Positive Forms and Stability of Linear Time-Delay Systems

Matthew M. Peet^a, Antonis Papachristodoulou^b, Sanjay Lall^c

aINRIA-Rocquencourt,Domaine de Voluceau, Rocquencourt BP105, 78153 Le Chesnay Cedex, France

bDepartment of Engineering Science, University of Oxford, Parks Road, Oxford, OX1 3PJ, U.K.

cDepartment of Aeronautics and Astronautics, Stanford University, Stanford CA 94305-4035, U.S.A.

Abstract

We consider the problem of constructing Lyapunov functions for linear differential equations with delays. For such systems it is known that exponential stability implies the existence of a positive Lyapunov function which is quadratic on the space of continuous functions. We give an explicit parametrization of a sequence of finite-dimensional subsets of the cone of positive Lyapunov functions using positive semidefinite matrices. This allows stability analysis of linear time-delay systems to be formulated as a semidefinite program.

Key words: Lyapunov stability, Delay systems, Semidefinite programming.

1 Summary of the Paper

In this paper we present an approach to the parametrization of Lyapunov functions for infinite-dimensional systems. In particular, we consider linear time-delayed systems. These are systems which can be represented in the form

ẋ(t) = k∑ i=0 A_ix(t − h_i)

where x(t) ∈ R^n. In the simplest case we are given the delays h_0, . . . , h_k and the matrices A_0, . . . , A_k and we would like to determine whether the system is stable. For such systems it is known that if the system is stable, then there exists a Lyapunov function of the form

V (ϕ) =

∫_0 −h [ ϕ(0)

ϕ(s) ]T M(s) [ ϕ(0)

ϕ(s) ] ds +

∫_0 −h ∫_0 −h ϕ(s)^T N(s, t)ϕ(t) ds dt,

where M and N are piecewise-continuous matrix-valued functions, and h = max{h_0, . . . , h_k}. Here ϕ : [−h, 0] → R^n is an element of the state space, which in this case is the space of continuous functions mapping [−h, 0] to R^n. The function V is thus a quadratic form on the state space. The derivative is also such a quadratic form, and the matrix-valued functions which define it depend linearly on M and N.

In this paper we develop an approach which uses semidefinite programming to construct piecewise-continuous functions M and N such that the function V is positive and its derivative is negative. Roughly speaking, our contributions are as follows

⋆ Corresponding author M. M. Peet.

⋆⋆Elements of this paper have appeared in conference format [19, 20].

Email addresses: matthew.peet@inria.fr (Matthew M. Peet), antonis@eng.ox.ac.uk (Antonis Papachristodoulou),

lall@stanford.edu (Sanjay Lall).

Preprint submitted to SIAM Journal on Control and Optimization 12 February 2008

Spacing Functions: In Theorem 5, we show that for any piecewise continuous function M,

V_1(ϕ) =

∫_0 −h [ ϕ(0)

ϕ(s) ]T M(s) [ ϕ(0)

ϕ(s) ] ds

is positive for all ϕ if and only if there exists a piecewise continuous matrix-valued function T such that

M(t) + [ T (t) 0 0 0 ] ≥ 0 for all t

∫_0 −h T (t) dt = 0.

That is, we convert positivity of the integral to pointwise positivity of M. If we assume that M is polynomial, then pointwise positivity may be easily enforced, and in the case of positivity on the real line this is equivalent to a sumof-squares constraint. The assumption that M is polynomial has recently been shown to be non-conservative. The constraint that T integrates to zero is a simple linear constraint on the coefficients of T . Notice that the sufficient condition that M(s) be pointwise nonnegative is conservative, and as the equivalence above shows it is easy to generate examples where V_1 is nonnegative even though M(s) is not pointwise nonnegative.

Positive Polynomial Kernels: We give a sum-of-squares characterization of positive polynomial kernels. We consider the quadratic form ∫_0 −h ∫_0 −h ϕ(s)^T N(s, t) ϕ(t) ds dt.

In Theorem 7, we show that the quadratic form is positive if and only if there exists a positive semidefinite matrix Q ⪰ 0 such that N(s, t) = Z(s)^T QZ(t), where Z is a vector of monomials. This condition allows us to test positivity of a polynomial kernel using semidefinite programming and implies the existence of a sum-of-squares type representation. Note that pointwise positivity of N is not sufficient for positivity of the functional. The condition that the derivative of the Lyapunov function be negative is similarly enforced.

This paper is organized as follows. We begin with a discussion of the relevant history and prior work. We then give a definition of the system for which we will prove stability and a presentation of the class of Lyapunov functions we will construct. Following this section, we present our first result giving pointwise condition for positivity of the functional. Next, we give a parametrization of piecewise polynomial matrices. We use sum-of-squares techniques to parameterize matrices which are pointwise-nonnegative and we present a new result on the parametrization of kernel matrices which define positive quadratic forms. We then return to the problem of linear time-delay systems to document the derivative of the Lyapunov function along trajectories of the system. Finally, we use this derivative to define a semidefinite program for proving stability of linear time-delay systems.

2 Background and Prior Work

The use of Lyapunov functions on an infinite dimensional space to analyze differential equations with delay originates with the work of Krasovskii [11]. For linear systems, quadratic Lyapunov functions were first considered by Repin [22]. The book of Gu, Kharitonov, and Chen [5] presents many useful results in this area, and further references may be found there as well as in Hale and Lunel [6], Kolmanovskii and Myshkis [10] and Niculescu [14].

The idea of using semidefinite programming and sum-of-squares to solve polynomial optimization problems has many sources. Well known examples include Lasserre [12], Nesterov [13], and Parrilo [17]. Work on this problem continues actively, with recent results to be found in, e.g. Henrion and Garulli [7] and Chesi [3].

An early example of using sum-of-squares polynomials together with semidefinite programming to construct polynomial Lyapunov functions for nonlinear ordinary differential equations can be found in Parrilo [16]. Substantial work has been done in this area, with contributions from, e.g. [29], [26], and [2].

The idea of constructing Lyapunov functions for linear time-delay systems using semidefinite programming is not original or new. A typical approach has been to examine subclasses of functions M and N, e.g. constant matrices, piecewise-linear functions, etc. In practice, some of these approaches have been shown to be highly accurate.

The motivation for this paper is not exclusively the stability of linear time-delay systems. It is our hope, by investigating properties of a positive form known to be necessary and sufficient for stability of infinite dimensional systems, and by using polynomial methods, that our results will also be useful in analysis of nonlinear and partial-differential systems.

Preliminary work on Lyapunov functions for infinite-dimensional systems, including many of the results contained in this paper can be found in conference format in [1, 18–20]. Building on the results of this paper, a treatment of non-quadratic Lyapunov functions for nonlinear time-delay systems appears in Papachristodoulou, Peet, and Lall [15].

2.1 Notation

Let N denote the set of nonnegative integers. Let S^n be the set of n × n real symmetric matrices, and for X ∈ S^n we write X ⪰ 0 to mean that X is positive semidefinite. For two matrices A, B, we denote the Kronecker product by A ⊗ B. For X any Banach space and I ⊂ R any interval, let Ω(I, X) be the space of all functions

Ω(I, X) = { f : I → X }

and let C(I, X) be the Banach space of bounded continuous functions

C(I, X) = { f : I → X | f is continuous and bounded }

equipped with the norm ‖f‖ = sup_{t∈I} ‖f(t)‖_X .

We will omit the range space when it is clear from the context; for example we write C[a, b] to mean C([a, b], X). A function is called C^n(I, X) if the i^{th} derivative exists and is a continuous function for i = 0, . . . , n. A function f ∈ C[a, b] is called piecewise continuous if there exists a finite number of points a < h_1 < · · · < h_k < b such that f is continuous at all x ∈ [a, b]\{h_1, . . . , h_k} and its right and left-hand limits exist at {h_1, . . . , h_k}.

Define also the projection F_t : Ω[−h, ∞) → Ω[−h, 0] for t ≥ 0 and h > 0 by

(F_tx)(s) = x(t + s) for all s ∈ [−h, 0].

We follow the usual convention and denote F_tx by x_t.

3 Linear Time-Delay Systems

Suppose 0 = h_0 < h_1 < · · · < h_k = h and A_0, . . . , A_k ∈ R^{n×n}. We consider linear differential equations with delay, of the form

ẋ(t) = k∑ i=0 A_ix(t − h_i) for all t ≥ 0, (1)

where the trajectory x : [−h, ∞) → R^n. The boundary conditions are specified by a given function ϕ : [−h, 0] → R^n and the constraint x(t) = ϕ(t) for all t ∈ [−h, 0]. (2) If ϕ ∈ C[−h, 0], then there exists a unique function x satisfying (1) and (2). The system is called exponentially stable if there exists σ > 0 and a ∈ R such that for every initial condition ϕ ∈ C[−h, 0] the corresponding solution x satisfies ‖x(t)‖ ≤ ae^{−σt}‖ϕ‖ for all t ≥ 0.

We write the solution as an explicit function of the initial conditions using the map G : C[−h, 0] → Ω[−h, ∞), defined by (Gϕ)(t) = x(t) for all t ≥ −h, where x is the unique solution of (1) and (2) corresponding to initial condition ϕ. Also for s ≥ 0 define the flow map Γ_s : C[−h, 0] → C[−h, 0] by Γ_sϕ = F_sGϕ, which maps the state of the system x_t to the state at a later time x_{t+s} = Γ_sx_t.

3.1 Lyapunov Functions

Lyapunov theory for infinite-dimensional systems closely parallels that for finite-dimensional systems. The difference is that the state-space is now a function space, and therefore Lyapunov functions are actually functions of functions. For linear time-delay systems, the Lyapunov functions we define here are functions of segments of the trajectory, and, in particular, of the state x_t. For a given V : C[−h, 0] → R, we use the standard notion of the Lie derivative or derivative of a function on a vector field. The Lie derivative of V is defined by by the flow map, Γ, as

V̇ (ϕ) = lim sup

r→0^+ 1 r ( V (Γ_rϕ) − V (ϕ) ) .

In keeping with tradition, we will use the notation V̇ to denote the Lie derivative. We will consider the set X of quadratic functions, where V ∈ X if there exist piecewise continuous functions M : [−h, 0) → S^{2n} and N : [−h, 0) × [−h, 0) → R^{n×n} such that

V (ϕ) =

∫_0 −h [ ϕ(0) ϕ(s) ]T M(s) [ ϕ(0) ϕ(s) ] ds +

∫_0 −h ∫_0 −h ϕ(s)^T N(s, t)ϕ(t) ds dt. (3)

The following result shows that for linear systems with delay, the system is exponentially stable if and only if there exists a quadratic Lyapunov function. Define the sets H = {−h_0, . . . , −h_k} and H^c = [−h, 0]\H.

Theorem 1. The linear system defined by equations (1) and (2) is exponentially stable if and only if there exists a Lie-differentiable function V ∈ X and ε > 0 such that for all ϕ ∈ C[−h, 0]

V (ϕ) ≥ ε‖ϕ(0)‖^2 V̇ (ϕ) ≤ −ε‖ϕ(0)‖^2. (4)

Further V ∈ X may be chosen such that the corresponding functions M and N of equation (3) have the following smoothness property: M(s) and N(s, t) are continuous on s, t ∈ [−h, 0]\{−h_0, . . . , −h_k}.

Proof. See Gu et al. [5] or Kharitonov and Hinrichsen [8] for a recent proof.

The consequence of this theorem is that stability of a linear time-delay system is equivalent to the existence of a Lyapunov function which decreases along segments of the trajectory. In the next few sections, we will give results which will allow us to better understand the positivity of the function.

4 Positivity of Integral Forms

The goal of this section is to present results which enable us to characterize functions V ∈ X which satisfy the positivity conditions in (4) and have the form

V (y) =

∫_0 −h [ y(0) y(t) ]T M(t) [ y(0) y(t) ] dt.

Before stating the main result in Theorem 5, we give a few necessary lemmas.

Lemma 2. Suppose f : [−h, 0] → R is piecewise continuous. Then the following are equivalent.

(i) ∫_0 −h f(t) dt ≥ 0 (ii) There exists a function g : [−h, 0] → R which is piecewise continuous and satisfies f(t) + g(t) ≥ 0 for all t, ∫_0 −h g(t) dt = 0.

Proof. The direction (ii) =⇒ (i) is immediate. To show the other direction, suppose (i) holds, and let g be

g(t) = −f(t) + 1 h ∫_0 −h f(s) ds for all t.

Then g satisfies (ii).

The second lemma shows that minimizing over continuous functions is as good as minimizing over piecewise continuous functions.

Lemma 3. Suppose H = {−h_0, . . . , −h_k} and let H^c = [−h, 0]\H. Let f : [−h, 0] × R^n → R be continuous on H^c × R^n, and suppose there exists a bounded function z : [−h, 0] → R, continuous on H^c, such that for all t ∈ [−h, 0] f ( t, z(t) ) = inf_x f(t, x)

Further suppose for each bounded set X ⊂ R^n the set { f(t, x) | x ∈ X, t ∈ [−h, 0] } is bounded. Then inf y∈C[−h,0]

∫_0 −h f ( t, y(t) ) dt =

∫_0 −h inf_x f(t, x) dt (5)

Proof. Let K = ∫_0 −h inf_x f(t, x) dt It is easy to see that inf y∈C[−h,0]

∫_0 −h f ( t, y(t) ) dt ≥ K since if not there would exist some continuous function y and some interval on which f ( t, y(t) ) < inf_x f(t, x)

which is clearly impossible.

We now show that the left-hand side of (5) is also less than or equal to K, and hence equals K. We need to show that for any ε > 0 there exists y ∈ C[−h, 0] such that ∫_0 −h f ( t, y(t) ) dt < K + ε.

To do this, for each n ∈ N define the set H_n ⊂ R by

H_n = k−1⋃ i=1 (h_i − α/n, h_i + α/n) and choose α > 0 sufficiently small so that H_1 ⊂ (−h, 0). Let z be as in the hypothesis of the lemma, and pick M and R so that

M > sup_{t∈[−h,0]}‖z(t)‖

R = sup { |f(t, x)| | | t ∈ [−h, 0], ‖x‖ ≤ M }.

For each n choose a continuous function x_n : [−h, 0] → R^n such that x_n(t) = z(t) for all t ∉ H_n and sup t∈[−h,0]

‖x_n(t)‖ < M

This is possible, for example, by linear interpolation. Now we have, for the continuous function x_n

∫_0 −h f ( t, x_n(t) ) dt = K +

∫_0 −h ( f ( t, x_n(t) ) − f ( t, z(t) )) dt = K + ∫ H_n ( f ( t, x_n(t) ) − f ( t, z(t) )) dt ≤ K + 4Rα(k − 1)/n

This proves the desired result.

The following lemma states that when the arg min_z f(t, z) is piecewise continuous in t, then we have the desired result.

Lemma 4. Suppose f : [−h, 0] × R^n → R and the hypotheses of Lemma 3 hold. Then the following are equivalent.

(i) For all y ∈ C[−h, 0] ∫_0 −h f ( t, y(t) ) dt ≥ 0.

(ii) There exists g : [−h, 0] → R which is piecewise continuous and satisfies

f(t, z) + g(t) ≥ 0 for all t, z ∫_0 −h g(t) dt = 0.

Proof. Again we only need to show that (i) implies (ii). Suppose (i) holds, then inf y∈C[−h,0]

∫_0 −h f ( t, y(t) ) dt ≥ 0

and hence by Lemma 3 we have ∫_0 −h r(t) dt ≥ 0

where r : [−h, 0] → R^n is given by r(t) = inf_x f(t, x) for all t.

The function r is continuous on H^c since f is continuous on H^c × R^n. Hence by Lemma 2, there exists g such that condition (ii) holds, as desired.

We now specialize the result of Lemma 4 to the case of quadratic functions. It is shown that in this case, that under certain conditions, the arg min_z f(t, z) is piecewise continuous.

Theorem 5. Suppose M : [−h, 0] → S^{m+n} is piecewise continuous, and there exists ε > 0 such that for all t ∈ [−h, 0] we have M_{22}(t) ≥ εI where M is partitioned as M = [ M_{11} M_{12} M_{21} M_{22} ]

with M_{22} : [−h, 0] → S^n. Then the following are equivalent. (i) For all x ∈ R^m and continuous y : [−h, 0] → R^n ∫_0 −h [ x y(t) ]T M(t) [ x y(t) ] dt ≥ 0 (6)

(ii) There exists a function T : [−h, 0] → S^m which is piecewise continuous and satisfies

M(t) + [ T (t) 0 0 0 ] ≥ 0 for all t ∈ [−h, 0] ∫_0 −h T (t) dt = 0

Proof. Again we only need to show (i) implies (ii). Suppose x ∈ R^n, and define

f(t, z) = [ x z ]T M(t) [ x z ] for all t, z.

Since by the hypothesis M_{22} has a lower bound, it is invertible for all t and its inverse is piecewise continuous. Therefore z(t) = −M_{22}(t)^{−1}M_{21}(t)x is the unique minimizer of f(t, z) with respect to z. By the hypothesis (i), we have that for all y ∈ C[−h, 0] ∫_0 −h f ( t, y(t) ) dt ≥ 0.

Hence by Lemma 4 there exists a function g such that g(t) + f(t, z) ≥ 0 for all t, z ∫_0 −h g(t) dt = 0. (7)

The proof of Lemma 2 gives one such function as

g(t) = −f ( t, z(t) ) + 1 h ∫_0 −h f(s, z(s)) dt.

We have f ( t, z(t) ) = x^T ( M_{11}(t) − M_{12}(t)M^{−1}_{22} (t)M_{21}(t) ) x and therefore g(t) is a quadratic function of x, say g(t) = x^T T (t)x, and T : [−h, 0] → S^m is continuous on H^c. Then equation (7) implies

x^T T (t)x + [ x z ]T M(t) [ x z ] ≥ 0 for all t, z, x

as required.

Notice that the strict positivity assumption on M_{22} in Theorem 5 is implied by the existence of an ϵ > 0 such that

V (x) ≥ ϵ‖x‖^2,

where ‖·‖_2 denotes the L_2-norm.

We have now shown that the convex cone of functions M such that the first term of (3) is nonnegative is exactly equal to the sum of the cone of pointwise nonnegative functions and the linear space of functions whose integral is zero. The key benefit of this is that it is easy to parameterize the latter class of functions, and in particular when M is a polynomial these constraints are semidefinite representable constraints on the coefficients of M. Note that in (6) the vectors x and y are allowed to vary independently, whereas (3) requires that x = y(0). It is however straightforward to show using the technique in the proof of Lemma 3 that this additional constraint does not change the result.

5 Polynomial Matrices and Kernels

In this paper we use piecewise polynomial matrices as a conveniently parameterized class of functions to represent the functions M and N defining the Lyapunov function (3) and its derivative. Theorem 5 has reduced nonnegativity of the first term of (3) to pointwise nonnegativity of a piecewise polynomial matrix in one variable.

We first make some definitions which we will use in this paper; some details on polynomial matrices may be found in Scherer and Hol [24] and Kojima [9]. We consider polynomials in n variables. As is standard, for α ∈ N^n define the monomial in n variables x^α by x^α = x^{α1}_1 · · · x^{αn}_n . We say M is a real polynomial matrix in n variables if for some finite set W ⊂ N^n we have M(x) = ∑ α∈W A_αx^α

where A_α is a real matrix for each α ∈ W . A convenient representation of polynomial matrices is as a quadratic function of monomials. Suppose z is a vector of monomials in the variables x, such as

z(x) = 1 x_1

x_1x^2

x^4_3

For convenience, assume the length of z is d + 1. Let Q ∈ S^{n(d+1)} be a symmetric matrix. Then the function M defined by M(x) = (I_n ⊗ z(x))^T Q(I_n ⊗ z(x)) (8) is an n × n symmetric polynomial matrix, and every real symmetric polynomial matrix may be represented in this way for some monomial vector z. If we partition Q as

Q = Q_{11} . . . Q_{1n} . . . . Q_{n1} . . . Q_{nn} .

where each Q_{ij} ∈ R^{(d+1)×(d+1)}, then the i, j entry of M is

M_{ij} (x) = z(x)^T Q_{ij} z(x).

Given a polynomial matrix M, it is called a sum of squares if there exists a vector of monomials z and a positive semidefinite matrix Q such that equation (8) holds. In this case,

M(x) ⪰ 0 for all x and therefore the existence of such a Q is a sufficient condition for the polynomial M to be globally pointwise positive semidefinite. A matrix polynomial in one variable is pointwise nonnegative semidefinite on the real line if and only if it is a sum of squares; see Choi, Lam, and Reznick [4]. Given a matrix polynomial M(x), we can test whether it is a sum-of-squares by testing whether there is a matrix Q such that

M(x) = (I_n ⊗ z(x))^T Q(I_n ⊗ z(x)) (9) Q ⪰ 0,

where z is the vector of all monomials with degree half the degree of M. Equation (9) is interpreted as equality of polynomials, and equating their coefficients gives a finite set of linear constraints on the matrix Q. Therefore to find such a Q we need to find a positive semidefinite matrix subject to linear constraints, and this is therefore testable via semidefinite programming. See Vandenberghe and Boyd [28] for background on semidefinite programming.

5.1 Piecewise Polynomial Matrices

Define the intervals H_i = { [−h_1, 0] if i = 1 [−h_i, −h_{i−1}) if i = 2, . . . , k.

A matrix-valued function M : [−h, 0] → S^n is called a piecewise polynomial matrix if for each i = 1, . . . , k the function M restricted to the interval H_i is a polynomial matrix. We represent such piecewise polynomial matrices as follows. Define the vector of indicator functions g : [−h, 0] → R^k by

g_i(t) = { 1 if t ∈ H_i 0 otherwise

for all i = 1, . . . , k and all t ∈ [−h, 0]. Let z(t) be the vector of monomials

z(t) =

1 t t^2 . . t^d

and for convenience also define the function Z_{n,d} : [−h, 0] → R^{nk(d+1)×n} by

Z_{n,d}(t) = g(t) ⊗ I_n ⊗ z(t).

Then it is straightforward to show that M is a piecewise matrix polynomial if and only if there exist matrices Q_i ∈ S^{n(d+1)} for i = 1, . . . , k such that

M(t) = Z_{n,d}(t)^T diag(Q_1, . . . , Q_k)Z_{n,d}(t). (10)

The function M is pointwise positive semidefinite, i.e.,

M(t) ⪰ 0 for all t ∈ [−h, 0]

if there exists positive semidefinite matrices Q_i satisfying (10). We refer to such functions as piecewise sum of squares matrices, and define the set of such functions

Σ_{n,d} = { Z^T_{n,d}(t)QZ_{n,d}(t) | Q = diag(Q_1, . . . , Q_k), Q_i ∈ S^{n(d+1)}, Q_i ⪰ 0 } . If we are given a function M : [−h, 0] → S^n which is piecewise polynomial and want to know whether it is piecewise sum of squares, then this is computationally checkable using semidefinite programming. Naturally, the number of variables involved in this task scales as kn^2(d + 1)^2 when the degree of M is 2d.

5.2 Piecewise Polynomial Kernels

We consider functions N of two variables s, t which we will use as a kernel in the quadratic form ∫_0 −h ∫_0 −h ϕ(s)^T N(s, t) ϕ(t) ds dt (11)

which appears in the Lyapunov function (3). A polynomial in two variables is referred to as a binary polynomial. A function N : [−h, 0] × [−h, 0] → S^n is called a binary piecewise polynomial matrix if for each i, j ∈ {1, . . . , k} the function N restricted to the set H_i × H_j is a binary polynomial matrix. It is straightforward to show that N is a symmetric binary piecewise polynomial matrix if and only if there exists a matrix Q ∈ S^{nk(d+1)} such that

N(s, t) = Z^T_{n,d}(s)QZ_{n,d}(t).

Here d is the degree of N and recall Z_{n,d}(t) = g(t) ⊗ I_n ⊗ z(t).

We now proceed to characterize the binary piecewise polynomial matrices N for which the quadratic form (11) is nonnegative for all ϕ ∈ C([−h, 0], R^n). We first state the following Lemma.

Lemma 6. Suppose z is the vector of monomials

z(t) =

1 t t^2 . . t^d

and the linear map A : C[0, 1] → R^{d+1} is given by

Aϕ =

∫_1 0 z(t)ϕ(t) dt

Then rank A = d + 1.

Proof. Suppose for the sake of a contradiction that rank A < d + 1. Then range A is a strict subset of R^{d+1} and hence there exists a nonzero vector q ∈ R^{d+1} such that q ⊥ range A. This means ∫_1 0 q^T z(t)ϕ(t) dt = 0

for all ϕ ∈ C[0, 1]. Since q^T z and ϕ are continuous functions, define the function v : [0, 1] → R by

v(t) =

∫_t 0 q^T z(s) ds for all t ∈ [0, 1].

Since v is absolutely continuous, we have for every ϕ ∈ C[0, 1] that ∫_1 0 ϕ(t) dv(t) =

∫_1 0 q^T z(t)ϕ(t) dt = 0 where the integral on the left-hand-side of the above equation is the Stieltjes integral. The function v is also of bounded variation, since its derivative is bounded. The Riesz representation theorem [23] implies that if v is of bounded variation and ∫_1 0 ϕ(t) dv(t) = 0 for all ϕ ∈ C[0, 1], then v is constant on an everywhere dense subset of (0, 1). Since v is continuous, we have v is constant, and therefore q^T z(t) = 0 for all t. Since q^T z is a polynomial, this contradicts the statement that q ≠ 0.

We now state the positivity result.

Theorem 7. Suppose N is a symmetric binary piecewise polynomial matrix of degree d. Then ∫_0 −h ∫_0 −h ϕ(s)^T N(s, t)ϕ(t) ds dt ≥ 0 (12)

for all ϕ ∈ C([−h, 0], R^n) if and only if there exists Q ∈ S^{nk(d+1)} such that N(s, t) = Z^T_{n,d}(s)QZ_{n,d}(t)

Q ⪰ 0,

Proof. We only need to show the only if direction. Suppose N is a symmetric binary piecewise polynomial matrix. Let d be the degree of N. Then there exists a symmetric matrix Q such that N(s, t) = Z^T_{n,d}(s)QZ_{n,d}(t).

Now suppose that the inequality (12) is satisfied for all continuous functions ϕ. We will show that every such Q is positive semidefinite. To see this, define the linear map J : C([−h, 0], R^n) → R^{nk(d+1)} by

Jϕ =

∫_0 −h (g(t) ⊗ I_n ⊗ z(t))ϕ(t) dt.

Then ∫_0 −h ∫_0 −h ϕ(s)^T N(s, t)ϕ(t) ds dt = (Jϕ)^T Q(Jϕ).

The result we desire holds if rank J = nk(d + 1), since in this case range J = R^{nk(d+1)}. Then if Q has a negative eigenvalue with corresponding eigenvector q, there exists ϕ such that q = Jϕ so that the quadratic form will be negative, contradicting the hypothesis.

To see that rank J = nk(d + 1), define for each i = 1, . . . , k the linear map L_i : C[H_i] → R^n by

L_iϕ = ∫ H_i

z(t)ϕ(t) dt

Then if we choose coordinates for ϕ such that

ϕ = ϕ|_{H1} ϕ|_{H2} . . ϕ|_{Hk}

where ϕ|_{Hj} restriction of ϕ to the interval H_j , then we have in these coordinates that J is J = diag(L_1, . . . , L_k) ⊗ I_n.

Further, by Lemma 6 the maps L_i each satisfy rank L_i = d + 1. Therefore rank J = nk(d + 1) as desired.

The following corollary gives a tighter degree bound on the representation of N.

Corollary 8. Let N be a binary piecewise polynomial matrix of degree 2d which is positive in the sense of Equation (12), then there exists a Q ∈ S^{nk(d+1)} such that

N(s, t) = Z^T_{n,d}(s)QZ_{n,d}(t) Q ⪰ 0,

Proof. The binary representation used in Theorem 7 had the form

N(s, t) = Z^T_{n,2d}(s)P Z_{n,2d}(t) P ⪰ 0,

where P ∈ S^{nk(2d+1)}. However, in any such a representation, it is clear that P_{ij,ij} = 0 for i = d + 2, . . . , 2d + 1 and j = 1, . . . , kn. Therefore, since P ⪰ 0 these rows and columns are 0 and can be removed. Define Q to be the reduction of P . Z_{n,d} is the corresponding reduction of Z_{n,2d}. Then Q ∈ S^{nk(d+1)}, Q ⪰ 0, and

N(s, t) = Z^T_{n,2d}(s)P Z_{n,2d}(t) = Z^T_{n,d}(s)QZ_{n,d}(t).

For convenience, we define the set of symmetric binary piecewise polynomial matrices which define positive quadratic forms by

Γ_{n,d} = { Z^T_{n,d}(s)QZ_{n,d}(t) | Q ∈ S^{nk(d+1)}, Q ⪰ 0 } .

As for Σ_{n,d}, if we are given a binary piecewise polynomial matrix N : [−h, 0] × [−h, 0] → S^n of degree 2d and want to know whether it defines a positive quadratic form, then this is computationally checkable using semidefinite programming. The number of variables involved in this task scales as (nk)^2(d + 1)^2.

6 Derivatives of the Lyapunov Function

In this section we will take the opportunity to define the relationship between the functions M and N which define the Lyapunov function V , and the functions D and E, which define the derivative of the Lyapunov function along trajectories of the system. As the results are well-known, we will not give detailed derivations for these derivatives. More expository explanations can be found in, e.g. Gu et al. [5] or Niculescu [14].

6.1 Single Delay Case

We first present the single delay case, as it will illustrate the formulation in the more complicated case of several delays. Suppose that V ∈ X is given by (3), where M : [−h, 0] → S^{2n} and N : [−h, 0] × [−h, 0] → R^{n×n}. Since there is only one delay, if the system is exponentially stable then there always exists a Lyapunov function of this form with continuous functions M and N. Then the Lie derivative of V is

V̇ (ϕ) =

∫_0 −h ϕ(0) ϕ(−h) ϕ(s)

T D(s) ϕ(0) ϕ(−h) ϕ(s) ds +

∫_0 −h ∫_0 −h ϕ(s)^T E(s, t)ϕ(t) ds dt.

Partition D and M as M(t) = [ M_{11} M_{12}(t) M_{21}(t) M_{22}(t) ] D(t) = [ D_{11} D_{12}(t) D_{21}(t) D_{22}(t) ]

so that M_{11} ∈ S^n and D_{11} ∈ S^{2n}. Without loss of generality we have assumed that M_{11} and D_{11} are constant. The functions D and E are linearly related to M and N by

D_{11} =

A^T_0 M_{11} + M_{11}A_0 M_{11}A_1 A^T_1 M_{11} 0 + 1 h M_{12}(0) + M_{21}(0) −M_{12}(−h) −M_{21}(−h) 0 + 1 h [ M_{22}(0) 0

0 −M_{22}(−h) ]

D_{12}(t) =

A^T_0 M_{12}(t) − Ṁ_{12}(t) + N(0, t) A^T_1 M_{12}(t) − N(−h, t) D_{22}(t) = −Ṁ_{22}(t)

E(s, t) =

∂N(s, t) ∂s + ∂N(s, t) ∂t .

6.2 Multiple-delay case

Recall we define the intervals H_i = { [−h_1, 0] if i = 1 [−h_i, −h_{i−1}) if i = 2, . . . , k.

We first give the complete class of functions which define the Lyapunov function, V , and its derivative.

Y_1 = { M : [−h, 0] → S^{2n} |

M_{11}(t) is constant for all t ∈ [−h, 0] M is C^1 on H_i for all i = 1, . . . , k }

Y_2 = { N : [−h, 0] × [−h, 0] → S^n | N(s, t) = N(t, s)^T for all s, t ∈ [−h, 0] N is C^1 on H_i × H_j for all i, j = 1, . . . , k }

and for its derivative, define

Z_1 = { D : [−h, 0] → S^{(k+2)n} | D_{ij} (t) is constant for all t ∈ [−h, 0] for i, j = 1, . . . , 3 D is C^0 on H_i for all i = 1, . . . , k }

Z_2 = { E : [−h, 0] × [−h, 0] → S^n | E(s, t) = E(t, s)^T for all s, t ∈ [−h, 0] E is C^0 on H_i × H_j for all i, j = 1, . . . , k }

Here M ∈ Y_1 is partitioned according to

M(t) = [ M_{11} M_{12}(t) M_{21}(t) M_{22}(t) ] , (13)

where M_{11} ∈ S^n and D ∈ Z_1 is partitioned according to

D(t) =

D_{11} D_{12} D_{13} D_{14}(t) D_{21} D_{22} D_{23} D_{24}(t) D_{31} D_{32} D_{33} D_{34}(t) D_{41}(t) D_{42}(t) D_{43}(t) D_{44}(t)

(14)

where D_{11}, D_{33}, D_{44} ∈ S^n and D_{22} ∈ S^{(k−1)n}. Let Y = Y_1 × Y_2 and Z = Z_1 × Z_2. Notice that if M ∈ Y_1, then M need not be continuous at h_i for 1 ≤ i ≤ k − 1, however, we require it be right continuous at these points. We also define the derivative Ṁ(t) at these points to be the right-hand derivative of M. We define the continuity and derivatives of functions in Y_2, Z_1 and Z_2 similarly.

We define the jump values of M and N at the discontinuities as follows.

ΔM(h_i) = lim_{t→(−hi)+} M(t) − lim_{t→(−hi )−} M(t)

for each i = 1, . . . , k − 1, and similarly define

ΔN(h_i, t) = lim_{s→(−hi )+} N(s, t) − lim_{s→(−hi)−} N(s, t)

The derivative of a Lyapunov function can be defined as a linear map Y → Z. This is made explicit in the following definition.

Definition 9. Define the map L : Y → Z by (D, E) = L(M, N) if for all t, s ∈ [−h, 0] we have

D_{11} = A^T_0 M_{11} + M_{11}A_0 + 1 h ( M_{12}(0) + M_{21}(0) + M_{22}(0) )

D_{12} = [ M_{11}A_1 · · · M_{11}A_{k−1} ]

− [ ΔM_{12}(h_1) · · · ΔM_{12}(h_{k−1}) ]

D_{13} = 1 h ( M_{11}A_k − M_{12}(−h) )

D_{22} = 1 h diag ( −ΔM_{22}(h_1), . . . , −ΔM_{22}(h_{k−1}) ) D_{23} = 0

D_{33} = − 1 h M_{22}(−h)

D_{14}(t) = N(0, t) + A^T_0 M_{12}(t) − Ṁ_{12}(t)

D_{24}(t) =

ΔN(−h_1, t) + A^T_1 M_{12}(t) . . ΔN(−h_{k−1}, t) + A^T_{k−1}M_{12}(t)

D_{34}(t) = A^T_k M_{12}(t) − N(−h, t) D_{44}(t) = −Ṁ_{22}(t) and E(s, t) =

∂N(s, t) ∂s + ∂N(s, t) ∂t . Here M is partitioned as in (13), D is partitioned as in (14), and the remaining entries are defined by symmetry.

The map L is the Lie derivative operator applied to the set of functions specified by (3); this is stated precisely below. Notice that this implies that L is a linear map.

Lemma 10. Suppose M ∈ Y_1 and N ∈ Y_2 and V is given by (3). Let (D, E) = L(M, N). Then the Lie derivative of V on the vector field of (1) is given by

V̇ (ϕ) =

∫_0 −h

ϕ(−h_0) . . ϕ(−h_k) ϕ(s)

T

D(s) ϕ(−h_0) . . ϕ(−h_k) ϕ(s) ds +

∫_0 −h ∫_0 −h ϕ(s)^T E(s, t)ϕ(t) ds dt. (15)

7 Stability Conditions

We can now use the results of the paper and the linear map from Definition 9 to give stability conditions.

Theorem 11. Suppose there exist d ∈ N and piecewise matrix polynomials M, T, N, D, U, E such that

M + [ T 0 0 0 ] ∈ Σ_{2n,d}

−D + [ U 0 0 0 ] ∈ Σ_{(k+2)n,d}

N ∈ Γ_{n,d} −E ∈ Γ_{n,d} (D, E) = L(M, N) ∫_0 −h T (s) ds = 0 ∫_0 −h U(s) ds = 0

M_{11} ≻ 0 D_{11} ≺ 0

Then the system defined by equations (1) and (2) is exponentially stable.

Proof. Assume M, T, N, D, U, E satisfy the above conditions, and define the function V by (3). Then Lemma 10 implies that V̇ is given by (15). The function V is the sum of two terms, each of which is nonnegative. The first is nonnegative by Theorem 5 and the second is nonnegative since N ∈ Γ_{n,d}. The same is true for V̇ . The strict positivity conditions of equations (4) hold since M_{11} ≻ 0 and −D_{11} ≻ 0, and Theorem 1 then implies stability.

The feasibility conditions specified in Theorem 11 are semidefinite-representable. In particular the condition that a piecewise polynomial matrix lie in Σ is a set of linear and positive semidefinite constraints on its coefficients. Similarly, the condition that T and U integrate to zero is simply a linear equality constraint on its coefficients. Standard semidefinite programming codes may therefore be used to efficiently find such piecewise polynomial matrices. Most such codes will also return a dual certificate of infeasibility if no such polynomials exist.

As in the Lyapunov analysis of nonlinear systems using sum-of-squares polynomials, the set of candidate Lyapunov functions is parameterized by the degree d. This allows one to search first over polynomials of low degree, and increase the degree if that search fails.

There are various natural extensions of this result. The first is to the case of uncertain systems, where we would like to prove stability for all matrices A_i in some given semialgebraic set. This is possible by extending Theorem 11 to allow Lyapunov functions which depend polynomially on unknown parameters. A similar approach may be used to check stability for systems with uncertain delays. Additionally, stability of systems with distributed delays defined by polynomial kernels can be verified. It is also straightforward to extend the class of Lyapunov functions, since it is not necessary that each piece of the piecewise sums-of-squares functions be nonnegative on the whole real line. To do this, one can use techniques for parameterizing polynomials nonnegative on an interval; for example, every polynomial p(x) = f(x) − (x − 1)(x − 2)g(x) where f and g are sums of squares is nonnegative on the interval [1, 2].

8 Numerical Examples

In this section we present the results of some example computations using the approach described above. The computations were performed using Matlab, together with the SOSTOOLS [21] toolbox and SeDuMi [25] code for solving semidefinite programming problems.

8.1 Illustration.

Consider the process of proving stability using the results of this paper. The following system has well-known stability properties.

ẋ(t) = −x(t − 1) (16)

A Matlab implementation of the algorithm in this paper has been developed and is available online. This implementation returns the following Lyapunov function for system (16). For symmetric matrices, sub-diagonal elements are suppressed.

V (x) =

∫_0 −1 [ x(0) x(s) ]T M(s) [ x(0) x(s) ] ds +

∫_0 −1 ∫_0 −1 x(s)^T R(s, t)x(t) ds dt

where M(s) = [ 27.3 −16.8 + 2.74s

24.3 + 8.53s ]

and R(s, t) = 9.08.

Positivity is proven using the function t(s) = −.915 + 1.83s and the sum of squares functions Q(s) = [ 13 −3.3

12.2 ] ≥ 0 and V (s) = Z(s)^T L Z(s), where

Z(s) = [ 1 s 0 0 0 0 1 s ]T

and

L = 28.215 5.585 −16.8 −1.973 13 1.413 −3.3

24.3 10.365 12.2

≥ 0.

This is because −s(s + 1) ≥ 0 for s ∈ [−1, 0] and

M(s) + [ t(s) 0 0 0 ] = −s(s + 1)Q(s) + V (s).

Furthermore R(s) = 9.08 ≥ 0.

Therefore, by Theorems 11 and 5, the Lyapunov function is positive.

The derivative of the function is given by

V̇ (x) =

∫_0 −1 x(0) x(−1) x(s)

T D(s) x(0) x(−1) x(s) ds

where

−D(s) =

9.3 7.76 −6.34 15.77 −7.72 + 2.74s 8.53 .

Negativity of the function is proven using the function

U(s) = [ .0055 + .011s −.272 − .544s −.458 − .916s ] ,

where ∫_0 −1 U(s) ds = 0, and the sum-of-squares functions

X(s) =

8.86 1.90 −3.23

11.54 −3.71 7.74 and Y (s) = Z(s)^T L Z(s), where

Z(s) =

1 s 0 0 0 0 0 0 1 s 0 0 0 0 0 0 1 s

T

and

L =

9.3 4.43 7.76 .61896 −6.34 −1.0371 8.86 1.281 1.9 −2.1929 −3.23 15.77 5.77 −7.72 .01171 11.54 −.98171 −3.71 8.53 3.87 7.74

≥ 0.

Negativity follows since

−D(s) + [ U(s) 0 0 0 ] = −s(s + 1)X(s) + Y (s).

Therefore, by Theorem 11, the derivative of the Lyapunov function is negative. Stability follows by Theorem 1.

8.2 A single delay.

We consider the following instance of a system with a single delay.

ẋ(t) = [ 0 1 −2 0.1 ] x(t) + [ 0 0 1 0 ] x(t − h)

For a given h, we use semidefinite programming to search for a Lyapunov function of degree d that proves stability. Using a bisection search over h, we determine the maximum and minimum h for which the system may be shown to be stable. These are shown below. d h_{min} h_{max} 1 .10017 1.6249 2 .10017 1.7172 3 .10017 1.71785

When the degree d = 3, the bounds h_{min} and h_{max} are tight [5]. For comparison, we include here the bounds obtained by Gu [5] using a piecewise linear Lyapunov function with n segments.

n h_{min} h_{max} 1 .1006 1.4272 2 .1003 1.6921 3 .1003 1.7161

8.3 Multiple delays.

Consider the system with two delays below.

ẋ(t) = [ 0 1 −1^1_{10} ] x(t) + [ 0 0 −1 0 ] x(t −^h_2 ) + [ 0 0 1 0 ] x(t − h)

As above, using a bisection search over h, we prove stability for the range of h below.

d h_{min} h_{max} 1 .20247 1.354 2 .20247 1.3722

Here for degree d = 2, the bounds obtained are tight. Again we include here bounds obtained by Gu [5] using a piecewise linear Lyapunov function with n segments.

n h_{min} h_{max} 1 .204 1.35 2 .203 1.372

9 Summary

In this paper we developed an approach for computing Lyapunov functions for linear systems with delay. In general this is a difficult computational problem, and certain specific classes of this problem are known to be NP-hard [27]. However, the set of Lyapunov functions is convex, and this enables us to effectively test feasibility of a subset of this set. Specifically, we parameterize a convex set of positive quadratic functions using the set of polynomials as a basis, and the main results here are Theorems 5 and 7. Combining these results with the well-known approach using sum-of-squares polynomials allows one to use standard semidefinite programming software to compute Lyapunov functions. This gives a nested sequence of computable sufficient conditions for stability of linear delay systems, indexed by the degree of the polynomial. In principle this enables searching over increasing degrees to find a Lyapunov function, although further work is needed to enhance existing semidefinite programming codes to make this more efficient in practice.

It is possible that Theorems 5 and 7 are applicable more widely, specifically to stability analysis of nonlinear and partial-differential systems, as well as to controller synthesis. One specific extension that is possible is analysis of delay systems with uncertain parameters, for which sufficient conditions for existence of a Lyapunov function may be given using convex relaxations. It is also possible to analyze stability of nonlinear delay systems, in the case that the dynamics are defined by polynomial delay-differential equations. Preliminary work has also been done on stability analysis of certain types of partial-differential equations. Further extensions to allow synthesis of stabilizing controllers are of interest, and may be possible.

References

[1] M. M. Peet A. Papachristodoulou and S. Lall. Constructing lyapunov krasovskii functionals for linear time-delay systems. In Proceedings of the American Control Conference, pages 2845–2850, June 2005.

[2] G. Chesi. Computing output feedback controllers to enlarge the domain of attraction in polynomial systems.

IEEE Transactions on Automatic Control, 49(10):1846–1850, 2004.

[3] G. Chesi. On the gap between positive polynomials and sos of polynomials. IEEE Transactions on Automatic Control, 52(6):1066–1072, June 2007.

[4] M.D. Choi, T.Y. Lam, and B. Reznick. Real zeros of positive semidefinite forms I. Mathematische Zeitschrift, 171(1):1–26, 1980.

[5] K. Gu, V. L. Kharitonov, and J. Chen. Stability of Time-Delay Systems. Birkhauser, 2003. [6] J. K. Hale and S. M. Verduyn Lunel. Introduction to Functional Differential Equations, volume 99 of Applied Mathematical Sciences. Springer-Verlag, 1993.

[7] D. Henrion and A. Garulli, editors. Positive Polynomials in Control, volume 312 of Lecture Notes in Control and Information Science. Springer, 2005.

[8] V. L. Kharitonov and D. Hinrichsen. Exponential estimates for time delay systems. Systems and control letters, 53(5):395–405, 2004.

[9] M. Kojima. Sums of squares relaxations of polynomial semidefinite programs. Research Report B-397, Department of Mathematical and Computing Sciences, Tokyo Institute of Technology, 2003.

[10] V. Kolmanovskii and A. Myshkis. Introduction to the Theory and Applications of Functional Differential Equations. Kluwer Academic Publishers, 1999.

[11] N. N. Krasovskii. Stability of Motion. Stanford University Press, 1963.

[12] J. B. Lasserre. Global optimization with polynomials and the problem of moments. SIAM J. Optim., 11(3):

796–817, 2001.

[13] Y. Nesterov. High Performance Optimization, volume 33 of Applied Optimization, chapter Squared Functional Systems and Optimization Problems. Springer, 2000.

[14] S.-I. Niculescu. Delay Effects on Stability: A Robust Control Approach, volume 269 of Lecture Notes in Control and Information Science. Springer-Verlag, May 2001.

[15] A. Papachristodoulou, M. M. Peet, and S. Lall. Stability analysis of nonlinear time-delay systems. IEEE Transactions on Automatic Control. In review.

[16] P. Parrilo. On a decomposition of multivariable forms via LMI methods. In ”Proceedings of the American Control Conference”, pages 322–326, 2000.

[17] P. A. Parrilo. Structured Semidefinite Programs and Semialgebraic Geometry Methods in Robustness and Optimization. PhD thesis, California Institute of Technology, 2000.

[18] M. Peet and S. Lall. Constructing lyapunov functions for nonlinear delay-differential equations using semidefinite programming. In Proceedings of the 6th IFAC Symposium on Nonlinear Control Systems(NOLCOS), pages 381– 385, Aug. 2004.

[19] M. M. Peet and A. Papachristodoulou. On positive forms and the stability of linear time-delay systems. In Proceedings of the IEEE Conference on Decision and Control, pages 187–193, 2006.

[20] M. M. Peet and A. Papachristodoulou. Positivity of kernel functions for systems with communication delay. In Proceedings of the IEEE Conference on Decision and Control, Dec. 2007.

[21] S. Prajna, A. Papachristodoulou, and P. A. Parrilo. Introducing SOSTOOLS: a general purpose sum of squares programming solver. Proceedings of the IEEE Conference on Decision and Control, 2002.

[22] I. M. Repin. Quadratic Liapunov functionals for systems with delay. Journal of Applied Mathematics and Mechanics, 29:669–672, 1965.

[23] F. Riesz and B. Sz-Nagy. Functional Analysis. Dover, New York, 1990.

[24] C. W. Scherer and C. W. J. Hol. Asymptotically exact relaxations for robust LMI problems based on matrixvalued sum-of-squares. In Proceedings of the International Symposium on Mathematical Theory of Networks and Systems (MTNS), 2004.

[25] J. F. Sturm. Using SeDuMi 1.02, a matlab toolbox for optimization over symmetric cones. Optimization Methods and Software, 11-12:625–653, 1999.

[26] W. Tan. Nonlinear Control Analysis and Synthesis using Sum-of-Squares Programming. PhD thesis, University of California, Berkeley, 2006.

[27] O. Toker and H. Ozbay. Complexity issues in robust stability of linear delay-differential systems. Mathematics of Control Signals and Systems, 9:386–400, 1996.

[28] L. Vandenberghe and S. Boyd. Semidefinite programming. SIAM Review, 38(1):49–95, 1996. [29] T.-C. Wang. Polynomial Level-Set Methods for Nonlinear Dynamics and Control. PhD thesis, Stanford University, 2007.