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State-Space

The standard state-space form is

z(t) = Az(t) + Bul(t)

y(t) = Cx(t) + Du(t)
State-space reflects an approach based on internal dynamics as opposed to
input-output maps.

e For a given mapping, G : u — y, the choice of A, B,C, D is not unique.
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Solving the Equations

Find the output given the input

State-Space:

& = Ax(t) + Bu(t) Input Output
y(t) = Cx(t) + Du(t)  z(0)=0 % giiiz;f]pace AN

Basic Question: Given an input function, u(t), what is the output?
Solution: Solve the differential Equation.

Example: The equation

has solution
z(t) = ey,

But we are interested in . Can we define the matrix exponential?
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The Solution to State-Space

Ignore Inputs and Outputs:
The equation

z(t) = Ax(t), 2(0) = xq

has solution 2(t) = eag

The function et must satisfy the following

=1, and ieAt = Ae??t
dt

For scalars, the matrix exponential is defined as
an
e“:1+a+a2/2+...+m+...
We define the exponential for matrices is defined the same way as scalars

1 1 1
A 2 3 k
=J+A+=A —A —A
e FAG SAT G S A g AR
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The Solution to State-Space

The matrix exponential has the following properties
° eo =7

1 1
eO:I+0+§02+603+~--:I

. 1 1
M =T+ M+ (M) + (M) +- -+
2 6 k
* 1 2\ % 1 3 " 1 k :
=I1+M +(§M) + 6M Fo M)

1 1 :
= (I+M+2M2+6M3+~~+M’“+m)
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The Solution to State-Space

d oa_ d

et = <I+(At)+;(At)2+~~+(At)k+-~>

2
=0+ A+ SA(AD) + %A(At)2 4o S AADR -

1
:A<I+(At)+2(At)2+---+
However,
eM+N ” M N

Unless, MN = NM.
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Find the output given the input

The equation i(t) = Ax(t), z(0) = zo
has solution x(t) = etag
Proof.

Let z(t) = eAtxg, then
o 2(t) = Aettzy = Ax(t).
o z(t) = 29 = 7

What happens when we add an input instead of an initial condition?
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Find the output given the input
State-Space:

& = Ax(t) + Bu(t) - e
1.60 —Dollars per Euro
y(t) = Ca(t) + Dult)  2(0)=0 .
The equation %"”
i(t) = Az(t) + Bu(t),  2(0)=0 -
has solution o

& 3 % 3 T 83 8 35 8 g e
E 5§ § 5 5§ 5§ 58 5§ 5 § %

t
az(t):/ e %) Bu(s)ds
0

Proof.
Check the solution:

t
@(t) = e®Bu(t) + A/ eAt=%) Bu(s)ds
0

= Bu(t) + Axz(t)
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Find the output given the input

Solution for State-Space

State-Space:
& = Az(t) + Bu(t)
y(t) = Cx(t) + Du(t)

Now that we have x(t), finding y(t) is

easy
y(t) = Cx(t) + Du(t)

t
= [ Ce**%) Bu(s)ds + Du(t)

0

xz(0) =0
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Conclusion: Given u(t), only one integration is needed to find y(t)!

Note that the state, x, doesn’t appear!!
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Calculating the Output

Numerical Example, u(t) = sin(t)

State-Space:
t=—z(t)+u

Solution:

y(t) = /Ot CeA'=%) Bu(s)ds + Du(t)

t
1

= e_t/ e’ sin(s)ds — = sin(t)
0 2

1 1

= ie_t (e*(sins — cos s)[f) — 5 sin(t)
1 1

= ie_t (e'(sint — cost) + 1) — 3 sin(t)
1

=3 (e_t - cost)
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Stability

z(t) = Ax(t)
There are several notions of stability.

e All notions are equivalent for linear systems.

Definition 1.

A differential equation is stable if any solution z(t) satisfies

lim 2(t) =0

t—o0
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Stability

The unique solution has the form z(t) = e/tx,.

i(t) = Ax(t)

Question: Is it stable?
Suppose A is diagonalizable, so A = TAT !, so that

AF = TATYTAT ... TAT™ " = TAFT—!
We conclude that

1

1
et = (TT—1 + (TAT M)t + 5(TAQT—l)t2 +ot g

(TAFT=H)tF 4. )

:T(I+(At)+;(At)2+---+;!(At)k—km)T_l

= TeMT ™!
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Stability

But we can see that e’* converges

1
eAt:I+A+~~~+EAktk+~“

T4 A+ et

14+ Xy + - etnt

The solution is a linear combination of the functions of the form e*it.

o lim; o et — 0 if and only if Re \;(A) < 0 for all i.
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Stability

Inconveniently, not all matrices are diagonalizable.
e However, all matrices are Jordan diagonalizable.
» A =TJFT1 where J
o Hence ¢t = Te/tT—1
Consider a single Jordan block J; = \;1 + N.
e Convenient because \;I and N commute.

» Hence eMI+N = grilelV,

eJit — e/\it+Nt — e}\iteNt

Conveniently N =0, so the series expansion terminates

1 1
Nt 2 k—14k—1
=14+ N+ =N24...40_—— Nk
c 2 (k—1)

1 1
elit = . 1+ N+ -N?+... 4 ——— Nkl
: > 1)
oAt
This time all terms have the form tie for i < k
o limy_, o t'e* = 0 if and only if Re A < 0
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Stability

Now consider the general case A = TJT~! where

J1
J =
In
Then
eJlt
M =TT =T 7!
eJnt

et is entirely composed of terms of the form

e)\lttk’

k!

We conclude that @(t) = Az(¢) is stable if and only if Re A < 0.
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Stability

Definition 2.
A is Hurwitz if Re \;(A4) < 0 for all 4.

z(t) = Ax(t) is stable if and only if A is Hurwitz.
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Controllability

First add an input u(¢)
&(t) = Ax(t) + Bu(t), z(0) = zo

The solution is .
z(t) = / e %) Bu(s)ds
0

Use Leibnitz rule for differentiation of integrals

i(t) = eAY Bu(t) /Ae (t=%) Bu(s)ds
= Bu(t) + Az(t)

Controllability asks whether we can “control” the system states through
appropriate choice of u(t).

o Note that we do not care how u(t) is chosen.

We start with a weaker definition
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Controllability

Definition 3.

For a given (4, B), the state z; is Reachable if for any fixed T, there exists a
u(t) such that

L
xf:/ e =9 Bu(s)ds
0

Definition 4.
The system (A, B) is reachable if any point 2 € R™ is reachable.

For a fixed ¢, the set of reachable states is defined as

¢
Ry:={x:z= / eAt=%) Bu(s)ds for some function u.}
0
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Controllability

The mapping I' : w +— x is linear. Let u = ouy + Bug
Ty
Tu = / e =9 B (o (s) + Bua(s)) ds
0

= a/ eAT1=9) Buy (s)ds + 5/ eAT1=%) Buy(s)ds
0 0
= al'uy + fTus

Thus R; = Image(T").

e R, is a subspace.

Definition 5.
For a given system (A, B), the Controllability Matrix is

C(A,B) = [B AB A?B --.. A"le]
where A € R"*™ and B € R™"*™,
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Controllability

Definition 6.
For a given (A, B), the Controllable Subspace is

Cap =Image[B AB A’B ... A""'B|
Definition 7.

The system (A, B) is controllable if

Cup =ImC(A, B) =R"

Question: How does R; relate to C'4g?
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Controllability

Definition 8.
The finite-time Controllability Grammian of pair (A, B) is

t
W, = / eA*BBTeA 5 s
0

W, is a positive semidefinite matrix.
The following relates these three concepts of controllability

Theorem 9.

For any t > 0,
R, = Cap = Image (W)

or
Image I'; = Image C(A4, B) = Image (W,)
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Controllability

The most important consequence is
e R; does not depend on time!

If you can get there, you can get there arbitrarily fast.
This says nothing about how you get ()

e This u(t) comes from the proof (and W;)
We can test reachability of a point x by testing

z €lm [B AB A’B ... A”_lB]
The system is controllable if W; > 0. Summary
1. R; is the set of reachable points

2. C(A, B) is a fixed matrix, easily computable.
3. We need to find u(t)
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Controllability

The following is a seminal result in state-space theory.

Theorem 10.

If
det(s[ — A) = s an_lsnfl +.--+ag
then
A"+ a, 1AV 1t a, s AV 2+ iagl =0
Sketch.

The same principle as deriving the solution. Denote
chara(s) = s™ +a,_15" "+ +ag = det(s] — A)
Then if A =TM\T!

char 4 (A1)
chara(A) = Tchara (AT~ ' =T U
chara(An)
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Controllability

Sketch.

But the \; are eigenvalues of A, so

charg(A) = det(A\ — A) =0

hence
char 4 (A1) 0
charg(A) =T T7'=T T=0
chars () 0
The same approach works for Jordan Blocks. OJ

Cayley-Hamilton says
An = 7an,1An71 + -4 70,0]

thus A™ € span(A™~L,.-. 1)
e This is unsurprising since A has n? dimensions but is formed by n bases.
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Controllability

Proof: Show R; C C4p for any t > 0. Expand

'Hltm

I+ At+-+

1 4+ ..
m:

grouping by A?,
= [Too(t) + Ardr(t) + -+ A" hn ()]
for scalar functions ¢;(t) due to Cayley-Hamilton
A" = —qa, (A" o —aol

Because the ¢; are scalars,

t
I‘tu—/ eA=%) Bu(s)ds
t
= B/ do(t — s)u(s)ds + - A”_lB/ Dn—1(t — s)u(s)ds
0
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Controllability

Let .
yi = / oi(t — s)u(s)ds,
0
then
Tyu=Byo+ -+ A" ' By,
Yo Yo
—=[B - AB]| | =C(AB)]| :
Yn—1 Yn—1
Thus Tyu € Im[B ---  A""'BJ. Therefore, R, C Cap.
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Controllability

2 new concepts: perp space

Definition 11.
The Orthogonal Complement of a subspace, S C X, is denoted

SJ_ = {ZL'ER” . <I,y>:xTy:O fora||y€S}
Properties

o dim(S+) =n —dim(S)
e For any x € R™,

r=xg+xgL forzg € Sandzg. €St

» x5 and xg. are unique.
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Controllability

Definition 12.
The Projection operator Pgs is defined by

rs = Px
if tg € S and x —xg € S*.
Generalizes to any Hilbert space

Theorem 13.
For any M € R™*™  [Im(M)]" = Ker [MT].

Proof.
We need to show [Im(M)]" C Ker [MT] and Ker [MT] C [Im(M)]".
e Suppose € [Im(M)]". If 2Ty = 0 for any y € Im[M], then 2T Mz = 0
for all z.
o Thus 2" M7Tx for all z. Let z = M72.
e Then 2T MMTx = |MTx||? = 0.
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Controllability
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