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Reformulation of a Delay System using Fundamental State:

Proofs and Lemmas

Matthew M. Peet, Member, IEEE,

Abstract

A PIE Representation of coupled ODE-PDE systems

Index Terms

PDE Systems

I. PROBLEM FORMULATION

In this note, we focus on translating the most general form of a time-delay system to the differential-difference

formulation and from hence to the ODE-PDE formulation and from hance to the PIE formulation.

II. GENERAL REPRESENTATION OF ODES COUPLED WITH PDES


z(t)

y(t)

ẋ(t)

ẋ(t, s)

 =


D11 D12 C1 C1p
D21 D22 C2 C2p
B11 B12 A Ep
B21(s) B22(s) E(s) Ap




w(t)

u(t)

x(t)

x(t, s)

 (1)

or 
z(t)

y(t)

ẋ(t)

ẋ(t, s)

 = P
[

P, Q1

Q2,
{
Ri
}
]


w(t)

u(t)

x(t)

Λ1x(t)

Λ2x(t)


(2)

where

Λ =

Λ1

Λ2

 , Λ1 =



0 ∆a 0

0 ∆b 0

0 0 ∆a

0 0 ∆b

0 0 ∆a∂s

0 0 ∆b∂s


, Λ2 =



I 0 0

0 I 0

0 0 I

0 ∂s 0

0 0 ∂s

0 0 ∂ss


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and where ∆a is the dirac operator at point a.

P =


D11 D12 C1 C10

D21 D22 C2 C20

B11 B12 A E0

 Q1(s) =


Ca1(s) Cb1(s) Cc1(s)

Ca2(s) Cb2(s) Cc2(s)

Ea(s) Eb(s) Ec(s)


Q2(s) =

[
B21(s) B22(s) E(s) E???(s)

]
, R0(s) =

[
A0(s) A1(s) A2(s)

]
, R1(s, θ) = 0, R2(s, θ) = 0

A. Boundary Condition

BΛ1x(t, s) =
[
Bw Bu Bxo Bxx

]
︸ ︷︷ ︸
Bc=P

[[
Bw Bu Bxo

]
,Bxx

∅, {∅}

]


w(t)

u(t)

x(t)

xf (t, s)

 = Bc


w(t)

u(t)

x(t)

xf (t, s)


III. DE-STATE

x(t, s) :=


x0(s)

x1(s)

x2(s)

 =


x0(s)

x1(a) +
∫ s

a
x1s(θ)dθ

x2(a) + (s− a)x2s(a) +
∫ s

a
(s− a)x2ss(θ)dθ



= P

∅, ∅

∅,

{

I 0 0

0 0 0

0 0 0

 ,

0 0 0

0 I 0

0 0 (s − θ)

 , 0}


xf (t, s) + P

 ∅, ∅
0 0 0

I 0 0

0 I (s − a)I

 , {∅}




0 ∆a 0

0 0 ∆a

0 0 ∆a∂s

x(t, s)

= P

 ∅, ∅
0 0 0

I 0 0

0 I (s − a)I

 ,
{

I 0 0

0 0 0

0 0 0

 ,

0 0 0

0 I 0

0 0 (s − θ)

 , 0}






0 ∆a 0

0 0 ∆a

0 0 ∆a∂s

x(t, s)

xf (t, s)


Now

Λ1P

 ∅, ∅
0 0 0

I 0 0

0 I (s − a)I

 ,
{

I 0 0

0 0 0

0 0 0

 ,

0 0 0

0 I 0

0 0 (s − θ)

 , 0}


 =



0 ∆a 0

0 ∆b 0

0 0 ∆a

0 0 ∆b

0 0 ∆a∂s

0 0 ∆b∂s


P

 ∅, ∅
0 0 0

I 0 0

0 I (s − a)I

 ,
{

I 0 0

0 0 0

0 0 0

 ,

0 0 0

0 I 0

0 0 (s − θ)

 , 0}




= P



T︷ ︸︸ ︷

I 0 0

I 0 0

0 I 0

0 I (b − a)I

0 0 I

0 0 I


,

Q(s)︷ ︸︸ ︷

0 0 0

0 I 0

0 0 0

0 0 (b − s)

0 0 0

0 0 I


∅, {∅}

 = P
[
T, Q(s)

∅, {∅}

]
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where we used

∂sP
[
∅, ∅

g(s), {{0, R1(s, θ), 0}}

]
= P

[
∅, ∅

∂sg(s), {{R1(s, s), ∂sR1(s, θ), 0}}

]
and

∆bP
[
∅, ∅

Q2(s), {{0, R1(s, θ), 0}}

]
= P

[
Q2(b), R1(b, s)

∅, {∅}

]
and

∆aP
[
∅, ∅

Q2(s), {{0, R1(s, θ), 0}}

]
= P

[
Q2(a), 0

∅, {∅}

]
Finally, we have

BΛ1x(t, s) = P
[
BT, BQ(s)

∅, {∅}

]



0 ∆a 0

0 0 ∆a

0 0 ∆a∂s

x(t, s)

xf (t, s)

 = P
[[
Bw Bu Bxo

]
,Bxx

∅, {∅}

]


w(t)

u(t)

x(t)

xf (t, s)


or

P
[
BT, ∅

∅, {∅}

]


0 ∆a 0

0 0 ∆a

0 0 ∆a∂s

x(t, s)

 = P
[[
Bw Bu Bxo

]
,Bxx − BQ(s)

∅, {∅}

]


w(t)

u(t)

x(t)

xf (t, s)


or 


0 ∆a 0

0 0 ∆a

0 0 ∆a∂s

x(t, s)

 = P
[
(BT )−1

[
Bw Bu Bxo

]
, (BT )−1(Bxx(s) − BQ(s))

∅, {∅}

]


w(t)

u(t)

x(t)

xf (t, s)


In conclusion, we have
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x(t, s) = P


∅, ∅

∅,


{


I 0 0

0 0 0

0 0 0


︸ ︷︷ ︸

R0f=L0

,


0 0 0

0 I 0

0 0 (s − θ)


︸ ︷︷ ︸

L1(s,θ)

, 0}



xf (t, s) + P


∅, ∅

0 0 0

I 0 0

0 I (s − a)I


︸ ︷︷ ︸

K(s)

, {∅}




0 ∆a 0

0 0 ∆a

0 0 ∆a∂s

x(t, s)

= P
[
∅, ∅

∅, {{L0, L1(s, θ), 0}}

]
xf (t, s) + P

[
∅, ∅

K(s), {∅}

]
P
[
(BT )−1

[
Bw Bu Bxo

]
, (BT )−1(Bxx(s) − BQ(s))

∅, {∅}

]


w(t)

u(t)

x(t)

xf (t, s)



= P


∅, ∅

K(s)(BT )
−1

[
Bw Bu Bxo

]
︸ ︷︷ ︸

Q2f

,


{R0f , L1(s, θ) +K(s)(BT )

−1
(Bxx(θ) − BQ(θ))︸ ︷︷ ︸

R1f

,K(s)(BT )
−1

(Bxx(θ) − BQ(θ))︸ ︷︷ ︸
R2f

}






w(t)

u(t)

x(t)

xf (t, s)



= P
[
∅, ∅

Q2f ,
{
{R0f ,R1f ,R2f}

}]


w(t)

u(t)

x(t)

xf (t, s)



IV. REFORMULATION

A. LHS

Obviously,


z(t)

y(t)

ẋ(t)

ẋ(t, s)

 = P

I 0 0 0 0

0 I 0 0 0

0 0 0 0 I

 , 0

[
0 0 Q2f

]
,

{
{R0f ,R1f ,R2f}

}





z(t)

y(t)

ẇ(t)

u̇(t)

ẋ(t)

ẋf (t, s)


B. Λ1x

Now recall


0 ∆a 0

0 0 ∆a

0 0 ∆a∂s

x(t, s)

 = P
[
(BT )−1

[
Bw Bu Bxo

]
, (BT )−1(Bxx(s) − BQ(s))

∅, {∅}

]


w(t)

u(t)

x(t)

xf (t, s)


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and

Λ1P

 ∅, ∅
0 0 0

I 0 0

0 I (s − a)I

 ,
{

I 0 0

0 0 0

0 0 0

 ,

0 0 0

0 I 0

0 0 (s − θ)

 , 0}


 = P
[
T, Q(s)

∅, {∅}

]

Λ1x(t, s) = Λ1P

 ∅, ∅
0 0 0

I 0 0

0 I (s − a)I

 ,
{

I 0 0

0 0 0

0 0 0

 ,

0 0 0

0 I 0

0 0 (s − θ)

 , 0}






0 ∆a 0

0 0 ∆a

0 0 ∆a∂s

x(t, s)

xf (t, s)



= P
[
T, Q(s)

∅, {∅}

]



0 ∆a 0

0 0 ∆a

0 0 ∆a∂s

x(t, s)

xf (t, s)

 = P
[
T, Q(s)

∅, {∅}

]
P
[
(BT )−1

[
Bw Bu Bxo

]
, (BT )−1(Bxx(s) − BQ(s))

0, {{I, 0, 0}}

]


w(t)

u(t)

x(t)

xf (t, s)



= P
[
T, Q(s)

∅, {∅}

]



0 ∆a 0

0 0 ∆a

0 0 ∆a∂s

x(t, s)

xf (t, s)

 = P
[
T (BT )−1

[
Bw Bu Bxo

]
, Q(s) + T (BT )−1(Bxx(s) − BQ(s))

∅, {∅}

]


w(t)

u(t)

x(t)

xf (t, s)



C. Λ2x

we have

Λ2x(t) = Λ2P
[
∅, ∅

Q2f ,
{
{R0f ,R1f ,R2f}

}]

w(t)

u(t)

x(t)

xf (t)


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and

Λ2P
[
∅, ∅

Q2f ,
{
{R0f ,R1f ,R2f}

}] =



I 0 0

0 I 0

0 0 I

0 ∂s 0

0 0 ∂s

0 0 ∂ss


P
[
∅, ∅

Q2f ,
{
{R0f ,R1f ,R2f}

}]

=





I 0 0

0 I 0

0 0 I

0 0 0

0 0 0

0 0 0


︸ ︷︷ ︸

I1

+



0 0 0

0 0 0

0 0 0

0 I 0

0 0 I

0 0 0


︸ ︷︷ ︸

I2

∂s + ∂s∂s



0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 I


︸ ︷︷ ︸

I3



P
[
∅, ∅

Q2f ,
{
{R0f ,R1f ,R2f}

}]

= P
[
∅, ∅

I1Q2f ,
{
{I1R0f , I1R1f , I1R2f}

}]+ ∂sP
[
∅, ∅

I2Q2f ,
{
{I2R0f , I2R1f , I2R2f}

}]+ ∂s∂sP
[
∅, ∅

I3Q2f ,
{
{I3R0f , I3R1f , I3R2f}

}]
= P

[
∅, ∅

I1Q2f ,
{
{I1L0, I1R1f , I1R2f}

}]+ ∂sP
[
∅, ∅

I2Q2f ,
{
{0, I2R1f , I2R2f}

}]+ ∂s∂sP
[
∅, ∅

I3Q2f ,
{
{0, I3R1f , I3R2f}

}]
= P

[
∅, ∅

(I1 + I2∂s)Q2f ,
{
{I1L0 + I2L1(s, s), (I1 + I2∂s)R1f , (I1 + I2∂s)R2f}

}]+ ∂sP
[

∅, ∅

∂sI3Q2f ,
{
{0, ∂sI3R1f , ∂sI3R2f}

}]

Where

R1f (s, s)−R2f (s, s) = L1(s, s) =


0 0 0

0 I 0

0 0 0

 and hence I3(R1f (s, s)−R2f (s, s)) = I3L1(s, s) = 0

Finally,

Λ2P
[
∅, ∅

Q2f ,
{
{R0f ,R1f ,R2f}

}]
= P

[
∅, ∅

(I1 + I2∂s)Q2f ,
{
{I1L0 + I2L1(s, s), (I1 + I2∂s)R1f , (I1 + I2∂s)R2f}

}]+ ∂sP
[

∅, ∅

∂sI3Q2f ,
{
{0, ∂sI3R1f , ∂sI3R2f}

}]
= P

 ∅, ∅

(
I1 + I2∂s + I3∂

2
s

)
Q2f ,

{I1L0 + I2


0 0 0

0 I 0

0 0 0

 + I3


0 0 0

0 0 0

0 0 I

 , (I1 + I2∂s + I3∂
2
s

)
R1f ,

(
I1 + I2∂s + I3∂

2
s

)
R2f}




= P

[
∅, ∅

Q̂2f ,
{
{R̂0f , R̂1f , R̂2f}

}]
where we used

∂sI3R1f (s, θ)− ∂sI3R2f (s, θ) = ∂sI3L1(s, θ) = I3


0 0 0

0 0 0

0 0 I


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For reference:

Q̂2f =
(
I1 + I2∂s + I3∂

2
s

)
Q2f

R̂0f = I1


I 0 0

0 0 0

0 0 0

+ I2


0 0 0

0 I 0

0 0 0

+ I3


0 0 0

0 0 0

0 0 I


R̂1f =

(
I1 + I2∂s + I3∂

2
s

)
R1f

R̂2f =
(
I1 + I2∂s + I3∂

2
s

)
R2f

D. In Conclusion

we have

Λ1x(t, s) = P
[
T (BT )−1

[
Bw Bu Bxo

]
, Q(s) + T (BT )−1(Bxx(s) − BQ(s))

∅, {∅}

]


w(t)

u(t)

x(t)

xf (t, s)


and

Λ2x(t) = Λ2P
[
∅, ∅

Q2f ,
{
{R0f ,R1f ,R2f}

}]

w(t)

u(t)

x(t)

xf (t)

 = P
[
∅, ∅

Q̂2f ,
{
{R̂0f , R̂1f , R̂2f}

}]

w(t)

u(t)

x(t)

xf (t)


hence 

w(t)

u(t)

x(t)

Λ1x(t)

Λ2x(t)


= P


P̂f︷ ︸︸ ︷

I 0 0

0 I 0

0 0 I

T (BT )−1Bw T (BT )−1Bu T (BT )−1Bxo

,

Q̂1f (s)︷ ︸︸ ︷
0

0

0

Q(s) + T (BT )−1(Bxx(s) − BQ(s))


Q̂2f ,

{
{R̂0f , R̂1f , R̂2f}

}




w(t)

u(t)

x(t)

xf (t, s)



= P
[

P̂f , Q̂1f (s)

Q̂2f ,
{
{R̂0f , R̂1f , R̂2f}

}]


w(t)

u(t)

x(t)

xf (t, s)


Combining with


z(t)

y(t)

ẋ(t)

ẋ(t, s)

 = P

I 0 0 0 0

0 I 0 0 0

0 0 0 0 I

 , 0

[
0 0 Q2f

]
,

{
{R0f ,R1f ,R2f}

}





z(t)

y(t)

ẇ(t)

u̇(t)

ẋ(t)

ẋf (t, s)


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we have

P

I 0 0 0 0

0 I 0 0 0

0 0 0 0 I

 , 0

[
0 0 Q2f

]
,

{
{R0f ,R1f ,R2f}

}





z(t)

y(t)

ẇ(t)

u̇(t)

ẋ(t)

ẋf (t, s)


= P

[
P, Q1

Q2,
{
Ri
}
]
P
[

P̂f , Q̂1f (s)

Q̂2f ,
{
{R̂0f , R̂1f , R̂2f}

}]︸ ︷︷ ︸
P
[

P̃, Q̃1

Q̃2,
{
{R̃i}

}]


w(t)

u(t)

x(t)

xf (t, s)

 (3)

V. OLD FORMAT


I

I

TBw TBu T





z(t)

y(t)

ẇ(t)

u̇(t) ẋ(t)

ẋf (t, s)




=


D11 D12 C1
D21 D22 C2
B1 B2 A




w(t)

u(t) x(t)

xf (t, s)



 (4)

[
TBw TBu T

]
= P

[[
0 0 I

]
, 0[

Q2f

]
,

{
{0,R1f ,R2f}

}
]
,


D11 D12 C1
D21 D22 C2
B1 B2 A

 = P
[

P̃, Q̃1

Q̃2,
{
{R̃i}

}]

VI. VARIABLE REFERENCES

P
[

P̃, Q̃1

Q̃2,
{
{R̃i}

}] = P
[

P, Q1

Q2,
{
Ri
}
]
P
[

P̂f , Q̂1f (s)

Q̂2f ,
{
{R̂0f , R̂1f , R̂2f}

}]

P =


D11 D12 C1 C10

D21 D22 C2 C20

B11 B12 A E0

 Q1(s) =


Ca1(s) Cb1(s) Cc1(s)

Ca2(s) Cb2(s) Cc2(s)

Ea(s) Eb(s) Ec(s)


Q2(s) =

[
B21(s) B22(s) E(s) E???(s)

]
, R0(s) =

[
A0(s) A1(s) A2(s)

]
, R1(s, θ) = 0, R2(s, θ) = 0

K(s) =


0 0 0

I 0 0

0 I (s− a)I

 , L0 =


I 0 0

0 0 0

0 0 0

 , L1(s, θ) =


0 0 0

0 I 0

0 0 (s− θ)


R0f (s) = L0, R1f (s, θ) = L1(s, θ) + R2f (s, θ), R2f (s, θ) = K(s)(BT )−1(Bxx(θ)−BQ(θ))

Q2f = K(s)(BT )−1
[
Bw Bu Bxo

]
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P̂f =


I 0 0

0 I 0

0 0 I

T (BT )−1Bw T (BT )−1Bu T (BT )−1Bxo

 , Q̂1f =


0

0

0

Q(s) + T (BT )−1(Bxx(s)−BQ(s))


Q̂2f =

(
I1 + I2∂s + I3∂

2
s

)
Q2f

R̂0f = I1


I 0 0

0 0 0

0 0 0

+ I2


0 0 0

0 I 0

0 0 0

+ I3


0 0 0

0 0 0

0 0 I


R̂1f =

(
I1 + I2∂s + I3∂

2
s

)
R1f

R̂2f =
(
I1 + I2∂s + I3∂

2
s

)
R2f

I1 =



I 0 0

0 I 0

0 0 I

0 0 0

0 0 0

0 0 0


, I2 =



0 0 0

0 0 0

0 0 0

0 I 0

0 0 I

0 0 0


, I3 =



0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 I



T =



I 0 0

I 0 0

0 I 0

0 I (b− a)I

0 0 I

0 0 I


, Q(s) =



0 0 0

0 I 0

0 0 0

0 0 (b− s)

0 0 0

0 0 I


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