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State-Space

The standard state-space form is

z(t) = Az(t) + Bul(t)

y(t) = Cx(t) + Du(t)
State-space reflects an approach based on internal dynamics as opposed to
input-output maps.

e For a given mapping, G : u — y, the choice of A, B,C, D is not unique.
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Solving the Equations

Find the output given the input

State-Space:

& = Ax(t) + Bu(t) Input Output
y(t) = Cx(t) + Du(t)  z(0)=0 % giiiz;f]pace AN

Basic Question: Given an input function, u(t), what is the output?
Solution: Solve the differential Equation.

Example: The equation

has solution
z(t) = ey,

But we are interested in . Can we define the matrix exponential?
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The Solution to State-Space

Ignore Inputs and Outputs:
The equation

z(t) = Ax(t), 2(0) = xq

has solution 2(t) = eag

The function et must satisfy the following

=1, and ieAt = Ae??t
dt

For scalars, the matrix exponential is defined as
an
e“:1+a+a2/2+...+m+...
We define the exponential for matrices is defined the same way as scalars

1 1 1
A 2 3 k
=J+A+=A —A —A
e FAG SAT G S A g AR
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The Solution to State-Space

The matrix exponential has the following properties
° eo =7

1 1
eO:I+0+§02+603+~--:I

. 1 1
M =T+ M+ (M) + (M) +- -+
2 6 k
* 1 2\ % 1 3 " 1 k :
=I1+M +(§M) + 6M Fo M)

1 1 :
= (I+M+2M2+6M3+~~+M’“+m)
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The Solution to State-Space

d oa_ d

et = <I+(At)+;(At)2+~~+(At)k+-~>

2
=0+ A+ SA(AD) + %A(At)2 4o S AADR -

1
:A<I+(At)+2(At)2+---+
However,
eM+N ” M N

Unless, MN = NM.

M. Peet Lecture 5: State-Space Theory 6 /16



Find the output given the input

The equation i(t) = Ax(t), z(0) = zo
has solution x(t) = etag
Proof.

Let z(t) = eAtxg, then
o 2(t) = Aettzy = Ax(t).
o z(t) = 29 = 7

What happens when we add an input instead of an initial condition?
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Find the output given the input
State-Space:

& = Ax(t) + Bu(t) - e
1.60 —Dollars per Euro
y(t) = Ca(t) + Dult)  2(0)=0 .
The equation %"”
i(t) = Az(t) + Bu(t),  2(0)=0 -
has solution o

& 3 % 3 T 83 8 35 8 g e
E 5§ § 5 5§ 5§ 58 5§ 5 § %

t
az(t):/ e %) Bu(s)ds
0

Proof.
Check the solution:

t
@(t) = e®Bu(t) + A/ eAt=%) Bu(s)ds
0

= Bu(t) + Axz(t)
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Find the output given the input

Solution for State-Space

State-Space:
& = Az(t) + Bu(t)
y(t) = Cx(t) + Du(t)

Now that we have x(t), finding y(t) is

easy
y(t) = Cx(t) + Du(t)

t
= [ Ce**%) Bu(s)ds + Du(t)

0

xz(0) =0
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Conclusion: Given u(t), only one integration is needed to find y(t)!

Note that the state, x, doesn’t appear!!
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Calculating the Output

Numerical Example, u(t) = sin(t)

State-Space:
t=—z(t)+u

Solution:

y(t) = /Ot CeA'=%) Bu(s)ds + Du(t)

t
1

= e_t/ e’ sin(s)ds — = sin(t)
0 2

1 1

= ie_t (e*(sins — cos s)[f) — 5 sin(t)
1 1

= ie_t (e'(sint — cost) + 1) — 3 sin(t)
1

=3 (e_t - cost)
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Stability

z(t) = Ax(t)
There are several notions of stability.

e All notions are equivalent for linear systems.

Definition 1.

A differential equation is stable if any solution z(t) satisfies

lim 2(t) =0

t—o0

M. Peet Lecture 5: State-Space Theory 11 /16



Stability

The unique solution has the form z(t) = e/tx,.

i(t) = Ax(t)

Question: Is it stable?
Suppose A is diagonalizable, so A = TAT !, so that

AF = TATYTAT ... TAT™ " = TAFT—!
We conclude that

1

1
et = (TT—1 + (TAT M)t + 5(TAQT—l)t2 +ot g

(TAFT=H)tF 4. )

:T(I+(At)+;(At)2+---+;!(At)k—km)T_l

= TeMT ™!
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Stability

But we can see that e’* converges

1
eAt:I+At+~~+yAkt’“+m
T+ Mt 4 etit

1+t +--- ernt
The solution is a linear combination of the functions of the form e*it.

o lim; o et — 0 if and only if Re \;(A) < 0 for all i.
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Stability

Inconveniently, not all matrices are diagonalizable.
e However, all matrices are Jordan diagonalizable.
» A =TJFT1 where J
o Hence ¢t = Te/tT—1
Consider a single Jordan block J; = \;1 + N.
e Convenient because \;I and N commute.

» Hence eMI+N = grilelV,

eJit — e/\it+Nt — e}\iteNt

Conveniently N =0, so the series expansion terminates

1 1
Nt 2 k—14k—1
=14+ N+ =N24...40_—— Nk
c 2 (k—1)

1 1
elit = . 1+ N+ -N%+... 4 ——— Nkl
L 2 (k—1)!
i

This time all terms have the form tie for i < k
o limy_, o t'e* = 0 if and only if Re A < 0
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Stability

Now consider the general case A = TJT~! where

J1
J =
In
Then
eJlt
M =TT =T 7!
eJnt

et is entirely composed of terms of the form

e)\lttk’

k!

We conclude that @(t) = Az(¢) is stable if and only if Re A < 0.
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Stability

Definition 2.
A is Hurwitz if Re \;(A4) < 0 for all 4.

Theorem 3.
x(t) = Ax(t) is stable if and only if A is Hurwitz.
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