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Conclusion

To solve the H.-optimal output-feedback problem, we solve

min vy such that
v, X1,Y1,4n,Bn,Cpn Dy,

X, I
[ I Yl] >0
AY: +Y1AT+BQCn+CZB2T «T x7 T
AT + A, + [B2D,Co]" X1A+AT X1+ B,Co+CT BY «T «T <0
[Bi + B2D,, Doy )" [XBy + B.D2]" —~1

C1Y1 + D12Cy C1 4 D12D,,C> D11+D12Dy D2y —~I
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Conclusion

Then, we construct our controller using

Dk = (I + Dg2D2s) "Dk

Bg = Bga(I — D22 Dr)

Ck = (I — DgD33)Ck2

Ak = A2 — Bg(I — D22 Dk ) ' D22Cl.

where

[ Ax | Br } B [XQ XlBg} - HAn Bn} B {lem OH { Yy
CK2 DKQ |0 I Cn Dn 0 0 Czyl
and where X5 and Y5 are any matrices which satisfy X2Y2T =1 - X1Y;.

®eg letYo=Tand Xo=1—-X Y.

® The optimal controller is NOT uniquely defined.

® Don't forget to check invertibility of I — Dos D
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Conclusion

The H.-optimal controller is a dynamic system.

* Transfer Function K (s) = { é,K gK ]
K | Dk

Minimizes the effect of external input (w) on external output (z).

12l 2, < ISP K| ],

® Minimum Energy Gain

M. Peet Lecture 11: 4 /22



H>-optimal control

Motivation

Hs-optimal control minimizes the Hs-norm of the transfer function.
® The Hy-norm has no direct interpretation.

1 > N «
G = 5 / Trace(C/(1w)" G (1)) duw

Motivation: Assume external input, w, is Gaussian noise with power spectral
density S,,. Then, the variance is given by

Elw(t)?] = — / " Trace(Sy (1)) dw

:% .

Theorem 1.

For an LTI system P, if w is noise with spectral density Sy (w) and z = Pw,
then z is noise with density

S, (w) = P(w)S(w)Plw)*
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H>-optimal control

Motivation

Then the output z = Gw has signal variance (Power)

Elz(t)%] = % _Oo Trace(G (w)* S (1w) G (1)) dw
< 1Sl a.. IGll,

If the input signal is white noise, then S(ww) = I and

E[=(t)*] = ||IG|I%,
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2023-10-17

Hy-optimal control
Lecture 11 Z

- H>-optimal control e

Hence the H2 norm represents the power spectral density of the output of the
system when the input is white noise.

e Thus H2 optimal control is optimal in a certain sense when the input is
expected to be white noise.

e However, this doesn't work when the noise is colored (concentrated at
certain frequencies).

e For colored noise, however, we can use prefilters to obtain optimal
controllers.



H>-optimal control

Colored Noise

Now suppose the noise is colored with density Sw(zw). Now define H as

H(w)H (w)* = Sy (w) and the filtered system

_ [Pu(s)H(s) Pra(s)

Puls) = Por(5)H(s) Pao(s)]

Now, applying feedback to the filtered plant, we get
S(P,,K)(s) = P\yH + Pyo(I — KPy) 'KPy H =S(P,K)H

Now the spectral density, S. of the output of the true plant using colored noise
equals the output of the artificial plant under white noise. i.e.

S2(s) = S(P, K)(s)Sw(s)S(P, K)(s)"
= S(P, K)(s)H(s)H(s)"S(P, K)(s)" = S(Ps, K)(s)S(Ps, K)(s)"

Thus if K minimizes the Ha-norm of the filtered plant (||S(PS,K)||§{2) it will
minimize the variance of the true plant under the influence of colored noise with
density S, .
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Ho-optimal control

Lecture 11

I—Hg—optimal control

In this case, the response of the prefiltered system to white noise is the same as
the unfiltered system response to colored noise.

Alternatively, we can write

=colored

win|S(P, K)w|_var = min||S(P, K)Hul_ver = min|[S(P, K)H]| s



H>-optimal control

Theorem 2.

Suppose P(s) = C(sI — A)~'B. Then the following are equivalent.
1. A is Hurwitz and || P|| g, < 7.
2. There exists some X > 0 such that

trace BTXB < 2
ATX +XxA+CTC <0

Recall that the Controllability Grammian is a solution!
® Recall how the proof works.

® But this time use the observability grammian.
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H>-optimal control

Proof.

Suppose A is Hurwitz and ||P||z, < 7. Then the Observability Grammian is

defined as -
X, = / ATt OT CeAtadt
0

Now recall the Laplace transform

(Aet) (s) = / " eMetagy

0

[e's}
_ / 6_(SI_A)tdt
0
t=—o0

(SI A) 1 7sI A)tdt
t=0

= (s — A)*1

Hence (ACe?'B) (s) = C(sI — A)~!
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H>-optimal control

Proof.
(ACe?'B) (s) = C(sI — A)~' B implies

1PII%, = [IC(sI — A)~*Bl|%,
1 o0

=5 Trace((C(wl — A)~'B)*(C(uwl — A)"'B))dw
1 )

:Trace/ BTeA"tCT Ce M Bat
= TraceBTX,B
Thus X, > 0 and TraceBTX,B = ||]5||§1,2 <~ O

The rest of the proof we can skip.
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H>-optimal control
Full-State Feedback

Lets consider the full-state feedback problem

® Dy is the weight on control effort.
® Di; =0 is a feed-through term and must be 0.
e (5 =1 as this is state-feedback.

o [34]
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H>-optimal control
Full-State Feedback

Theorem 3.

The following are equivalent.
1 [|S(K, Pl <.
2. K=27X""! for some Z and X > 0 where

[A B [JZ(} +[x Z7 Lfég] +B1B] <0

Trace [C1X + D12Z] X' [C1 X + D12Z) < +?

However, this is nonlinear, so we need to reformulate using the Schur
Complement.
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H>-optimal control

Applying the Schur Complement gives the alternative formulation convenient for
control.

Theorem 4.

Suppose P(s) = C(sI — A)~'B. Then the following are equivalent.
1. A is Hurwitz and || P| g, < 7.
2. There exists some X, W > 0 such that

ATX+XA XB] _, X cT
BTX —~yI| S c w

} > 0, TraceW < 2
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H>-optimal control
Full-State Feedback

Theorem 5.
The following are equivalent.
L |IS(K, P)l#, <7
2. K =ZX1 for some Z and X > 0 where

(A By [)Z(] +[x 27] [gﬂ +BBY <0

X (C1X + D2)™] _
C1X + D197 1%

TraceW < ~>

Thus we can solve the Hs-optimal static full-state feedback problem.
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H>-optimal control
Relationship to LQR

The LQR Problem:
e Full-State Feedback
® Choose K to minimize the cost function

/000 ()T Qx(t) + u(t)” Ru(t)dt

subject to dynamic constraints

z(t) = Ax(t) + Bu(t)
u(t) = Kz(t), x(0) =z

Trying to minimize the effect of xg on a weighted-Ls-norm of the regulated
output.
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H>-optimal control
Relationship to LQR

To solve the LQR problem using Hs optimal state-feedback control, let

a-[2]

° D12 = [;;:| and D11 :0,
® Bo=Band B; =1.

So that N
+BK | I
A4+ By K ‘ B; T
§(PaK) = |: = Q2

And solve the Hs full-state feedback problem. Then if

#(t) = Acpx(t) = (A+ BK)x(t) = Axz(t) + Bu(t)
u(t) = Kz(t), z(0) = g

Then z(t) = eActty,.
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Lecture 11

LA,

optimal control

Translating to the input-output formulation, recall we apply the problem setup

{

A | [B1 B

s

P



H>-optimal control
Relationship to LQR

Ignoring the regulated outputs for now, we have

#(t) = Acpx(t) = (A+ BK)x(t) = Az(t) + Bu(t)
u(t) = Kz(t), x(0) = g

then z(t) = eActtzy, u(t) = KeAottzy and

/OO z(t)TQx(t) + u(t)” Ru(t)dt = /OO xOTeAth(Q + KTRK ety dt
0 0

1

oo 14T 1
= Trace/ xgeAth Ql ’ Ql ’
0 R2K R2K

] eAcrtydt

= ||xo||2Trace/ BT@Ath(Cl + Dng)T(Cl + Dng)eACLtBldt
0

= ||zo|I* BY XoB1 = ||lzol*[IS(P, K[,

Thus LQR reduces to a special case of H static state-feedback.
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Lecture 11

I—Hg—optimal control
Recall that
1
-a-f)
D12 = 0 d D1 =0
L4 12 = R% an 11 =Y,
° BQ:Band B1:I.
So that
A+ BK | By
S(P,K) = =
S ) { C1+ D12K | D




H>-optimal output feedback control

Theorem 6 (Scherer, Gahinet).

The following are equivalent.

o There exists a K = { él,K IB;K } such that ||S(K, P)||x, < 7.
K K

® There exist X1,Y1,7,A,, B,,C,, D, such that

AY1+Y1 AT + BoC, +CT BT «L *T
AT I An aF [BgDnCQ]T X1A+ATX1 +Bn02+CQTB;I; *T <0,
[B1 + B2D,, Doy | [X1B1 + B, Doy ]T -1
Yl I *T
I X1 #T | > 0,

C1Y1 + D12C, Cy+ D15D,Co Z
D11 + D12Dp D2y =0, trace(Z) < ?
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H>-optimal output feedback control

As before, the controller can be recovered as

Az | Brz | _[Xo XiBo| ' [[A. B.] [X14vi 0]][ Y
Cka | Drga | | O I C, D, 0 0 CcLyY,
for any full-rank X5 and Y5 such that
X, X]_[v v
X3 X3 VY Vs
To find the actual controller, we use the identities:
Dy = (I + DgoDas) ' Drea

By = Bg2(I — D22Dk)
Cx = (I — DgD92)Cio

Ax = Ago — Br(I — Doz D) ' DaoCik
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An LMI for Mixed Hs-H,, optimal output feedback control

Theorem 7.

The following are equivalent.

® There exists a K = [ él,K gK } such that ||S(K, P)|| g, <1 and
K | Dk

I1S(K, P)ll. <72
® There exist X1,Y1,7,A,, B,,C,, D, such that

AY1+Y1 AT+ By,C,+CE BT «T «T
AT + A, 4 [BaDnCo)T X1A+AT X1+ B,Co+CTBEY  «T | <0,
[B1 + B2D,, Do) [X1B1 + B, Do]" —1I
Yl I *T
I X1 «T'| >0,
C1Y71 + D12C,, Ci1+ D12D,Cy Z
D11+ D12D,, Doy =0, trace(Z) < 3
AY1+Y1 A" +B>C+C By T T T
AT + A, +[B2:D,Co]" X1A+ATX,1+B,Co+C3 BY xT T 0
[Bl + B2DnD21]T [X1Bl + Banl]T —vol «T <

C1Y1 + D12Cy C1 4+ D12D,C> D11+D12Dn D21 —v21
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An LMI for the Kalman Filter! - Continuous Time

ystem: #(t) = Ax(t) + Bu(t) + w(t)
y(t) = Ca(t) +v(t)
e (1) = 42(0) + Bu(t) + Ly(t) ~ 9(0)
g(t) = Ci(t)
Error: é(t) = (A+ LC)e(t) + w(t) + Lu(t)
The Kalman Filter chooses L to minimize the cost J = E[eTe].
L=x0Tv;!

where Vi = E[w(t)w(t)T] and V5 = E[v(t)v(t)T] and X satisfies
AL+ 2AT + v =2tV ies

If we choose u(t) = K&(t) where A+ BK is stable,
® A+ LC is stable if system is observable (not detectable).
® Closed-Loop is stable by the separation principle (has Luenberger form).
e A Dual to the LQR problem. Replace (4, B, @, R, K) with
(AT CT Vi, Vo, LT)
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Kalman Filter - Discrete Time
Assume the system is driven by noise wy, (no feedback)

T1 = Az + wg, yr = Cap + v
The steady-state Kalman filter is an estimator of the form:
Zpy1 = Az + L(CZ — yr),
where vy, is sensor noise. This gives error (e = ) — &) dynamics
ert1 = (A+ LC)eg

For the Kalman Filter, we choose L = AXCT(CSCT + V) =1 where
V = E[viv{] and ¥ is the steady-state covariance of the error in the estimated
state and satisfies

Y= AYAT + W — AxCT(c2CT + V)~ lonAT
where W = E[wiw]. For the unsteady Kalman filter, 3 is updated at each
time-step.
® If (A, W) controllable and (C, A) observable, then A + LC' is stable.

® Again, dual to discrete-time LQR (which we haven't solved here!)

M. Peet Lecture 11: 22 /22



