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Introduction

» Hybrid Systems are systems that exhibit different dynamics in
different regions of the state space, with a logical rule governing
transitions between dynamics.

» The hybrid system framework is used to model a variety of natural
and man-made systems such as systems with embedded
microprocessors, electrical circuits with switching, air traffic control,
the bouncing ball.

» Hybrid systems also exhibit unique phenomeona, such as Zeno
behavior.
» Zeno behavior is the phenomenon of infinite transitions occurring in
finite time.
» Similar to chattering.
> Causes simulations to fail.
» Arises in models of a number of system: robotic joints,
communication networks, optimal control, or even simple systems
(the bouncing ball)

» Our goal: To develop computational methods to analyze this
behavior.



A Motivating Example: Modeling a Bouncing Ball

Model must contain the following information:
» Dynamics of the ball
» Domain of the dynamics
» Location of collisions
» Effect of collision on dynamics
A Solution: hybrid systems

Figure: A bouncing basketball (courtesy of Wikipedia)



Hybrid Systems

Definition 1: Hybrid System
A hybrid system H is modeled by the tuple

H=(Q,E,D,F,G,R)

where
» @ is the collection of discrete states.

» E C Q x Q provides the set of transitions between discrete states.
For each e = (q,q’), we say g = s(e) and ¢’ = t(e).

v

D := {Dg}q4eq is the collection of domains

v

F :={fy}4cq is the collection of vector fields, where for each
geQ, fy:Dg— R”
G := {Ge}ecE is the collection of guard sets

v

v

R := {¢e}eck is the collection of Reset Maps where for each e € E,
¢e . Ge — Dt(e)-



Modeling a Bouncing Ball with a Hybrid System

We model the bouncing ball with the tuple
B = (Q7E7 D’ F? G7 R)

where
> Q={q}

» E={(q0,q)}
» D:={xcR?:x >0}

> F:={f}, where _
=(n)-(%)

G = {G(qqu)} where G(anqO) ={xe R?:x =0,% < 0}

R = ¢(x) = [0, —cxo] ". Here, c is a coefficient of restitution.

v

v



An Important Assumption

Assumption 1

» Each D4 € D will be of the form
Dy:={xeR":gu(x)>0,g€ Q, k=1,... Kq}

where each gq is a polynomial, and K, is some positive integer.
» Each G, € G will be of the form

Ge = {x € R": heo(x) =0, hex(x) > 0,6 € E,k =1,2,..., Ny}

where each heg, hei are polynomials, and K, is some positive integer.
» Each ¢ € R:R" — R" is of the form

¢e = [¢ela ey ¢en]T

where each ¢,; is a polynomial.



Hybrid System Execution

Definition 2: Hybrid System Execution
The tuple
x=(,T,p,C)
where
» | C N is the index set
> T ={T;}ic; where T; = (t;_1, ;)

» p: | — C describes the evolution of the elements of @
> C = {ci(t)}iecs provides a set of continuous functions
is an execution of a hybrid system H = (Q, E, D, F, G, R) if

> C,’(t) = fp(,-)(c,-(t)); teT;
> ¢i(t) € Dp(,-),Vt eT;
> C,'(t,'+1) S Gp(;)7p(;+1) forall T, € T.



Zeno Equilibria and Executions
Definition 3: Zeno Execution
An execution x of a hybrid system H = (Q, E, D, F, G, R) is said to be
Zeno if
» [=N

> Z:}il i —ti—1 <00

Figure: Zeno behavior in a bouncing ball



Zeno Stability

Definition 4: Zeno Equilibria
A Zeno equilibrium of a hybrid system H = (Q, E,D,F, G, R) is a set
z = {z4}qeq satisfying

> folzq) # 0

» For each edge e = (q,¢), z4 € Ge.

» Similarly, for each edge e = (q,q’), Re(zq) = zy

Definition 5: Zeno Stability

Let H=(Q,E,D,F,G,R) be a hybrid system. The set z is Zeno stable
if, for each g € Q, there exist neighborhoods Z;, where z,; € Z;, such
that for any initial condition xy € quQ Zg, the execution
x=(I,T,p,C), with c,(to) = xo is Zeno, and converges to z.

» We can consider Zeno stability to be a form of finite-time
asymptotic stability.



Cyclic Hybrid Systems

Definition 6: Cyclic Hybrid Systems

A hybrid system H = (Q, E, D, F, G, R) is cyclic if the pair [ = (Q, E)
describes a directed cycle, where Q represents the vertices, and E
represents the edges.

Remark
If a hybrid system contains a Zeno equilibrium, then the graph
representing the hybrid system must contain a cycle.



Necessary and Sufficient Conditions for Zeno Stability

Theorem 1 (Lamperski and Ames)

Consider a hybrid system H = (Q, E, D, F, G, R), with an isolated Zeno
equilibrium {z;}4cq. Let {Wy}qeq be a collection of open
neighborhoods of {z,}4cq. Suppose there exist continuously
differentiable functions V, : R" — R and B, : R” — R, and non-negative
constants {ry}qeq, ¥a, and 7yp, where ry, € [0,1], and ry < 1 for some g
and such that

Vo(x) >0 forall x € We\zg,qg€ Q (1)
Vq(zq) =0, forallge 2)
VVqT(x)fq(x) <0 forallxe Wy, g€ @ (3)
B,(x) >0 forallxe Wy qeQ (4)
VBJ(x)fq(x) <0 forallxe Wy, g€ @ (5)
Vo (Rig,a/)(x)) < rqVa(x), (6)

foralle=(q,q') € Eand x € Ge N W,

Bq(R(q',q)(x)) < (Vg(Rig.q(x)) ™ ()
foralle=1(q,q') € E and x € Ge N W,.



A Simplification of Theorem 1

We can simplify Theorem 1 as follows:

Theorem 2:
Let H=(Q,E,D, F,G,R) be a cyclic hybrid system with Zeno
equilibrium z = {z;}qcq. Let {W; C Dy}qecq. be a collection of

neighborhoods of the {z;},cq. Suppose that there exist continuously
differentiable functions V, : W, — R, and positive constants {rg}qco

and v, where ry € (0,1], and ry < 1 for some g and such that

Vg (x) >0 forall x e Wy\zg,9 € Q
Vq(zq) =0, forallgeQ
VVqT(x)fq(x) < —vy forallxe Wy, g€ @
rqVa(x) > Vg (de(x))

forall e =(q,q') € E and x € G, N W,,.

then z is Zeno stable.



Advantages of Method

» Theorems 1 and 2 provide necessary and sufficient conditions for
Zeno stability.

» They allow for the verification of Zeno stability even for systems
where calculating total time of executions analytically is difficult.

» Theorem 1 has also been used to develop Lyapunov conditions for
the existence of Zeno executions in Lagrangian Hybrid systems.

» More importantly, each V, can be constructed algorithmically. Here,
we use Sum-of-Squares programming.

» We construct our SOS conditions using the Positivstellensatz.



Sum of Squares Polynomials

» A polynomial p is said to be Sum of Squares if it can be expressed as
p=>_f
i

where each f; € R[x]. The set of all SOS polynomials is denoted by
>y

Theorem 3
Consider a polynomial p of degree 2d. Then, the following two
statements are equivalent:

» pis SOS.

» There exists a positive semidefinite matrix @ and a vector Z of all
monomials of degree upto d such that

p=2"Qz



Use of Sum-of-Squares polynomials

» Verifying polynomial nonnegtivity cannot be accomplished in
polynomial time.

» However, verifying whether a polynomial is SOS has been shown to
be decidable in polynomial time.

> We use SOSTOOLS to solve such problems.

A simple example
Consider p(x) = x*> +2x + 1= (x + 1)*
If we choose Z = [1,x]", we search for a 2 x 2 matrix Q. We can then

find L1
o= (1 1)



Verifying Zeno Stability with Sum of Squares Programming
» We apply the Positivstellensatz to Theorem 2:

Let H=(Q,E,D,F,G,R) be a hybrid system with a Zeno equilibrium
{zg}qeq- Let {W,}4eq be a collection of neighborhoods of {z;}4eq-
Moreover, suppose that each W, is a semialgebraic set defined as

Wy :={x €R" : wg(x) >0,k =1,2,..., Kgu }

where wg, € R[x].

Feasibility Problem 1

For hybrid system H = (Q, E, D, F, G, R), find
> agi, Cqk, gk, € i, for k =1,2,...,Kqw and g € Q;
> bgk, dgk, jgk € L, for k =1,2,...,K; and g € Q.
> meyex,forec Eand 1 =1,2,..., N,
» V,, meo € R[x] fore € E and g € Q.

» Constants a,y > 0, {rg}qeq € (0,1] such that ry < 1 for some
qgeq.
such that (continued on next slide)



Feasibility Problem 1 (continued)

Kaw Kq
Vy —axTx — Z AgkWak — Z bgkgqx € Lx forall g e Q
k=1 k=1
Vy(zg) =0 forallge Q
Kaw Kq
—VV] -y - Zchqu - qukqu €Y, forallge@
k=1 k=1
Nq
rq Vq - Vq’(¢e) - me,Ohe,O - Z me,lhe,l
=1

Kaw Kq
— Ziqkqu — qukqu €Y, foralle=(q,q)€E
k=1 k=1

(15)



A Theorem for Verifying Zeno Stability

Using the notation defined previously, and Feasibility Problem 1, we state
the main theorem:

Theorem 4

Let z = {z;}qcq be an isolated Zeno equilibrium of a hybrid system
H=(Q,E,D,F,G,R). If Feasibility Problem 1 has a solution, then z is
Zeno stable.



Nonlinear Numerical Example (1)

Nonlinear Bouncing Ball
The nonlinear bouncing ball hybrid system can be represented by the

tuple:
H: (Q7E7D’F7 G’R)

where

> Q@ ={qo}

> E ={(q0,90)}

» D:={xeR?:x >0}

» G:={xeR?:x =0, xo <0}

> F = {f}, where

. X
= f(x) - ( —g +261x22 )

R = ¢(x) = [0, —coxa(1 — c3x2)] . Here, c1, c2, and c3 are positive
constants satisfying ¢; < 1.

v



Numerical Example (2)
Simulation Results
» The Zeno equilibrium is z = (0,0)T

> We choose
Wy :={x €R":x; >0,1—x? —x2 > 0} for Feasibility Problem 1

> We search for a 4-th order V/(x) that solves Feasibility Problem 1.
We were unable to obtain an explicit range of values of ¢;, ¢, and
c3 such that N was stable.

» We fix each ¢; at certain values, and plot values of the other
constants such that N was Zeno stable (next slide).

Figure: Execution of nonlinear hybrid system



Numerical Example (3)

Simulation Results: Plots of stable values of ¢;, ¢, and ¢
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Figure: Stable values of ¢; and ¢ with c3 fixed



Zeno Stability for Systems with Uncertainty

» We now present a method to verify Zeno stability in systems with
time-invariant parametric uncertainty.

» Treat the set of uncertain parameters as a semialgebraic set.
» Apply the positivstellensatz to Theorem 2 and the uncertain set.



Another Important Assumption
Define the vector of uncertain parameters to lie in the semialgebraic set

P:={peR:pxp)>0,k=12..,K}
where pi(p) are polynomials.
Assumption 2

» Each D, € D will be of the form
Dy :={x € R": gg(x,p) >0,g€ Q, k=1,...,Kq}

where each gg« € R[x,p], K4 € N.
» Each G. € G will be of the form

Ge = {x € R" : heo(x,p) =0, hex(x,p) > 0,e € E.k =1,2,..., Ny}
q

where each he, hex € R[x, p], and K, € N.
» Each ¢, € R:R" — R" is of the form

¢e = [¢e17 ey (ben]T

where each ¢ € R[x, p].



Feasibility Problem 2

For hybrid system H= (Q, E, D, F, G, R), find

>

vV v.v vy

agk, Cqk, Igk, € Lxp, for k=1,2,..,Kqn and g € Q;
bgk, dgk, jgk € Lxp, for k=1,2,...,K; and q € Q.
Mgk, Bak: Cak € Lxp, for k =1,2,.... K1 and g € Q.
mej€Xyp,forec Eand/=1,2,...,Ng

Vg, meo € R[x,p] for e € E and g € Q.

Constants o,y > 0, {rq}qcq € (0,1] such that r, < 1 for some
ge€ Q.

such that (continued on next slide)



Feasibility Problem 2 (continued)

Kaw Kq
T
Vg —ax’x — E :3quqk - § bgk&qk
k=1 k=1

Ki
- Z Mgk Pgk € Xxp forall ge Q
k=1
Vo(zq,p) =0 forallge @
qu Kq
— VVqqu - — Z ququ — Z ququ
k=1 k=1

1
" Bakabak € Txp  forall ge Q

k1:1
Nq K‘IW
rqV (¢e) me gheo — E Me the | — E Igk Wk
=1 k=1
Kq Kl

> jakgak — Y CakPak € Txp for all e =(q,q') € E.

k=1 k=1

(18)



A Theorem for Zeno Stability in Systems with Uncertainties

Theorem 5

Let z = {z;}qeq be a Zeno equilibrium of a hybrid system
H=(Q,E,D,F,G,R). If there is a solution to Feasibility Problem 2,
then z is Zeno stable for all p € P.



Numerical Example for uncertain hybrid systems

Bouncing ball with uncertain coefficient of restitution

We now consider a bouncing ball with an uncertain coefficient of
restitution: A bouncing ball with parametric uncertainties in the reset
map can be described by B, which is the tuple:

B,=(Q,E,D,F,G,R)

where
» Q = {qo}, which provides the discrete state
» E ={(qo,qo)}, which is the single edge from qq to itself
» D:={x € R?: x; > 0} provides the domain. Thus, g4, = x1.
» G={x€R?:x; =0, xp <0} provides the guard. Thus,
h(g0,q0),0 = X1, and h(gy qo).1 = —Xa.

v

R = ¢(x) = [0, —px2] T provides the reset map.

v

F = f(x) provides a vector field mapping D to itself, and where

x:f(@:(ffg)



Numerical Example: Bouncing Ball with uncertainty (2)

Simulation Results
» We consider p € (0, C).

» Construct semialgebraic set:
P:={peR:p(C—-p)<0}
» Analytically, we know that for Zeno stability, the largest C that

allows for Zeno stability is 1.

» We search for a 4-th order V(x) and sos multipliers that solves
Feasibility Problem 2.

> 4th order V/(x) allows us verify Zeno stability for uncertain
parameters on the set (0.001,0.999).



Hybrid System with Multiple Modes and Nonlinear Vector
Fields (1)

» Often, we need to analyze Zeno stability of hybrid systems with
multiple modes and nonlinear vector fields.

» Very difficult to accomplish this analytically.
We considered a nonliear hybrid system with 3 discrete modes:
Nonlinear Hybrid Systems with 3 discrete modes
Consider the hybrid system H = (Q, E, D, F, G, R), where

> @ ={q1, 9,93}

> E={(q1,92),(92,93), (g3, q1) }
» D= {Dl, DQ, D3} where

1
D;={xcR?: x >0, + 5x >0} (20)
1 1
Dg:{xeR2 :xQ—Exl 20,xz+§x1 <0} (21)
1
Ds ={x €R?:x; <0,x + =x; >0} (22)

2



Hybrid System with Multiple Modes and Nonlinear Vector
Fields (2)
Nonlinear hybrid system with 3 discrete modes
> G := {Gia, Ga3, G31} where

1
G = {x eR?:x <0, 5X +x = 0} (23)
9 1
Gz =¢x€eR :xz§0,§x1—xz:0 (24)
Gz = {x ER?:x; >0,x = 0} (25)

» F={f,f, 1}, where

x=Hh(x) = (X2, —5x% —x)7 (26)

5= B0 = (- 3,24 — )7 (27)

x = f3(x) = (x2 + 30, —x1) " (28)
> R = {¢12(x), ¢23(x), #31(x)} where each ¢;j(x) = x.



Hybrid System with Multiple Modes and Nonlinear Vector
Fields (3)

Simulation Results

Figure: Phase Portrait of a hybrid system with 3 modes and nonlinear vector
fields

» We analyzed Zeno stability of z = {z1,2,,2z3}, 21 = z0 = z3 = 0.
» Analyzed Zeno stability of z in the unit ball
» Found degree 8 Vi, V>, and V3 to solve feasibility problem 2.



Systems with Variable Structure Controllers (1)

» Often, variable structure controllers (such as sliding mode,
bang-bang, and gain scheduling controllers) are required for
stabilization.

» However, chattering and Zeno behavior can occur in the closed loop
systems.

» This can be difficult to verify analytically.

A system with a variable structure controller

» We consider the plant
x = (x0,x2 +x2 + u(x,t))7.
» Suppose the chosen controller is
u(x, t) = =2(x{ +x3 )sgn(s(x))

where s(x) = x1 + xo.



Systems with Variable Structure Controllers (2)

A system with a variable structure controller

We can model the closed loop system with a hybrid system
H=(Q,E,D,F,G,R), where

Q ={q1, 9}

E= {(qla q2)7 (Q27 ql)
D = {D,, Dy} where

v

v

v

Dy :={xeR?:x; +x0>0}; Do:={xcR>:x;+x <0}
(29)

v

F = {fi,f} where

=0 —06 +x0))", f=(x305 +x))" (30)

v

G= {612, 621} where
Gio = Gy :={x € R?:x; 4+ x = 0} (31)

R = {¢12(x), ¢21(x)} where each ¢;(x) = x.

v



Systems with Variable Structure Controllers (3)

Simulation Results
A phase portrait of the closed loop vector field is shown below:

Figure: Phase Portrait of a system with a variable structure controller
exhibiting Zeno behavior.

» We analyzed Zeno stability of z = {z;,2} = (0,0).
» We studied Zeno stability in the unit ball around z.

» We were able to find degree 8 Vi and V5 to solve feasibility problem
2.



Hybrid System with Uncertain Switching (1)

» Complete information regarding system parameters may be
unavailable to us - this is parametric uncertainty.

> In the case of hybrid systems, this results in uncertainty in the vector
fields, as well as the transition rules: uncertainties may also be
present in the guard set and the reset map.

» We now consider a system with an uncertain guard set.

A hybrid system with an uncertain guard set
Let the uncertain parameters be defined by

P={peR:p—C >0}

We then consider the hybrid system H = (Q, E, D, F, G, R) which
satisfies assumption 2, where

» Q@ ={q1,q}
» E={(91,9), (92, q1)



Hybrid System with Uncertain Switching (2)

A hybrid system with an uncertain guard set
» D = {Dy, D} where

D1::{XER2:x1+xz20,px1—xz20} (32)
Dy :={xeR?: —px; +x >0} U{x €R?: px; — x0 > 0, —x; — xp > 0}
(33)

» F={f,fh} where
fi =(-0.1,2), fh=(—x —x,x1) (34)
> G = {Glz, G21} where

612 = {XQ — pX1} =0 (35)
G :={x € R?: x4+ X = 0} (36)

> R = {¢12(x), p21(x)} where each ¢jj(x) = x.



Hybrid System with Uncertain Switching (3)

Simulation Results
Phase planes for different values of p are given below:

Figure: Phase plane for p=1



Hybrid System with Uncertain Switching (4)

Simulation Results (continued)

\
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(a) Phase plane for p = 0.4 (b) Phase plane for p =4



Hybrid System with Uncertain Switching (5)

Simulation Results (continued)

> We analyzed Zeno stability of z = {z1,22}, z1 = zo = (0,0) in the

unit ball around z.

» We searched for Vi and V5 of increasing degree in order to obtain
lower bounds on C. This is shown in the table below:

Table: Bound on C obtained for different degrees of feasible Vi, Va.

Degree of Vi, V, | Bound on C
8 2.11
10 1.87
12 1.73




Conclusions

Conclusions

» Hybrid systems are dynamical systems that exhibit both continuous
and discrete behavior. Zeno behavior is a phenomenon unique to
hybrid systems.

» Necessary and sufficient conditions for Zeno stability were provided.

» Verification of Zeno stability is accomplished by solving Feasibility
Problem 1.

» It is possible to verify Zeno stability for a hybrid system with
uncertainties by solving Feasibility Problem 2.

Future Work
» Determine methods to decrease or alleviate the computational cost
of the method.
» Apply the technique to verification of Zeno stability in network
congestion problems.
» Possible applications of convex optimization and sum-of-squares
programming to regularization of Zeno hybrid systems.



END
Thank you for listening!
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