Chapter 1 Inversion of Separable Kernel Operator and Its Application in Control Synthesis

Guoying Miao, Matthew M. Peet, Keqin Gu

Abstract In this chapter, we show how the problem of controller synthesis can be posed as a form of convex optimization in an operator-theoretic framework. Furthermore, we show how to: a) Parameterize the integral and multiplier operator-valued decision variables using finite-dimensional vectors; b) Verify and enforce positivity and negativity of multiplier and integral operators using positive matrices; c) Invert positive integral and multiplier operators through the use of a new formula based on algebraic manipulation. Finally, we show how these 3 parts can be combined into a computational procedure for finding a stabilizing state-feedback controller for systems defined by differential-difference equations - a class which includes differential systems with discrete delays. Finally, a numerical example is used to illustrate the form of the resulting stabilizing controller.

1.1 Introduction

A necessary and sufficient condition for stability of coupled differential-difference equations (of which delay-differential equations is a special case) is the existence of a so-called “complete quadratic” Lyapunov-Krasovskii functional. Such functionals have the form V = ⟨x,Px⟩ where P is defined by a combination of multiplier and integral operators, the inner product is defined on L_2, and the state,

Guoying Miao, School of Information and Control, Nanjing University of Information Science and Technology, Nanjing 210044, PR China. e-mail: mgyss66@163.com

Matthew M. Peet, School of Matter, Transport and Energy, Arizona State University, Tempe, AZ 85287, USA. e-mail: mpeet@asu.edu

Keqin Gu, Department of Mechanical and Industrial Engineering, Southern Illinois University, Edwardsville, IL 62026, USA. e-mail: kgu@siue.edu

1

2 Guoying Miao, Matthew M. Peet, Keqin Gu

x ∈ R^n × L_2[−τ,0]^m is a combination of the present state and memory of certain delayed channels. The first numerical algorithm to use SDP to parameterize and optimize over the set of complete-quadratic functionals was the discretized Lyapunov- Krasovskii functional method in [1], later refined in [2], wherein the multiplier and kernel of the Lyapunov-Krasovskii functional was assumed to be piecewise linear. A more recent SDP-based approach to parameterizing and optimizing there functionals is the Sum-Of-Squares (SOS) method presented in [3]. In the SOS method, the multiplier and kernel are parameterized by polynomials.

In this chapter, we focus on the problem of full-state feedback controller synthesis for differential-difference equations of the form

ẋ = Ax + By(t − r) + Fu(t), y(t) = Cx(t) + Dy(t − r),

where A ∈ R^{n×n}, B ∈ R^{n×m}, C ∈ R^{m×n}, F ∈ R^{n×p}, D ∈ R^{m×m} and r > 0 is the delay. For most practical systems, the number of delayed channels is significantly smaller than the total number of state variables (m << n). For such systems, the complexity of the complete-quadratic functional associated with the differential-difference form is significantly lower than that associated with the delay-differential framework. By exploiting this reduced functional, the complexity of numerical algorithms such as the discretized and SOS approaches can be significantly reduced—resulting in more efficient and accurate tests for stability. Such reductions were explored and documented for the discretized Lyapunov-Krasovskii functional approach in [4], [5] and [12], and for the SOS formulation in [6].

Full-state feedback controller synthesis means that u(t) = K [ x(t) y_t ] where y_t is

the history of y(t) on the interval [t −r,t] and K : R^n ×L_2[−r,0]^m → R^p. That is, the feedback controller uses knowledge of the entire state in determining the input. This is in contrast to most work on controller synthesis for time-delay systems which only use more directly measurable parts of the state such as x(t) to determine the control input. The use of subsets of the state for controller synthesis are best classified as output feedback. However, the use of state-estimation for delayed systems in the output-feedback framework has not hitherto been explored.

More generally, conditions for control synthesis of delayed systems based on the complete quadratic Lyapunov-Krasovskii functional is still rare. An early example is [8], in which a more limited class of Lyapunov-Krasovskii functional is used, and some parameter constraints are imposed. Recently, a synthesis based on the inverse of kernel operator associated with the Lyapunov-Krasovskii functional for timedelay systems of retarded type in the SOS formulation was developed in [9] and [10]. This chapter extends this method to coupled differential-functional equations. The inverse operator is derived using a direct algebraic approach rather than the series expansion approach in [9] and [10]. The basic idea of such synthesis is outlined as follows.

Consider the coupled differential functional equations either in closed-loop or autonomous form:

1 Inversion of Separable Kernel Operator and Its Application in Control Synthesis 3

ẋ(t) = Ax(t) + By(t − r) + ∫ 0 −r H(θ )y(t + θ )dθ , (1.1)

y(t) = Cx(t) + Dy(t − r), (1.2)

where A ∈ R^{n×n}, B ∈ R^{n×m}, C ∈ R^{m×n}, H(θ ) ∈ R^{n×m}, D ∈ R^{m×m} and r > 0. Eqns. (1.1)-(1.2) have a unique solution (x(t),y(t)) for any initial condition

x(0) = ψ ∈ R^n, y(t) = ϕ(t) ∀t ∈ [−r,0] ϕ = ϕ ∈ PC (r,m).

Here PC (r,m) represents the set of piecewise continuous functions from [−r,0] to R^m. For any piecewise-continuous function y(t) and τ ∈ R^+, we define y_τ ∈ PC (r,m) by y_τ (θ ) = y(τ + θ ), −r ≤ θ ≤ 0. Let

Z := R^n × PC (r,m). (1.3)

Then any initial condition (ψ,ϕ) ∈ Z uniquely defines a solution, which may be represented by a strongly continuous semigroup (C_0-semigroup) S : Z → Z,

z(t) = S (t − τ)z(τ). (1.4)

Solutions of System (1.1)-(1.2) satisfy an abstract differential equation on Z,

ż = A z, (1.5)

where A is the infinitesimal generator of the C_0-semigroup S .

Stability of solutions of the system defined by Eqns. (1.1)-(1.2) is equivalent to the existence of a quadratic Lyapunov-Krasovskii functional of the form

V (z) =< z,Pz >, (1.6)

where P is a self-adjoint operator, and ⟨·,·⟩ represents the inner product on L_2 [13]. The system is stable if P is coercive, and its derivative along the system trajectory

V̇ (z) =< z,(PA + A^∗P)z >,

is negative definite in the sense that −PA − A^∗P is coercive, where A^∗ is the adjoint operator of A . Stability analysis is therefore equivalent to the existence of an operator P which satisfies the above conditions. Then, by using positive matrices to parameterize a suitably rich cone of positive operators, as described in [11] or [2], and by observing that the operator P appears linearly in V (z) and V̇ (z), the problem of stability analysis can be reduced to a semi-definite programming problem. Specifically, the methods defined in [11] consider the case where the operators are the combination of multiplier and integral operators with polynomial multipliers and kernels. The approach in [2] uses piecewise linear multipliers and kernels.

For the problem of controller synthesis, however, we are searching for both a Lyapunov operator P and a feedback operator K . This poses a challenge in that, while we can parameterize both operators, the resulting expression for V̇ (z) is bilin-

4 Guoying Miao, Matthew M. Peet, Keqin Gu

ear in K and P and is hence non-convex. To illustrate this, consider a system with input u(t) described by the abstract differential equation

ż = A z + F u. (1.7)

If we want to design a linear feedback control in the form of

u = K z, (1.8)

such that the closed-loop system is stable, and use the Lyapunov-Krasovskii functional given in (1.6), then its derivative becomes

V̇ (z) =< z,(PA + A^∗P + PF K + (PF K )^∗)z > . (1.9)

Because we need to determine the feedback gain K in addition to the operator P, V̇ (z) becomes a bilinear function of the variables which define these operators. Since no reliable and efficient numerical method to solve bilinear matrix inequalities is currently available, we conclude that any solution to the controller synthesis problem must involve a reformulation or change of variables.

The approach we describe in this chapter is to use the transformation of variables

Q = P^{−1}, (1.10) K̂ = K P^{−1}. (1.11)

Clearly, given coercive Q > 0 and K̂ , and a procedure for finding the inverse Q^{−1}, we can recover the original operators P and K as P = Q^{−1} and K = K̂ P. Now, by examination of V and V̇ and by defining the transformed state ẑ = Pz, we obtain

V (z) = ⟨ẑ,Qẑ⟩, (1.12) V̇ (z) = ⟨ẑ,(A Q + QA^∗ + F K̂ + K̂^∗F^∗)ẑ⟩, (1.13)

which are linear with respect to the new operator-variables Q and K̂ . Therefore, if P : Z → Z and we can parameterize operators which are positive on Z, then the controller synthesis problem can be represented as an SDP.

Critical to implementation of this approach, however, is to enforce the condition P : Z → Z and the ability to invert the bounded linear operator Q. While inversion of combined multiplier and integral operators is, in general, difficult, in the following sections we will show that it is possible to obtain an analytic expression for this inverse in the case where Q is separable, similar to the case discussed in [11]. Of course, numerical approximations to the inverse are possible through series expansion methods, as described in [10]. However, the existence of a closed-form analytic expression eliminates the approximation error due to finite truncation of the series and significantly reduces the complexity of the resulting inverse operator.

1 Inversion of Separable Kernel Operator and Its Application in Control Synthesis 5

1.2 Preliminaries

Consider the coupled differential functional equations given in (1.1) and (1.2). If ρ(D) < 1, stability of this system is equivalent to the existence of a complete Lyapunov-Krasovskii functional of the following form,

V (ψ,ϕ) = rψ^T Pψ + 2rψ^T ∫ 0 −r Q(η)ϕ(η)dη + ∫ 0 −r ∫ 0 −r ϕ^T (ξ )R(ξ ,η)ϕ(η)dξ dη + ∫ 0 −r ϕ^T (η)S(η)ϕ(η)dη, (1.14)

where

P = P^T ∈ R^{n×n}, Q(η) ∈ R^{n×m}, (1.15) R(ξ ,η) = R^T (η,ξ ) ∈ R^{m×m}, S(η) = S^T (η) ∈ S^n, (1.16)

where S^n ⊂ R^{n×n} represents the set of symmetric matrices. The use of complete Lyapunov-Krasovskii functionals of this form was described in [4] and [12], and these results imply the following lemma.

Lemma 1. System (1.1)-(1.2) with ρ(D) < 1 is exponentially stable if and only if there exists a quadratic Lyapunov-Krasovskii functional of the Form (1.14)-(1.16), such that ε||ψ||^2 ≤ V (ψ,ϕ), and

V̇ (ψ,ϕ) ≜ limsup

t→0^+

V (x(t,ψ,ϕ),y_t (ψ,ϕ)) −V (ψ,ϕ) t (1.17)

satisfies V̇ (ψ,ϕ) ≤ −ε||ψ||^2 for some ε > 0, where (x(t,ψ,ϕ),y_t (ψ,ϕ)) is the solution of (1.1) and (1.2) with initial condition (ψ,ϕ).

Define inner product on Z defined in (1.3), ⟨[ ψ_1 ϕ_1 ] , [ ψ_2 ϕ_2 ]⟩ = rψ^T_1 ψ_2 + ∫ 0 −r ϕ^T_1 (s)ϕ_2(s)ds.

For matrix P and matrix functions Q,R,S that satisfy (1.15)-(1.16), we define the linear operator P : Z → Z as follows P [ ψ ϕ ] (s) = [ Pψ + ∫ 0 −r Q(θ )ϕ(θ )dθ rQ^T (s)ψ + ∫ 0 −r R(s,θ )ϕ(θ )dθ + S(s)ϕ(s) ] . (1.18)

Obviously, (1.15)-(1.16) implies that P is a bounded and self-adjoint linear operator. The complete Lyapunov-Krasovskii functional may now be expressed as

V (ψ,ϕ) = ⟨[ ψ ϕ ] ,P [ ψ ϕ ]⟩ .

6 Guoying Miao, Matthew M. Peet, Keqin Gu

System (1.1)-(1.2) defines a strongly C_0-semigroup S : Z → Z that satisfies (1.4). The corresponding abstract differential equation is (1.5). Let the domain of definition of A be X. Then, X := {[ ψ ϕ ] ∈ Z | |ϕ̇(s) ∈ C ,ϕ(0) = Cψ + Dϕ(−r) } , where C represents the set of continuous functions. For controller synthesis, we would like to restrict P so that X is an invariant subspace of P, PX ∈ X. (1.19) The conditions for P to satisfy (1.19) are as follows, which is a generalization of Theorem 3 in [7].

Lemma 2. P, as defined in (1.18), satisfies (1.19) if and only if the following conditions are satisfied, rQ^T (0) + S(0)C = CP + rDQ^T (−r) (1.20) R(0,s) = CQ(s) + DR(−r,s), ∀s, (1.21) DS(−r) = S(0)D. (1.22)

Proof. Let h(s) = rQ^T (s)ψ + ∫ 0 −r R(s,θ )ϕ(θ )dθ + S(s)ϕ(s) and g = Pψ + ∫ 0 −r Q(s)ϕ(s)ds. Then, PX ∈ X is equivalent to h(0) = Cg + Dh(−r), (1.23) for all ψ and ϕ that satisfy ϕ(0) = Cψ + Dϕ(−r). (1.24) Using (1.24), we have

h(0) = rQ^T (0)ψ + S(0)ϕ(0) + ∫ 0 −r R(0,θ )ϕ(θ )dθ

= rQ^T (0)ψ + S(0)Cψ + ∫ 0 −r R(0,θ )ϕ(θ )dθ + S(0)Dϕ(−r)

= (rQ^T (0) + S(0)C)ψ + ∫ 0 −r R(0,θ )ϕ(θ )dθ + S(0)Dϕ(−r), (1.25)

Cg + Dh(−r) = CPψ + ∫ 0 −r CQ(s)ϕ(s)ds + rDQ^T (−r)ψ + ∫ 0 −r DR(−r,s)ϕ(s)ds + DS(−r)ϕ(−r)

= (CP + rDQ^T (−r))ψ + DS(−r)ϕ(−r) + ∫ 0 −r (CQ(s) + DR(−r,s))ϕ(s)ds. (1.26)

Then the right-hand sides of (1.25)-(1.26) are equal for arbitrary ψ and ϕ if and only if (1.20)-(1.22) are satisfied.

1 Inversion of Separable Kernel Operator and Its Application in Control Synthesis 7

1.3 Inverting Separable Operators

In this section, we present an analytical expression for the inverse of the operator P when it is separable. Similar to [10], such an analytic expression for the inverse operator can be used to expedite the construction of the stabilizing controller in the controller synthesis problem.

Definition 1. An operator P, as defined in (1.18), is said to be separable if

R(s,θ ) = Z^T (s)Γ Z(θ ), Q(s) = HZ(s), (1.27)

for some constant matrices Γ = Γ^T and H, and matrix-valued function Z(s). Note that a sufficient condition for P to be separable is that R and Q are polynomials.

Theorem 1. Assume P in (1.18) is separable. Then, provided that all the inverse matrices below are well defined, its inverse may be expressed as

P^{−1} [ ψ ϕ ] (s) = [ P̂ψ + ∫^0_{−r} Q̂(θ )ϕ(θ )dθ rQ̂^T (s)ψ + Ŝ(s)ϕ(s) + ∫ 0 −r R̂(s,θ )ϕ(θ )dθ ] , (1.28)

where R̂(s,θ ), Q̂(θ ) and Ŝ(s) are given as follows

R̂(s,θ ) = Ẑ^T (s)Γ̂ Ẑ(θ ), (1.29) Q̂(θ ) = ĤẐ(θ ), Ŝ(s) = S^{−1}(s), Ẑ(s) = Z(s)S^{−1}(s), (1.30)

and Ĥ, P̂ and Γ̂ are given below,

Ĥ = −P^{−1}HT, P̂ = [I + rP^{−1}HT KH^T ]P^{−1}, (1.31) Γ̂ = [rT^T H^T P^{−1}H − Γ ](I + KΓ )^{−1}, T = (I + KΓ − rKH^T P^{−1}H)^{−1}, (1.32)

where K = ∫ 0 −r Z(s)S^{−1}(s)Z^T (s)ds, and I denotes the identity matrix with appropriate dimension.

Proof. Let the operator defined by the right hand side of (1.28) be denoted as P̂, then P̂P [ ψ ϕ ] (s) = [ Λ_1 Λ_2 ] , Λ_1 = ∫ 0 −r ( P̂Q(θ ) + Q̂(θ )S(θ ) + ∫^0_{−r} Q̂(ξ )R(ξ ,θ )dξ ) ϕ(θ )dθ + ( P̂P + ∫^0_{−r} rQ̂(θ )Q^T (θ )dθ ) ψ, Λ_2 = r ( Q̂^T (s)P + Ŝ(s)Q^T (s) + ∫^0_{−r} R̂(s,θ )Q^T (θ )dθ ) ψ + Ŝ(s)S(s)ϕ(s) + ∫ 0 −r ( rQ̂^T (s)Q(θ ) + Ŝ(s)R(s,θ ) + R̂(s,θ )S(θ ) + ∫ 0 −r R̂(s,ξ )R(ξ ,θ )dξ ) ϕ(θ )dθ . Using (1.27) and (1.29)-(1.32), we obtain

8 Guoying Miao, Matthew M. Peet, Keqin Gu

P̂Q(θ ) + Q̂(θ )S(θ ) + ∫^0_{−r} Q̂(ξ )R(ξ ,θ )dξ = ( P̂H + Ĥ + ĤKΓ )Z(θ ) = ( [I + rP^{−1}HT KH^T ]P^{−1}H − P^{−1}HT − P^{−1}HT KΓ ) Z(θ ) = [ P^{−1}H + P^{−1}HT (rKH^T P^{−1}H − I − KΓ ) ] Z(θ ) = ( P^{−1}H − P^{−1}H ) Z(θ ) = 0 P̂P + r ∫^0_{−r} Q̂(θ )Q^T (θ )dθ

= P̂P + rĤKH^T = [I + rP^{−1}H(I + KΓ − rKH^T P^{−1}H)^{−1}KH^T ] − rP^{−1}HT KH^T = I Q̂^T (s)P + Ŝ(s)Q^T (s) + ∫^0_{−r} R̂(s,θ )Q^T (θ )dθ

= Ẑ^T (s)(Ĥ^T P + H^T + Γ̂ KH^T ) = Ẑ^T (s) { −T^T H^T P^{−1}P + H^T + [rT^T H^T P^{−1}H − Γ ](I + KΓ )^{−1}KH^T } = Ẑ^T (s) { I − T^T (I − rH^T P^{−1}H(I + KΓ )^{−1}K) − Γ (I + KΓ )^{−1}K } H^T = Ẑ^T (s) { I − T^T (I − rH^T P^{−1}HK(I + Γ K)^{−1}) − Γ K(I + Γ K)^{−1} } H^T = Ẑ^T (s) { I − T^T (I + Γ K − rH^T P^{−1}HK)(I + Γ K)^{−1} − Γ K(I + Γ K)^{−1} } H^T = Ẑ^T (s)[I − (I + Γ K)^{−1} − Γ K(I + Γ K)^{−1}]H^T = 0 rQ̂^T (s)Q(θ ) + Ŝ(s)R(s,θ ) + R̂(s,θ )S(θ ) + ∫ 0 −r R̂(s,ξ )R(ξ ,θ )dξ = Ẑ^T (s)(rĤ^T H + Γ + Γ̂ + Γ̂ KΓ )Z(θ ) = Ẑ^T (s) { −rT^T H^T P^{−1}H + Γ + [rT^T H^T P^{−1}H − Γ ](I + KΓ )^{−1}(I + KΓ ) } Z(θ ) = Ẑ^T (s) ( −rT^T H^T P^{−1}H + Γ + rT^T H^T P^{−1}H − Γ ) Z(θ ) = 0

Thus, we have shown P̂P [ ψ ϕ ] = [ ψ ϕ ] , (1.33)

for all [ ψ ϕ ] ∈ Z. Similarly, we can show

PP̂ [ ψ ϕ ] = [ ψ ϕ ] . (1.34)

From (1.33) and (1.34), we conclude that P̂ = P^{−1}.

Theorem 2. If the separable operator P satisfies PX ∈ X, Then, P^{−1}X ∈ X holds.

Proof. Let the linear operator P satisfy PX ∈ X. By Lemma 2, this is equivalent to (1.20)-(1.22), from which, we obtain

CP^{−1} = rS^{−1}(0)(DZ^T (−r) − Z^T (0))H^T P^{−1} + S^{−1}(0)C, (1.35) CH = (Z^T (0) − DZ^T (−r))Γ , (1.36) S^{−1}(0)D = DS^{−1}(−r). (1.37)

Applying (1.35)-(1.37) to the operator P^{−1} defined in (1.28), after tedious calculations, we can obtain the following equation,

1 Inversion of Separable Kernel Operator and Its Application in Control Synthesis 9

rQ̂^T (0)ψ + Ŝ(0)ϕ(0) + ∫ 0 −r R̂(0,θ )ϕ(θ )dθ = C ( P̂ψ + ∫^0_{−r} Q̂(θ )ϕ(θ )dθ ) +D ( rQ̂^T (−r)ψ + Ŝ(−r)ϕ(−r) + ∫ 0 −r R̂(−r,θ )ϕ(θ )dθ ) , from which, we conclude that P^{−1}X ∈ X.

1.4 Controller Synthesis

In this section, we consider a system with control input as follows

ẋ = Ax + By(t − r) + Fu(t), (1.38) y(t) = Cx(t) + Dy(t − r). (1.39)

For this system, let us define the infinitesimal generator A as follows. ( A [ x y_t ]) (s) = [ Ax + By(t − r) d ds y_t (s) ] . Likewise, we define the input operator F : R^q → X as

(F u)(s) := [ Fu 0 ] . We define the controller synthesis problem as the search for matrices K_0,K_1 and matrix-valued function K_2(s) such that if

u(t) = K [ x(t) y_t ] , (1.40)

where we define K : X → R^q as ( K [ x y_t ]) (s) = K_0x(t) + K_1y(t − r) + ∫ 0 −r K_2(s)y(t + s)ds, (1.41)

then the closed-loop system described by the equations (1.38)-(1.40) is stable.

Before we give the main result of the chapter, we briefly address SOS methods for enforcing joint positivity of coupled multiplier and integral operators using positive matrices. These methods have been developed in a series of papers, a summary of which can be found in the survey paper [11]. Specifically, for matrix-valued functions M(s), N(s,θ ), we say that{M,N} ∈ Ξ, if M and N satisfy the conditions of Theorem 8 in [11]. The constraint {M,N} ∈ Ξ can be cast as an LMI using SOS- TOOLS as described in [11] and this constraint ensures that the operator P, defined as

10 Guoying Miao, Matthew M. Peet, Keqin Gu ( P [ ψ ϕ ]) (s) = [ M_{11}ψ + ∫ 0 −r M_{12}(θ )ϕ(θ )dθ rM^T_{21}(s)ψ + ∫ 0 −r N(s,θ )ϕ(θ )dθ + M_{22}(s)ϕ(s) ] , is positive on X. Furthermore, we note that {M,N} ∈ Ξ implies that P is separable and P = ∫ M_{11}(s)ds and S = M_{22} are invertible. We now state the main result.

Proposition 1. Suppose there exist matrices M_0, M_1, P = P^T , matrix-valued functions M_2(s), Q(s), R(s,θ ), S(s) = S^T (s) ∈ S^n, and scalar ε > 0 such that (1.20)- (1.22) are satisfied and the following conditions hold

{T,R} ∈ Ξ, (1.42) {−U,−W} ∈ Ξ, (1.43)

where T (s) = [ P rQ(s) rQ^T (s) S(s) ] − εI, (1.44)

U(s) =

Γ + εI BS(−r) + FM_1 +^1_r C^T S(0)D ϒ ∗^{−1}_r (S(−r) − D^T S(0)D) 0 ∗ ∗ Ṡ(s)

, (1.45)

W (s,θ ) = ∂ ∂ s R(s,θ ) + ∂ ∂ θ R(s,θ ), (1.46)

where ∗ denotes entries in the matrix determined by symmetry,

Γ = AP + PA^T + r(BQ^T (−r) + Q(−r)B^T ) +^1_r C^T S(0)C + FM_0 + M^T_0 F, ϒ = r[Q̇(s) + BR(−r,s) + AQ(s) + FM_2(s)].

Then System (1.38)-(1.39) is stabilizable with a controller (1.40). In other words, let

u(t) = K_0x(t) + K_1y(t − r) + ∫ 0 −r K_2(s)y(t + s)ds, (1.47)

where

K_0 = M_0P̂ + rM_1Q̂^T (−r) + r ∫ 0 −r M_2(s)Q̂^T (s)ds, (1.48)

K_1 = M_1Ŝ(−r), (1.49)

K_2(s) = M_0Q̂(s) + M_1R̂(−r,s) + M_2(s)Ŝ(s) + ∫ 0 −r M_2(θ )R̂(θ ,s)dθ , (1.50)

and P̂, Q̂, R̂ and Ŝ are defined in Theorem 1. Then the closed-loop System (1.38)- (1.39) and (1.47) is stable.

Proof. Define P by (1.18). Then P is bounded and self-adjoint. Per Lemma 2, P : X → X. (1.43) implies P ≥ εI. Per Theorem 1, the inverse P^{−1} can be expressed as in (1.28) and is likewise bounded and coercive with P^{−1} ≥ ε^′I. Furthermore, from Theorem 2, P^{−1} : X → X and P^{−1} = P^{−∗}. In other words, the Lyapunov- Krasovskii functional satisfies

1 Inversion of Separable Kernel Operator and Its Application in Control Synthesis 11 V = ⟨[ ψ ϕ ] ,P^{−1} [ ψ ϕ ]⟩ ≥ ε^′ | | | | | | ψ ϕ | | | | | | 2 (1.51)

for some ε^′ > 0 and all [ ψ ϕ ] ∈ X. Furthermore, ⟨[ ψ ϕ ] ,P^{−1}A [ ψ ϕ ]⟩ + ⟨ A [ ψ ϕ ] ,P^{−1} [ ψ ϕ ]⟩

= ⟨ P^{−1} [ ψ ϕ ] ,A PP^{−1} [ ψ ϕ ]⟩ + ⟨ A PP^{−1} [ ψ ϕ ] ,P^{−1} [ ψ ϕ ]⟩ . Next, we note that if we define K as in (1.41) and M as follows ( M [ x y_t ]) = M_0x(t) + M_1y(t − r) + ∫ 0 −r M_2(s)y(t + s)ds.

Then (1.48)-(1.50) implies K := M P^{−1}. Now we define a new state [ ψ̂ ϕ̂ ] = P^{−1} [ ψ ϕ ] ∈ X. Continuing, if u = K [ x y_t ] = K PP^{−1} [ x y_t ] = M P^{−1} [ x y_t ] , then the closed-loop system is stable if V̇ < 0, where

V̇ = ⟨[ ψ̂ ϕ̂ ] ,A P [ ψ̂ ϕ̂ ]⟩ + ⟨ A P [ ψ̂ ϕ̂ ] , [ ψ̂ ϕ̂ ]⟩

+ ⟨ F M [ ψ̂ ϕ̂ ] , [ ψ̂ ϕ̂ ]⟩ + ⟨[ ψ̂ ϕ̂ ] ,F M [ ψ̂ ϕ̂ ]⟩ . To show that V̇ < 0, we examine A P and F M separately. First, we have A P [ ψ̂ ϕ̂ ] (s) = [ Ψ Φ(s) ] , (1.52)

where

Ψ = APψ̂ + ∫ 0 −r AQ(s)ϕ̂(s)ds + BrQ^T (−r)ψ̂ + BS(−r)ϕ̂(−r) + ∫ 0 −r BR(−r,θ )ϕ̂(θ )dθ , Φ(s) = rQ̇^T (s)ψ̂ + Ṡ(s)ϕ̂ (s) + S(s) ^̇ϕ(s) + ∫ 0 −r d ds R(s,θ )ϕ̂ (θ )dθ .

Then, ⟨[ ψ̂ ϕ̂ ] ,A P [ ψ̂ ϕ̂ ]⟩

= ∫ 0 −r ψ̂^TΨ ds + ∫ 0 −r ϕ̂^T (s)Φ(s)ds = rψ̂^T APψ̂ + r ∫ 0 −r ψ̂^T AQ(s)ϕ̂(s)ds + rψ̂^T BrQ^T (−r)ψ̂ + rψ̂^T BS(−r)ϕ̂(−r) +r ∫ 0 −r ψ̂^T BR(−r,θ )ϕ̂(θ )dθ + ∫ 0 −r rϕ̂^T (s)Q̇^T (s)ψ̂ds + ∫ 0 −r ϕ̂^T (s)Ṡ(s)ϕ̂ (s)ds + ∫ 0 −r ∫ 0 −r ϕ̂^T (s)^d_{ds} R(s,θ )ϕ̂ (θ )dsdθ + ∫^0_{−r} ϕ̂^T (s)S(s) ^̇ϕ(s)ds

12 Guoying Miao, Matthew M. Peet, Keqin Gu

= ∫ 0 −r ψ̂ ϕ̂(−r) ϕ̂ (s) T AP + rBQ^T (−r) BS(−r) Θ

0 0 0 rQ̇^T (s) 0 Ṡ(s) ψ̂ ϕ̂ (−r) ϕ̂ (s) ds + ∫ 0 −r ∫ 0 −r ϕ̂^T (s)^∂_{∂ s} R(s,θ )ϕ̂ (θ )dsdθ + ∫^0_{−r} ϕ̂^T (s)S(s) ^̇ϕ(s)ds,

where Θ = r(AQ(s) + BR(−r,s)). Since [ ψ̂ ϕ̂ (s) ] ∈ X, we have ϕ̂ (0) = Cψ̂ +

Dϕ̂ (−r). Then, ∫ 0 −r ϕ̂^T (s)S(s) ^̇ϕ(s)ds

= ϕ̂^T (0)S(0)ϕ̂(0) − ϕ̂^T (−r)S(−r)ϕ̂(−r) − ∫ 0 −r ϕ̂^T (s)Ṡ(s)ϕ̂ (s)ds − ∫^0_{−r} ^̇ϕ^T (s)S(s)ϕ̂ (s)ds =^1_2 (^ ϕ^T (0)S(0)ϕ̂(0) − ϕ̂^T (−r)S(−r)ϕ̂(−r) ) −^1_2 ∫ 0 −r ϕ̂^T (s)Ṡ(s)ϕ̂ (s)ds

=^1_2 ∫ 0 −r ψ̂ ϕ̂ (−r) ϕ̂ (s) T 1 r C^T S(0)C^1_r (C^T S(0)D) 0 1 r (D^T S(0)C) −^1_r (S(−r) − D^T S(0)D) 0 0 0 −Ṡ(s) ψ̂ ϕ̂ (−r) ϕ̂(s) ds.

Thus,

V̇ = ⟨[ ψ̂ ϕ̂ ] ,A P [ ψ̂ ϕ̂ ]⟩ + ⟨ A P [ ψ̂ ϕ̂ ] , [ ψ̂ ϕ̂ ]⟩

+ ⟨ F M [ ψ̂ ϕ̂ ] , [ ψ̂ ϕ̂ ]⟩ + ⟨[ ψ̂ ϕ̂ ] ,F M [ ψ̂ ϕ̂ ]⟩ .

= ∫ 0 −r ψ̂ ϕ̂(−r) ϕ̂ (s) T Γ BS(−r) + FM_1 +^1_r (C^T S(0)D) ϒ ∗ −^1_r (S(−r) − D^T S(0)D) 0 ∗ ∗ Ṡ(s) ψ̂ ϕ̂ (−r) ϕ̂ (s) ds + ∫ 0 −r ∫ 0 −r ϕ̂^T (s) (_∂ ∂ s R(s,θ ) +^∂_{∂ θ} R(s,θ ) ) ϕ̂(θ )dsdθ ,

From conditions (1.43), (1.45) and (1.46), we have V̇ < 0, which, along with (1.51) means that the closed-loop system defined by (1.38)-(1.39) and (1.47) is stable.

Remark 1. When D = 0, System (1.38)-(1.39) may be written in the standard delaydifferential framework studied in [7] and [10]:

ẋ(t) = A_0x(t) + A_1x(t − r_1) + Fu(t) x(t) = ϕ(t).

The primary computational advantage of the differential-difference framework over control of System (1.38)-(1.39) is that we can replace A_1 ∈ R^{n×n} with BC where B ∈ R^{n×m} and C ∈ R^{m×n} and m is typically strictly less than n. Because the dimension of the decision variables in the optimization problem defined in this paper scale as n + 2m as opposed to 3n using the framework in [7] and [10], the complexity of the resulting algorithm is significantly reduced.

Remark 2. Although not explicitly stated, in order to use SOS to enforce the conditions of Theorem 1 and Proposition 1, we choose our decision variables to

1 Inversion of Separable Kernel Operator and Its Application in Control Synthesis 13

be polynomial and use SOSTOOLS and the Positivstellensatz to enforce positivity/negativity on the interval [−r,0]. This approach is described in more detail in [7] and [10].

In the following, we present a numerical example to illustrate the controller obtained from the condition in Proposition 1. We consider the following system with a feedback controller as follows

ẋ(t) =

0 0.5 0 0 0 0 −0.5 −0.5 0 0 0 0 0 1 0.1 1 0 0 0 0 −2 0.2 0 0 0 0 0 1 −2 0 0 0 0 0 0 −0.9 x(t) + By(t − r) + Fu(t), (1.53)

y(t) = [ −0.2 0 0 0 0 0

0 0 0 0 0 1 ] x(t), (1.54)

where r = 1.6s, B = [ 0.5 0 0 0 0 0 0 0 0 0 0 1

]_T , F = [ 1 0 0 0 0 1

]_T . By using Proposition

1, together with the tools of MuPad, Matlab, SOSTOOLS and polynomials with degree 2, we obtain the controller

u(t) = K_0x(t) + [ −0.239 −0.343

]_T y(t − r) + ∫ 0 −1.6

K_2y(t + s)ds, (1.55)

K_0 = [ −1.874 2.232 −0.830 3.099 0.030 −1.033 ] , K_2 = [ −0.246 + 0.221s + 0.122s^2 − 0.012s^3 − 0.032s^4 0.238 − 0.398s + +0.007s^2 + 0.037s^3 + 0.010s^4,

]_T . Using Controller (1.55) coupled with System (1.53)-(1.54) we simulate the closedloop system, which is illustrated in Fig.1.

Fig. 1.1 States of System (1.53)-(1.54) coupled with stabilizing Controller from Prop. 1

14 Guoying Miao, Matthew M. Peet, Keqin Gu

1.5 CONCLUSIONS

In this chapter, we have obtained an analytic formulation for the inverse of jointly positive multiplier and integral operators as defined in [7]. This formulation has the advantage that it eliminates the need for either individual positivity of the multiplier and integral operators or the need to use a series expansion to find the inverse. This inversion formula is applied to controller synthesis of coupled differential-difference equations. The use of the differential-difference formulation has the advantage that the size of the resulting decision variables is reduced, thereby allowing for control of systems with larger numbers of states. These methods are illustrated by designing a stabilizing controller for a system with 6 states and a 2-dimensional delay channel.

Acknowledgements This work was supported by National Natural Science Foundation of PR China under Grant 61503189, the Natural Science Foundation of Jiangsu Province under Grant BK20150926. This work was also supported by NSF Grants 1538374, 1301660, 1301851.

References

1. Gu, K.Q.: Discretized LMI set in the stability problem of linear uncertain time-delay systems.

Int. J. Control 68, 923–934 (1997).

2. Gu, K.: A further refinement of discretized Lyapunov functional method for the stability of time-delay systems.,Int. J. Control 74 967–976 (2001).

3. Peet, M.M., Papachristodoulou, A., Lall, S.: Positive forms and stability of linear time-delay systems. SIAM J. Control Optim 47 3237–3258 (2009).

4. Gu, K., Liu Y.: Lyapunov-Krasovskii functional for uniform stability of coupled differentialfunctional equations. Automatica 45 798–804 (2009).

5. Gu, K.: Stability problem of systems with multiple delay channels. Automatica 46 743–751 (2010).

6. Zhang, Y., Peet, M.M., Gu, K.: Reducing the complexity of the sum-of-square test for stability of delay linear systems.IEEE Transactions Automatic Control 56 229–234 (2011).

7. Peet, M.M.: SOS methods for multi-delay systems: a dual form of Lyapunov-krasovskii functional. Available at https://arxiv.org/abs/1605.04094.

8. Fridman, E., Shaked, U.: An improved stabilization method for linear time-delay systems.

IEEE Transactions on Automatic Control 47 253–270 (2002).

9. Peet, M.M., Papachristodoulou, A.: Inverse of positive linear operator and state feedback design for time-delay system. In 8th IFAC Workshop on Time-delay System, pages 278–283, 2009b.

10. Peet, M.M.: Full state feedback of delayed systems using SOS: a new theory of duality. IFAC Proceedings Volumes, pages 24–29, February 2013.

11. Peet, M.M.: LMI Parameterization of Lyapunov Functions for Infinite-Dimensional Systems:

A Toolbox. In Proceedings of the American Control Conference June 4-6, 2014. 12. Li, H.: Discretized LKF method for stability of coupled differential-difference equations with multiple discrete and distributed delays. International Journal of Robust and Nonlinear Control 22 875–891 (2012).

13. Curtain, R., Zwart, H.: An introduction to infinite-dimensional linear systems theory.

Springer. 2012.