapunov function to maintain the
continuity (see condition III of Theorem 3) and the third term
is the number of equality constraints on the coefficients of the
Lie derivative to maintain its negativity (see condition IV of
Theorem 3). By substituting for L in (6) from Assumption 1,
for large n we get
N

dy+dy d dy+dy—1 dy+dy
ons ~ N T 4 2p(nY A+ pV AT o p VT

Since solving an LP with an interior-point algorithm requires
O(N2,,;Ncons) operations [24], the computational cost of
solving the LP associated with Algorithm 1 is

~ p3ldv+dy)

B. Complexity of the SDP associated with Polya’s algorithm

Polya’s algorithm [25] checks the positivity of a poly-
nomial over n—hupercubes as follows. First, the algorithm
defines each variable of the polynomial on a distinct simplex.
Then, it constructs a homogeneous representation of the
polynomial on the multi-simplex generated by the cross
product of the simplices. Finally, it checks the positivity of
the coefficients of the homogeneous polynomial. Since the
multi-simplex lies on the positive orthant, positivity of the
coefficients of the homogeneous representation of the poly-
nomial is a certificate for the positivity of the polynomial.

By using semi-definite programming, the Polya’s algo-
rithm in [19] searches for the coefficients of polynomial
P(x) over the cone of positive definite matrices, to construct
Lyapunov functions of the form V (x) = x” P(x)x. In [19], we
have shown that the number of decision variables in the SDP
associated with Polya’s algorithm is

n(n+1) %% (d+n—1)!

NIers = *
v 2 d;) d!(n—1)!
The number of rows in the LMI constraint of the SDP is
nn+1
NP = ( 5 )((dv+e—1)”+(dv+df+e—2)"),

where e is the Polya’s exponent. Then, for large n,

NP ~ ndv

vars

and NP

cons

(dv +df-‘re—2)n.

Since solving an SDP with an interior-point algorithm
typically requires O(N2,.. + N2, Neons + N2, N2,..) opera-
tions [24], the computational cost of solving the SDP as-
sociated with Polya’s algorithm is

~(dy +ds+e—2)"
¥



C. Complexity of the SDP associated with SOS algorithm

To find a Lyapunov function for (1) over the polytope of
the form
F={xeR" :w/x+u;>0,ie{l,--- ,K}}

SDP associated with Polya’s algorithm grows expo-
nentially with n. Furthermore, for large state-space
dimensions and degrees of the Lyapunov polynomial,
the LP has the least computational complexity.

2) The complexity of the LP associated with Algorithm 1
using SOS algorithm and the Positivstellensatz results [26], scales linearly with the number of sub-polytopes L. In
we find polynomial V(x) and SOS polynomials s;(x) and case simplicial complex decomposition, where L = 2",
t;(x) for i=1,--- K such that for any € >0 the complexity of the LP grows exponentially with the

K state-space dimension.
V(x)—exTx— Z si(x)(w! x+u;) is SOS  and 3) In Fig. 2, we show the number of decision variables
i=1 K and constraints of the LP and SDPs, for different de-
—(VV(x), f(x)) —exTx — Z t;(x)(wl x+u;) is SOS. grees of the Lyapunov function and different degrees of
i=1 the vector field. The figure shows that in general, SDP
Let us choose the degree of s;(x) to be dy — 2 and the degree associated with Polya’s algorithm has the least number
of ;(x) to be dy +dy —2. Then, it can be shown that the total of variables and the greatest number of constraints,
number of decision variables in the SDP associated with the whereas the SDP associated with SOS algorithm has
SOS algorithm is the greatest number of variables and the least number
N (N +1) No(N+1) Ns(Ns+1) of constraints.
Nfars _ l( 1 +K 2\V2 4K 3UV3 , (7) ‘,V, Pt s Povad S o Pabadil0 | S0S42 G S0S45 o S0S410 o Agermmia Z o quummv—s{Fmammm,w‘
2 2 2 Nuﬁmber of decision variables for V of degrees [2,6,10] .d, = 2 25Nurnbsr of constraints for V of degrees [2,6,10] ,d, = 2
where N; is the number of monomials in a polynomial of gm mmm
degree dy /2 , N, is the number of monomials in a polynomial e ) §”w
of degree (dy —2)/2 and N3 is the number of monomials in ﬁ 1 8"
a polynomial of degree (dy +d;—2)/2 calculated as [ Z éz
W2 (d4n—1) L A i S A G
Nl :Z m7 State space dimension
d=1 . ' 7 -7 P 4 P o IS 74 g SO
(dV_Z)/2 (d +n— 1) ' (dv +df72)/2 (d +n— 1) ' Number of decision variables for f of degrees [2,4,6], d, =4 .
M= L ) and - N3 = dZ:O @D 1, ‘
The first, second and third terms in (7) are the number of de- “m
cision variables associated with the SOS format (z(x)” Mz(x), i 2 w0
z(x) is the vector of monomial basis) of the polynomials 2 W
V(x),si(x) and f;(x), respectively. It can be shown that the gmuu . . i ] el - . ]
number of rows in the LMI constraint of the SDP is Sate space dimension State space dimension
NS Fig. 2. Number of decision variables and constraints of the optimization

= N1 +2K N, + N3,

cons

where the first term is the number of rows associated with
the positivity of V(x), the second term is the number of rows
associated with the positivity of s;(x) and #;(x),i=1,---,K
and the third term is the number of rows associated with the
negativity of the Lie derivative. By substituting K = 2n (For
the case of a hypercube), for large n we have

~ ndv-‘rdf—l and NS Nn(dV+df_2>/2_

S
N, cons

vars
Finally, the computational cost of solving the SDP associated
the SOS algorithm, using an interior-point algorithm is

o p3S(dy+dp)—4

D. Comparison of the Complexities

We draw the following conclusions from our complexity
analysis.

1) For large number of states and with Assumption 1, the
complexities of the LP associated with Algorithm 1
and the SDP associated with the SOS algorithm grows
polynomially with n, whereas the complexity of the

problems associated with Algorithm 1 and Polya’s and SOS algorithms, for
different degrees of Lyapunov function and vector field f(x)
VI. NUMERICAL RESULTS

In this section, we test the accuracy of our algorithm in
approximating the region of attraction of locally-stable non-
linear systems through numerical examples. We perform the
stability analysis on the reverse-time Van Der Pol oscillator.

()

X1 = —Xx2, X = X1 +XQ(X% — 1),

using the following polytopes:
1) Parallelogram I'p: the convex hull of the vertices

[-131 056]  [-056]  [1.31
Pr=1 018 ['P27 |1.92]'P37 |—1.92| P4~ |—0.18

2) Square ®¢: the convex hull of the vertices

o= |- o= 4=

3) Diamond Og: the convex hull of the vertices

1411 o Cta1] [ o
=00 PR s T o |MT c14

=



We decompose the parallelogram and the diamond into 4
triangles and the decompose the square into 4 squares. We
would like to solve the following optimization problem for
d=2,4,6,8 as the degree of the Lyapunov function.

max K
SER*’,ba‘,‘ZO,CﬁJSO
s.t. conditions I to IV of Theorem 3 hold for
3

Vi(x) = Z ba,iH(hiT’jx+gl-‘j)o‘.i,i: 1,4,

m;

(XEEd j:]
Zi(x) = Z cﬁlH(htY:jx—i—gl,j)B/al: 17 745

B€Edta;—1 J=1

and system (8) for all

K K
xe{xeR? 1x:2/~£ipiil~ii€ [0,s] and Z“i:S}'
i=1 i=1
We solve the above problem using a bisection search on s
in an outer-loop, and an LP solver in the inner loop. We
repeat the bisection search for V;(x) of degrees d =2,4,6,8.
In Fig. 3, for each d, we have shown

K K
Ipi={xeR":x=Y wp;i: i €[0,5"] and Y p; =s"}
i=i i=1

and the largest level-set of V;(x) inscribed in I'j. Similarly,
we solved the same optimization problem with square @
and diamond ®p as the sets of analysis. In all cases,
increasing d results in a larger level-set of V;(x). We obtained
the largest level-set using the parallelogram I'p with the
scaling factor s* = 1.639. The maximum scaling factor for
@y is s* = 1.800 and the maximum scaling factor for @ is
§* =1.666.

Fig. 3. Largest level sets of Lyapunov functions of different degrees and
their associated parallelograms

3
2 /\/ o8
|, d=6
1 d=4
d=2
' 0 \
-1
-2
EEEE 0 1 2 3

X

Fig. 4. Largest level sets of Lyapunov functions of different degrees and
their associated squares

Z
7

-2

a
-3

-3 -2 -1 0 1 2 3

Fig. 5. Largest level sets of Lyapunov functions of different degrees and
their associated diamonds

VII. CONCLUSION AND FUTURE WORK

In this paper, we introduce an algorithm to analyze the
local stability of nonlinear systems with polynomial vector
fields. The algorithm searches for the coefficients of a
piecewise polynomial Lyapunov function defined on a sub-
divided convex polytope and represented in the Handelman
basis. We show that these coefficients can be obtained by
solving a sequence of linear programs. We also show that
the complexities of the linear programs scale polynomially
in the number of states. In the numerical examples, we show
the accuracy of the algorithm in approximating the region
of attraction inscribed within different polytopes. As future
work, we would like to apply this algorithm to stability anal-
ysis of switched systems and controller synthesis problems.
We will also develop a decentralized algorithm to setup and
solve the linear program associated with Theorem 3.

VIII. APPENDIX: DERIVATION OF THE COEFFICIENT MAP
Given w; € R" and by, u; € R, Let

K
Vx)= 3 ba][(w/x+u)*,
ackEy i=1
where E; := {a € NK: |a|; <d}. Let X := (x1,-+ ,%u,Y).
Then, we define the homogeneous representation of V(x) as

K
VX)= Y ba[J0w] x+uiy)®.

acEy i=1
By employing the multinomial theorem, we get

Liv o lin lipse
K a"W}‘ W'l,n .t,ll+
& LRSS IRARAS N/ ey
VX =) b"‘l I )} Ll dipgr!
acke =1\l eNT =0 U
xlli" ...x,l{‘"ylivﬂ“ ) .
it lip lipt1

il N .
a"wi‘l i T

By letting p(o4,1;,wi,u;) = and expanding

V(X), we have

Linledipey!

ViX)=Y ba Y .. Y

acky llﬁjGNZ l](ﬁjENZ
1 1
Y=o Xk =0k

K | K K
yZi:l lz,n+1x)1:m:l ml -x%’":‘ . .

(Hp(anli,wi,ui))

i=1



Note that F(xy,...,x,,1) = V(x). Thus, by substituting y = 1
we have

K
V()C): Z b(X Z Z Hp(ahliawhui)
ackEy ll‘jEN: IK_J'GN: i=1
):';Ll I j=0u Z';;rf Ik j=0k

n

x?ﬁ:] lm.l .. 'lem(zl lm.n) )

Thus, for every {l,;,j € N}iop .. k., the coefficient of the

. . j=1,
. 1! ! .
monomial x)l:m—‘ ! ---xn):'"*‘ ™ is
K
Z bO{ Hp(al7liawiaui)
naeEd: l]_n+1€{0,"-,d70€1} i=1
i hj=o
: Ik n+1€40,+ d—oi }
7:111(‘.,':061(

Thus, for any polynomial V(x) of the form

K
Vix)=Y ba]Jw x+u)% xR,

acE, i=1

with N = ):?:0 % monomials, we define the coefficient

map C:R[x] = RN as C(f) :=[c1,---,cn] , where

K
b(X Hp(alaliawhui)
i=1

)

(XEEd:
Yol =

)y

11’,,4,1 E{O.~~-,d—(X1}

Cr =

: I 1 €40, d—a }
Yok j=0ox

€))

for some 1, ; € N such that x{'---x" with y; = ¥5_,1,;,
is the k—th monomial in V(x) using the lexicographical

ordering, and where
l; lin lint1
aw|ow
p(0, Ly, wisu;) = , |
li,l ....l,‘7n+1 !

Notice that, from (9), the coefficients of V(x) are affine in
{by}. Similarly, it can be shown that the coefficients of
(VV(x), f(x)) are affine in {bq}. However, for the sake of
brevity, we do not derive a formula for the coefficients of
(VV(x), f(x)) in terms of {bg}.
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