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Robust Control

Before we finish, let us briefly touch on the use of LMIs in Robust Control.

A

\ 4

Questions:
o Is S(A, M) stable for all A € A?
e Determine

sup [[S(A, M)| a.. -
AeA
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Robust Control

Suppose we have the system M

M= [Mll Mu]

M1 Moo

Definition 1.

We say the pair (M, A) is Robustly Stable if (I — My3A) is invertible for all
A€ A.

Sy (M, A) = My + MipA(I — MosA) ™ My,
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Robust Control

The structure of A makes a lot of difference. e.g.
e Unstructured, Dynamic, norm-bounded:

A= {AcL(Ly): Al <1}
e Structured, Dynamic, norm-bounded:
A:={A,Ag,--- € L(La) : ||Ai]|r. <1}
e Unstructured, Parametric, norm-bounded:
A= {AeR™": A <1}
e Unstructured, Parametric, polytopic:

A = {AERTLXR : A:ZOZZ‘Hi, a; >0, Zai < 1}
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Robust Control

Let's consider a simple question: Additive Uncertainty.
Moo =0, Mig= My =1
Question: Is & = A(t)x(t) stable if A(t) € A for all t > 0.

Definition 2 (Quadratic Stability).

z = A(t)z(t) is Quadratically Stable for A(t) € A if there exists some P > 0
such that
A"P+PA<0 forall Ae A

Theorem 3.
If & = A(t)x(t) is Quadratically Stable, then it is stable for A € A.
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Robust Control

We examine this problem for:

e Parametric, Polytopic Uncertainty:

A :={A eR™" : A:Z(%'Az‘, a; >0, Zai <1}
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Parametric, Polytopic Uncertainty

For the polytopic case, we have the following result

Theorem 4 (Quadratic Stability).

Let
A={AcR™ : A=Y a;H;, 0 >0,) o; <1}

Then &(t) = A(t)z(t) is quadratically stable for all A € A if and only if there
exists some P > 0 such that

ATP 4+ PA; <0 fori=1,---,

Thus quadratic stability of systems with polytopic uncertainty is equivalent to
an LML
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Parametric, Norm-Bounded Uncertainty

A more complex uncertainty set is:

@(t) = Aoz(t) + Mp(t),  p(t) = A(t)q(t),
q(t) = Nz(t) + Qp(t), AeA

e Parametric, Norm-Bounded Uncertainty:

A= {AeR™ . A <1}
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Parametric, Norm-Bounded Uncertainty
Quadratic Stability: There exists a P > 0 such that
P(Aox(t)+Mp)+(Aox(t)+Mp)'P <0 forallpe {p : p=Aq,q = No+Qp}

Theorem 5.
The system

&(t) = Aoz(t) + Mp(t),  p(t) = At)q(?),
g(t) = No(t) + Qp(t), AecA:={AcR™ :|A|<1}

is quadratically stable if and only if there exists some P > 0 such that

z| [ATP+ PA PM]| [z <0
Y MTp 0 Y

o [ L] FI e o] <o)
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Parametric, Norm-Bounded Uncertainty

Bl g
B B st

2T P(Az + My) + (Az + My)T Pz < 0

for all x, y such that
[Nz + Qyll* < |ly|I”

Therefore, since p = Agq implies ||p|| < ||q||, we have quadratic stability.
The only if direction is similar.
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Relationship to the S-Procedure
A Classical LMI

S-procedure to the rescue!
The S-procedure asks the question:

o Is2TFz>0forall z € {x:2TGx > 0}7?

Corollary 6 (S-Procedure).

2TFz>0 forall z € {x : 2T Gz > 0} if there exists a T > 0 such that
F—7G = 0.

The S-procedure is Necessary if {z : 27Gxz > 0} # 0.
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Parametric, Norm-Bounded Uncertainty

Theorem 7.
The system

i(t) = Aoz (t) + Mp(t),  p(t) =At)q(?),
q(t) = Nz(t) + Qp(t), AecA:={AcR™™ :|A|<1}

is quadratically stable if and only if there exists some y > 0 and P > 0 such that

T T T T
AP + PA PN}JFM[MM MQ <0}

NP 0 QMT QQT -1

These approaches can be readily extended to controller synthesis.
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Quadratic Stability

Consider Quadratic Stability in Discrete-Time: xp+1 = S;(M, A)xg.
Definition 8.
(S1,A) is QS if

Sy (M, AN)TPS;(M,A)—P <0 forall Ac A

Theorem 9 (Packard and Doyle).
Let M € R(vtm)x(ntm) pe given with p(My1) < 1 and o(Maz) < 1. Then the
following are equivalent.

1. The pair (M, A = R™*™) js quadratically stable.

2. The pair (M, A = C™*™) js quadratically stable.

3. The pair (M, A = C™*™) js robustly stable.
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The Structured Singular Value

For the case of structured parametric uncertainty, we define the structured
singular value.

A= {A = diag(61[n17 e 768]TLS7AS+1) e 3A5+f) : 67, € IF7 A € Fnkxnk}

e § and A represent unknown parameters.
e s is the number of scalar parameters.

e f is the number of matrix parameters.

Definition 10.
Given system M € L£(L3) and set A as above, we define the Structured
Singular Value of (M, A) as

1

inf ~Aea 1A
I—Mass A is singular
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The Structured Singular Value

Theorem 11.
Let

A, ={A €A, ||A] < p(M, A)}.

Then the pair (M, A,,) is robustly stable.
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Conclusion

THE END
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