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Optimal Output Feedback

Recall: Linear Fractional Transformation

Z €+—— «— W
P
y < Uu
> K
Plant: . b A ‘ B, B,
|:Z:| = |:P11 P12:| |:Z):| where P= Ol D11 D12
Yy 21 22 Cy | Doy Doy

Controller: B | Ak | Bk
u = Ky where K= {C‘K‘W]
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Defining the System Variables

Choose K to minimize

| Pi1 + Pia(I — K Py2) 'K Py ||

Equivalently choose [ él,i g; } to minimize

A 0 B, 0 I —Dg] '[0 Ck]| Bi+ B2DrQDo

+ BxQD

0 Ax 0 Bgk||-D2x2 I Cy 0 K& D21
[

I —Dxk] '[0 Ck
—D22 I

0] + [D12 0] { } D11+ D12Dr QD2

C: 0 .

where Q = (I — DQQDK)_l.
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Representing the Closed-Loop System

Recall the Matrix Inversion Lemma:

Lemma 1.

A B!

C D

Al 4+ A'B(D-CA™'B)"1CA™! —-A'B(D-CA1B)™!
—(D-CA™'B)"tcA! (D-CA™'B) !

B (A— BD-1C)! —(A—BD'C)"'BD"!
~ |-D'C(A-BD™'C)"' D'+ D"'C(A- BD"!C)"!BD™!
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Closed Loop System is Nonlinear Function of
AK’ BK’ CK, DK
Recall that )
{ I —DK] - [I+ D QDy, DKQ}
—D22 1 o QDQQ Q
where Q = (I — Dy Dg)~ 1. Then

A, A 0] (B O I —Dgl'[0o ok
o Ag 0 Bg| |—Da I Cy 0

= [A 0%{32 0 ] [1+DKQD22 DKQ} {0 CK]

0 Ag 0 Bk QD> Q Cy, 0
_ [A + B2DQCy  Bo(I + DKQDgg)CK}
BrQCs Ag + BgQDoyCx

Likewise
Caim[Cr 0+ [Dra o] [ QP PRI Gl

QDQQ Q CZ 0
= [C1 4+ D12DkQC>  D1s(I + DgQD32)Ck|
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A New Set of Decision Variables

Thus we have

A+ ByDgQCy  By(I + DrgQD23)Ck By + By D QDo
BrQCs Ag + BxQD3Cg Br QD
[C1+ D12DQC>  D13(I + DkQD32)Ck]| | D11 + D12Dk QDo

where Q = (I — D22DK>_1.
® This is nonlinear in (Ax, Bx,Ck,Dk).

® Hence we make a change of variables (First of several).

Ags = Ak + BkQD22Ck
Bgs = BrQ
Cko = (14 DgQDas)Ck
Dgo = D@
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A New parametrization of the closed-loop system.

This yields the system

A+ ByDgoCy ByCrko Bi + ByDga Doy
Bg2Co Ago BgaDoy
[C1 4 D12Dk2C>  D12Cks] | D11+ D12Dga Doy

. o Ago | Bko ]
Which is affine in .
ich i ine i |:CK2 Drca
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Inverting the Variable Substitution

Recovering D g

Hence we can optimize over our new variables.
® System is linear in new variables and eliminates original variables.
® However, the change of variables must be invertible.

Now suppose we have Dgs. Then
Dg2 =Dg@Q = Dg(I — DysDg)™!
implies that
Dy = Dga(I — Do D) = Dia — DgaDa2 Dk

or
(I + Dg2D22)Dg = Do

which can be inverted to get

Dy = (I + DgaDas) ' Dreo
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Inverting the Variable Substitution

Recovering Ci

If we recall that
(I - QM)’1 =I+Q - MQ)’IM

then we get
I+ DgQDay =1+ Dg(I — DayDp) ' Doy = (I — DgDoy) ™"
Examine the variable Cko

Cio = (I + Dg(I — Doy D) "' Dgy)C
= (I — DgDay) 'Cx

Hence, given Dk and Cko, we can recover Cx as

Ck = (I — DgD23)Cigo
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Inverting the Variable Substitution

Once we have Ck and Dg, the other variables are easily recovered as
By = Bg2Q ™" = Bgo(I — D2s D)
Ag = Ago — B (I — DayDp) ' DaaCix
To summarize, the original variables can be recovered as
Dy = (I + DgaDas) " Dieo
Br = Bga(I — D22 D)
Crx = (I — DgD23)Ck»
Ax = Ago — Br(I — Doz D) ' DaoCix
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Closed Loop System Parameters
A, |l B A+ By Dg2Co Bchﬂ By + ByDg2Day ]
cl cl L
|: Ccl Dcl :| o

Br2Cs Ak BraDa
[C1 4 D12Dk2C>  D15Cks] | D11+ D12DgaDay |

Ag Bg] |40 Bip 0 By B0 T 0]
[CD}_OOOJFIO[C DHCOD
cl cl Cl O Dll_ 0 D12 K2 K2 2 21 |
Or
4 _[A 0 +'0 Bg] [Am Bm} [0 I}
o 0] "|I 0] |Cka Dg2||C2 O

0

B, + 0 Ba| |Ak2 Bga|| 0

0 I 0| |Ck2 Dga| |Dax
Ago Bgo| |0 I

Ca=[C1 0]+[0 Dy [Om Dm] [02 o]

Ags Bgo| | 0
Ck2 Dga| |Da
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Optimal Output Feedback Control

However, if we apply the KYP Lemma, the result is bilinear in X and
Ag,Bk,Ck,Dg
® Dual KYP Lemma is used for Controller Synthesis
® Primal KYP Lemma is used for observer Synthesis
® For Observer-Based Controller Synthesis, we need both Primal AND Dual
forms....

Lemma 2 (Transformation Lemma).
v, I
{1 XJ >0
Then there exist X5, X3,Y5,Ys3 such that

Suppose that

X_Xl Xl [n Y]
TXD X3 Y W

Y;

where Y}, = |:Y2T

é] has full rank.
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Optimal Output Feedback Cont

Lecture 10

I—Optimal Output Feedback Control

where i

The primal variable is
X Xs
X3 X

Yi Y
Yy Y3

The dual variable is



Optimal Output Feedback Control

Proof.

® Since
Vi

AR

by the Schur complement X; > 0 and Xfl —Y; <0. Since
I—X1Y1 = X1 (X7 —Y7), we conclude that T — X Y] is invertible.

® Choose any two square invertible matrices X5 and Y5 such that
XYL =T—- XY,

® Because X5 and Y5 are invertible,

Y1 Y. I 0
YhT:{Il 02] andXhz[ ]
are also non-singular.
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Lecture 10

Proof.

I—Optimal Output Feedback Control

v’ 0 0
0 I O
0 0 I
will be the half-dual transformation.
e Y, contains the top half of the dual Lyapunov variable.

e X contains the bottom half of the primal Lyapunov variable.




Optimal Output Feedback Control

Proof.

® Now define X and Y as
X=Y"Xx, and Y = X'yl
Ulcy XY =Y, X0 X7, =1
O

Are Xo,Y5 actually the completion of their respective matrices and what are
X3,Y37 If X5,Y5 are square, then

[ oL 1 0 y-r_ [ Yl [0 I
RTXy Xe| O |-Xo'X X! L A N R b 7 v 1
So, since XoYyl =1 — X1Y], we have X3 = —Y2_1Y1X2 since

X1 X2 _ Xl X2
Y, -V Xy Yo iiXe| o | XT Y 'YX,

and Y3 = — X5 ' X, Y5 since

X=Y"X,= {

v — Xh—1YhT _ [ Y1 Ys } _ [Yl Ys ]

X;h - XX =X Xa Y, Y4 —X;'X1Ye
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I—Optimal Output Feedback Control

We will be applying the half-dual transformation

primal KYP lemma

v 0 0] [A"X+XA XB CT'][v, 0 0
o I o BTX —~I DT||0 I 0
c D —I||0 0 I
YhT ATXYh +YIXAY, YIXB YIcCT
BTXY;, —~T DT
Y,T ATXT + X, Ay, XnB YiIcT
BTXh —~I DT
D —vI

Since

r_ [V Y (1 o
Yh—{l O} andXh—[X1 Xz}’

this will only work if Y5 and X5 are somehow eliminated from the expression.



Optimal Output Feedback Control

Lemma 3 (Converse Transformation Lemma).

Given X = [X% XQ} > 0 where Xy has full column rank. Let
Xy X3
1_yv_ | Y
X =YY= {YQT Y,
then
i I
{I XJ >0
and Yy, = [Y% I] has full column rank.
Yy 0

This result shows the Transformation Lemma is not conservative.
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Optimal Output Feedback Control

Proof.
Since X5 is full rank, X = [
Y X =1 implies

v (Y1 Yol [Xh Xof [ I O
YhX_{I 0] |XT X3 [|X1 X» = X

I 0

X, XJ also has full column rank. Note that

Y, =

Hence
%

i Bl _[I o], _
]_[Xl XJY—X;LY

has full column rank. Now, since XY = I implies X;Y; + XQYQT = I, we have

vy |1 ©o)[wn I]_ V% IT w1
PRTXD Xo) (Y 0] T X+ XY Xi| o |[IX
Furthermore, because Y}, has full rank,

[Yl I]

= XpV =X, YX =YXV, >0
I X
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I—Optimal Output Feedback Control

Note the relationship:

Note how both X5 and Y5 vanish?

|

Yi
1

1

X1

} = XY

Optimal Output Feedback Control

v T % o1
o= lavaxr x=[1 X

i TXV>0



H .-optimal Dynamic Output Feedback Control

Theorem 1.

The following are equivalent.

1. There exists a K = Ax | B such that | S(K, P)||a., <.
Ckx | Di >

Y I
2. 3X,Y € S™ and K3 € Rt Xnm+ns gych that [I X} > 0 and
AY + Y AT A B1  YCT
AT XA+ATX XB1 Cf 1
BT BTX —I DE
C1Y Cl D11 7’)/1
By 0 0o I
0 I 0 Cy D O cr of .r[BY 0o o D
+00K3{10 00]+D§10K30100<0

Dis O 0 0
Moreover, if X,Y, K3 satisfy 2), then Dg = (I + Dg2Das) 1 Dk,
By = Bgao(I — D22 Dk ), Cx = (I — DgD32)Ck,
A = Ago — BK(I = DQQDK)ilDQQCK where

Dro Cxa]l _[ I 0] [ 0 0 I GY|™
Brs Ago| | XB: Xo 570 xAy|) o Y&
for any full-rank X5 and Y5 such that XQYQT =71 - XY.
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The first step in the proof is to use the KYP lemma to show that

Ay | B . .
IS(P, K) ||, = ||[ C’CE Dci } |z <~ is equivalent to

vE 0 o] [ALX+XAy XBy CL1[Ya 0 0
0 I 0 BL X, —I DL|]10 I 0
0 0 I Cu Dy —I] [0 0 I
VIALXT + XpAaY, XpBa Y,ICh

= BLXT —~I DI | <o

CaYn Dy -1

Lecture 10:
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The next, and key step in the proof is

XpAuYy XpBag O X, 0 A, BJITY, 0 0

0 0 of=10 of | ; oo (2)
CuYsn Dg O 0 I el el

(7 0 o0

A 0 B By 0 Yi I 0 0

= Mo 0 o |+]|0 1K {COQ Dom] Y 0 0 0

0 0 T Ciy 0 Dy D12 0 0 0O I O

[ AY A B 0 By 0
| XAY XA XB; 0 Lo I 0] [I CY]\[0 C2 Do 0O
~ 1 o0 0 0 0 0 o0 XBy Xa| 20 Y[ I 0 0 o0
_Cly Cq D11 0 D2 O

[AY A B1 0] [By 0]
70XAXBlo+OIOO+I 0], [T C2Y]\ [0 o
“lo 0 0 o0 0 o|\|0o XxAYy XBy Xa| %0 Y[ I
CiY C; Di;p 0 D12 O

L 1L i Pa

[AY A By 0] [Bz O]
. 0 XA XB;y 0 n 0 I K. 0 Cy D2y O
B 0 0 0 o o321 o o ol

_C1Y Ch D11 0_ _D12 0_

M. Peet
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Then we are done, since

VEALXT + X4 AaYy XuBa YICH

BTXT —I DT

CaYh Dy -1
X, AuYy, XuBa O X,AuY, XuBa 017 [0 0 0
- 0 0 o+ 0 0 0l +1]0 —I o0
Ccth Dcl 0 Ccth Dcl 0 0 0 *’}/I
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Conclusion

The H.-optimal controller is a dynamic system.

* Transfer Function K (s) = { é,K gK ]
K | Dk

Minimizes the effect of external input (w) on external output (z).

12l 2, < ISP K| ],

® Minimum Energy Gain
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Hs-optimal dynamic output feedback control

Theorem 2.

The following are equivalent.

1. There exists a K = Ax | Br such that ||S(K, P)||m, < 7.
CK DK

2. There exist X1,Y1, Z, K3 such that

AY + Y AT A B By 0 0o I -
{ AT XA+ ATX XBy|+|0 I|Ks [? e DO”]+ T of kT [32 g 0] <o,
T T T
B! BIX —I1] [0 0

Y n wel 0 0 0o I o
I X cf|+|o0 ok [? & 8} +|cr o] KT [8 0 Dm] >0,
ciY O w D2 0 0

D11+ [D12 0] K3 [DO”] =0, trace(Z) < v

Moreover, D = (I+ DK2D22)71DK2, Br = BKQ(I = DQQDK),
CK = (I — DKDQQ)CKQ, AK = AK2 — BK(I — DQQDK)_IDQQCK where

Dia Cr2] _[ I 0] [ [0 0 I Gy]™!
Bra Ag2| | XB: X» P70 xAy 0 Y

for any full-rank X5 and Y5 such that X2Y2T =1—-XY.
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Mixed Hs/H .-optimal dynamic output feedback control

Theorem 3.
suppose there exist X,Y, K3 such that

AY + v AT A By ch
AT  xa+4aTx xB; c
BT Bfx  —y1  DE
1Y C1 Di1 =4

(=}

B, 0o I
0o I 0 C> Da1 0 ¢y of .r[Bf o o DL
+{0 0:|K3[I 0o 0 O}JFDQT1 offs 0 1 0o o0]<°
0 0

Di2 0
AY + v AT A By By 0 0o I .
AT XA+ ATX XBi|+|0 I|Ks [? %2 Dom} +|cr o kT [302 9 0} <0
BT BTX —4I 0 0 D3, O
Y I vcf 0 0 0 I T
r x c|+| o0 ofks [‘; @ 8} +|cT o KT [8 0 D012} >0,
cY w D> 0 0 0
D11+ [D12 0] K3 |:D021:| =0, trace(Z) < 72

Then if D = (I aF DK2D22)71DK2, Bi = BKQ([ = DQQDK),
CK = (I — DKDQQ)CKQ, AK = AK2 — BK(I — DQQDK)_lDQQCK where
D @ I 0] " 0o 0 I Cpy]™!
B Sal=lb ®] (e[ <))l %]
for full-rank Xo and Yo with XoY,l =1 — XY, we have |S(P,K)||g.. <™
and || S(P, K)|| i, < 72-
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LMixed H> / Hoo-optimal dynamic output feedback

control

The systems used for the H, and H2 norms can be different, but must use the
same A, Bz, C2, D22 matrices, since these appear in the variable substitution —

i.e.

A || Buu, | B
Pu, = | Ci,m, || Di1,m, | Di2,m,y
Cy D215, Do2
and
A H Bi,m, B2
Py, = | Ciu. || Di1ia. | Di2,m..
Cs D211, Dos

This allows us to select different disturbances and regulated outputs for each
norm, and add filters to the Hs norm, but not the H,, norm.

mic output feedback control



Example of Mixed H..-H> optimal control

Note the predicted gains in Mixed H.,-H> optimal control are not tight.

0 10 2 0
A=|-1 1 o0 Bs=|1|;Ca=[0 1 0] D=0
2 -5 0

@

Iy

3

Il
—
oo
_ —

Q

T

3

Il
—
[eNeN
[N o)
[N o)
= -

S

’m

8

|
—
[N
——

)

IS

T

3

|
——
o= O
[

o)

=

Iy

8

|

—

bound/objective I Ml Nllae + 1 lla,
Predicted ||S(P, K)|| m, N/A  3.816 6.8877
Actual ||S(P, K)||u, oo  3.816 5.1625
Predicted ||S(P, K)|[n,, | 4833 N/A 6.6551
Actual ||S(P, K)||a.. 4.833 5.138 6.4533
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