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Optimal Output Feedback

Recall: Linear Fractional Transformation

Z €« «—— W
P
y <t u
> K
Plant: . b A ‘ B, B,
{Z} — [P“ PIQ} B] where P=| C,| Dy D
Yy 21 22 Cy | Doy Doy
Controller: Ak | Bk
u = Ky Where K = {C‘K‘W
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Optimal Control

Choose K to minimize

| Pi1 + Pia(I — K Py2) 'K Py ||

Equivalently choose [ él,i g; } to minimize

A 0 B, 0 I —Dg] '[0 Ck]| Bi+ B2DrQDo

+ BxQD

0 Ax 0 Bgk||-D2x2 I Cy 0 K& D21
[

I —Dxk] '[0 Ck
—D22 I

0] + [D12 0] { } D11+ D12Dr QD2

C: 0 .

where Q = (I — DQQDK)_l.
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Optimal Control

Recall the Matrix Inversion Lemma:

Lemma 1.

A B!

C D

Al 4+ A'B(D-CA™'B)"1CA™! —-A'B(D-CA1B)™!
—(D-CA™'B)"tcA! (D-CA™'B) !

B (A— BD-1C)! —(A—BD'C)"'BD"!
~ |-D'C(A-BD™'C)"' D'+ D"'C(A- BD"!C)"!BD™!
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Optimal Control

Recall that .
{ I _DK] _ [I + DgQDo DKQ}
—D22 I QD22 Q

where Q = (I — DQQDK)_l. Then

A [A 0] B 0 I —-Dgl7'[0 ok
A0 Ag 0 Bgl||-Dy I Cy 0

= [A 0 } N {32 0 ] {HDKQDQQ DKQ} {0 CK]

_ A+ BsDgQCy By(I 4+ DrQDy3)Cxk
BrQCy Ax + BgQD22Cx
Likewise
I+DgQDs; DrQ| |0 Cg
Cyu=|C; 0 D 0
! [1 }Jr[lz }{ QDoy Q C, 0

= [Cl + D12DkQCy  D1a(I + DKQDQZ)CK]
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Optimal Output Feedback Control

Thus we have

A+ ByDgQCy  By(I + DrgQD23)Ck By + By D QDo
BrQCs Ag + BxQD3Cg Br QD
[C1+ D12DQC>  D13(I + DkQD32)Ck]| | D11 + D12Dk QDo

where Q = (I — D22DK>_1.
e This is nonlinear in (Ax, Bk,Ck,Dk).

e Hence we make a change of variables (First of several).
Ao = Ak + Bk QD22Ck
Bk = BkQ
Cka2 = (I + DkQD22)Ck
Dk2 = DkQ
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Optimal Output Feedback Control

This yields the system

A+ ByDgoCy ByCrko Bi + ByDga Doy
Bg2Co Ago BgaDoy
[C1 4 D12Dk2C>  D12Cks] | D11+ D12Dga Doy

. o Ago | Bko ]
Which is affine in .
ich i ine i |:CK2 Drca
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Optimal Output Feedback Control

Hence we can optimize over our new variables.
e However, the change of variables must be invertible.

If we recall that
(I-QM) ™ =1+Q(I—-MQ)'M

then we get
I+ DgQDyy =1+ Dg(I — DygDg) ' Doy = (I — D Do) ™!
Examine the variable C'ko

Cko = (I + Dg(I — DyyDg) ' Dys)C
= (I — DgD9y) 'Ok

Hence, given Cko, we can recover C'i as

Ck = (I = DgD22)Cika
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Optimal Output Feedback Control

Now suppose we have Dgs. Then
Dgs = DgQ = Di(I — Dy D) ™!
implies that
Dk = Da(I — D22 Dk) = Dg2 — Dg2Da22 D

or
(I + Dg2D22)Dg = Dgo

which can be inverted to get

Dy = (I + DgaDos) ' Do
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Optimal Output Feedback Control

Once we have Ck and Dg, the other variables are easily recovered as
By = Bg2Q ™" = Bgo(I — D2s D)
Ag = Ago — B (I — DayDp) ' DaaCix
To summarize, the original variables can be recovered as
Dy = (I + DgaDas) " Dieo
Br = Bga(I — D22 D)
Crx = (I — DgD23)Ck»
Ax = Ago — Br(I — Doz D) ' DaoCix
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Optimal Output Feedback Control
A B A+ ByDgoCs Bchﬂ Bi + ByDgoDoy ]
cl cl L
|: Ccl Dcl :| T

Br2Cs Ak BraDa
[C1 4 D12Dk2C>  D15Cks] | D11+ D12DgaDay |

Ag Bg] |40 Bip 0 By B0 T 0]
[CD}_OOOJFIO[C DHCOD
cl cl Cl O Dll_ 0 D12 K2 K2 2 21 |
Or
4 _[A 0 +'0 Bg] [Am Bm} [0 I}
o 0] "|I 0] |Cka Dg2||C2 O

0

B, + 0 Ba| |Ak2 Bga|| 0

0 I 0| |Ck2 Dga| |Dax
Ago Bgo| |0 I

Ca=[C1 0]+[0 Dy [Om Dm] [02 o]

Ags Bgo| | 0
Ck2 Dga| |Da
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Optimal Output Feedback Control

Lemma 2 (Transformation Lemma).

Suppose that

Y1 I
K
Then there exist X5, X3,Yo,Y3 such that
—il
X X [V Y, _ =il
X—[XQT XJ_[YQT y:,,] —Y 50

i I

where Y, = [YQT 0

] has full rank.
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Optimal Output Feedback Control

Proof.

e Since
Yim [
[I Xl] >0,

by the Schur complement X; > 0 and X1_1 — Y7 > 0. Since
I—X,Y1 =X (X;' = Y1), we conclude that T — X,Y; is invertible.

e Choose any two square invertible matrices X5 and Y5 such that

XYV, =1—- XY,

e Because Y5 is non-singular,
YT Y- I 0
o 1 2 _
Y, _{I O] and Xcl—[Xl X2]
are also non-singular.
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Optimal Output Feedback Control

Proof.
e Now define X and Y as
X=Y,"X, and Y =Xx,'vI

Then
XY =Y ' XuX'Yu=1
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Optimal Output Feedback Control

Lemma 3 (Converse Transformation Lemma).

Given X = {X% XZ} > 0 where Xy has full column rank. Let
Xy X3
1 _v_|h Y
X " =Y= {YZT Y,
then
i I
{I XJ >0

1
vy 0] has full column rank.
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Optimal Output Feedback Control

Proof.

Since X5 is full rank, X, = [
XY = I implies

v (Y1 Yol [Xh Xof [ I O
K,IX_|:I 0 X’QT XS — X1 X2 —Xcl.

I 0

X, XJ also has full column rank. Note that

Hence YT_-Yl % [I o vy
4TI 0] | X X T 7

has full column rank. Now, since XY = I implies X;Y; + XQYQT = I, we have

I o][vn I1_[ n Il Mm I
X1 Xo| Y o] T [ Xin+XeYd X1 T |1 Xa

XaYe = {

Furthermore, because Y,; has full rank,

[Yl 1

I XJ =XuYu=XaY X, =Y XYy >0
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Optimal Output Feedback Control

Theorem 4.

The following are equivalent.

o There exists a K = {i‘BiK} such that ||S(K, P)||m.. <.
Ck | Dk =

o There exist X1,Y1, Ap, By, Cp, D, such that [)? ;] >0
1
[AY1+Y1AT +B2Cr+CT BT «T *" 1
AT + A, + [B2DyCo)T X1A+AT X1+ B,Co+C3 BY T T <0
[Bi + B2Dy, D] [XBi1 + BnD2i]" -1

C1Y1 + D12C, C1 4 D12D,,C> D11+D12Dn D2y —I ]
Moreover,
[ Ags | Bre |_[X2 XiBo] ' [[4: B.] _ [X14vi 0] [YS o]
oo En C. D, 0 o] ey I

for any full-rank X5 and Ys such that

X, X [vi vt
XTI X3 |YL Y3
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Optimal Output Feedback Control

Proof: If.

Suppose there exist X1,Y1, A, By, Cy, D, such that the LMI is feasible. Since
X, I]
{ S R

by the transformation lemma, there exist X5, X3, Y5, Y3 such that

- =il
X X Y Y
X = {X:T XJ__YQT YJ >0
Y I

where Y, = [YQT O] has full row rank. Let K = [ ég gi } where

Dg = (I 4+ Dk2Das) 'Di»

Br = Bga(I — D23 D)

Ckx = (I — DgD23)Ck»

Ag = Ags — Bg(I — D23 D) ' D2:Cl.

Lecture 21
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Optimal Output Feedback Control

Proof: If.

and where

Ao | Bx2 | [Xo XiB| ' [[4n B.] [X:AY: 0]][YL o]
Cxs | Do | |0 I C, D, 0 off|cni I

O
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Optimal Output Feedback Control

Proof: If.

As discussed previously, this means the closed-loop system is

A 0 Bl 0 B2

Acl Bcl _ AKZ BK2 0 I 0
[Ccl Dcl:| 0 ! J v . J |:CK2 DKJ |:02 0 D21:|
A 0 B 0 By
=10 0 O [+ (I O
Ci 0 Dy 0 Do

Xo X1B:| ' [[An B.] [XiAY: 0]][YL o] '[o I o0
0 1 C, D, 0 0] [CoYr I Co 0 Doy
We now apply the KYP lemma to this system
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Optimal Output Feedback Control

Proof: If.

Expanding out, we obtain

YI 0 0] [AZX+XA, XBy CL][vu 0 0
0 I 0 BCTlX —~I Dg 0 I 0f=
0 0 I Ccl Dcl 77] 0 0 I
AY1+Y1 AT +ByCr+Cy By T ! "
AT + A, + [B2D,Co]" X1A+ATX,1+B,Co+CT BY T _ <0
[B1 + B2D,, D1 ]” [XBy + B,D2]" —I
C1 Y1 + D12Cy, C1+ D12D,,Cs D11+D12DyDo1 —vI
A B .
Hence, by the KYP lemma, S(P, K) = [ CCZ DCl } satisfies
cl cl

IS(P, K)o <7 O
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Optimal Output Feedback Control
Proof: Only If.

Now suppose that ||S(P, K)||n., < 7 for some K = Ax | Br . Since
o Ck | Dk

IS(P, K)||m.., <7y, by the KYP lemma, there exists a

X = [Xl XQ} >0

X2T X3
such that
Bg;X —I DZ; <0
CYcl Dcl _7—[

Because the inequalities are strict, we can assume that X5 has full row rank.
Define
I Yo IR
Y = [YQT Y:J =X and Yo = Yy 0

Then, according to the converse transformation lemma, Y,; has full row rank

and X I
R
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Optimal Output Feedback Control
Proof: Only If.

Now, using the given Ag, Bx,Ck, Dk, define the variables

A, B,| [Xo XiB2| [Ak2 Br2| [Yd 0 n X147 0
C, D,| |0 I Cr2 Dgao| |CoY1 I 0 0"

where
Ags = Ag + Bx(I — DyaDp) 'D2sCx  Brga = Bg(I — DyaDg) ™!

Cro = (I + Dg(I — DyaDg) ' D9)Cx  Dgo = D (I — DyaDp) ™t

Then as before

A 0 B1 0 B2

[‘é“l gcl] 00 0 |+][I o0

o Ci 0 Dy 0 Di
Xo X1B:| ' [[An B.] [XiAY: 0]][YL o] '[o I o0
0o I C. D, 0 o]|eyvi Il [c: 0 Dy

O
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Optimal Output Feedback Control

Proof: Only If.
Expanding out the LMI, we find

AYi +Y1 AT+ ByCr+CT BT o7 o7 o7
AT + A, + [B2DnC2)T X1A+AT X1+ B,C>2+C3 BY T T
[Bi + B2D,, Do) [XBy + B, D2]" —~I
C1Y1 + D120 C1+ D12D,Co D11+D12Dn D21 —vI
YC{ 0 0 AZZX + XAy X Cg; Yy 0 0
=10 I 0 Bg;Xcl —~I DZ; 0 I 0f<0
0 0 I Cy D,y —vI 0 0 I
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Conclusion

To solve the H.-optimal state-feedback problem, we solve

min vy such that
v, X1,Y1,4n,Bn,Cpn Dy,

X, I
[ I Yl] >0
AY: +Y1AT+BQCn+CZB2T «T x7 T
AT + A, + [B2D,Co]" X1A+AT X1+ B,Co+CT BY «T - <0
[Bi + B2D,, Doy )" [XBy + B.D2]" -1
C1Y1 + D12Cy C1 4 D12D,,C> D11+D12Dy D2y —~I

M. Peet Lecture 21: 25 /28



Conclusion

Then, we construct our controller using

Dy = (I + DgsDa2) ' Do
Bk = Bga(I — D22 D)
Ck = (I — DgD3)Ck2
Ak = Ag2 — Bi(I — Daa D) ' Das O
where
Az | Bra | [Xo XiBo] ' [[4. B.] [Xi4vi 0]][vF o]
Crgo | Do | |0 I C, D, 0 0] [CoYT I ’
and where X5 and Y5 are any matrices which satisfy XoYs =1 — X;Y7.
eeg LletYo=Tand Xo =1— X Y;.
e The optimal controller is NOT uniquely defined.
e Don't forget to check invertibility of I — Do D

M. Peet

Lecture 21: 26 / 28



Conclusion

The H.-optimal controller is a dynamic system.

. > AK BK
Transfer Function K (s) =
e Transfer Function K(s) { Cw [ Dx ]

Minimizes the effect of external input (w) on external output (z).

12l 2, < ISP K| ],

e Minimum Energy Gain

M. Peet Lecture 21: 27 /28



Alternative Formulation

Theorem 5.
Let N, and N. be full-rank matrices whose images satisfy
Im N, = Ker [Co Dy
Im N, = Ker [BQT D1T2]
Then the following are equivalent.

o There exists a K = Ak | Br such that ||S(K, P)||g., <1.
Ck | Dk >

e There exist X1, Y7 such that {Xl I} > 0 and

I Y
T X1A+ATX1 *T *T
[]go (I)} Ble - {]\(/;0 (I)]<O
C, Dy -1
T T
N, NE A1 + V1A % *T N, 0
0 I o1y —I * 0 I <0
Bf DY, I
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