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The Dual Problem of Polynomial Programming

Polynomial Programming (NOT CONVEX): n decision variables

min  f(z)
gi(x) >0

® f and g; must be convex for the problem to be convex.

Optimization of Polynomials IS Convex: Lifting to a higher-dimensional
space

max vy

97

flx) —~v=g(x) forall xzeR"

g(x) >0 forall ze{zeR"™ : h(z) >0}

The decision variables are functions (e.g. g)
> Infinite Dimensional Contraints: One constraint for every value of x.

But how to parameterize functions??777?
How to enforce an infinite number of constraints???
Advantage: Problem is convex, even if f, g, h are not convex.
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Lecture 02
L-S0S and Global Stability Analysis

l—The Dual Problem of Polynomial Programming

Hopefully you know what convexity is.

e Parameterize functions as polynomials.

feasibility of a point x is easy to show.
e Infeasibility of a constraint requires a certificate
For Polynomial Programming
e feasibility of a point x is easy to show.
e Infeasibility of a constraint requires a certificate
For Optimization of Polynomials
e infeasibility is easy to show (give a counterexample).

e Feasibility of a function requires a certificate




Optimization of Polynomials:

Some Examples: Matrix Copositivity

Stability of Systems with Positive States: Not all states can be negative...
¢ Cell Populations/Concentrations
® Volume/Mass/Length

We want:

V(z) =2"Px >0 forall x>0
V(z)=a2T(ATP + PA)z <0 forall x>0

Formulation:
® Matrix Copositivity (An NP-hard Problem)

Verify:
2T Pz >0 forall >0

Implementation: sosdemo4p.m
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Optimization of Polynomials:

Some Examples: Robust Control

Recall: Systems with Uncertainty

(t) = A(6)x(t) + By(6)w(t) + Ba(8)u(?)
C(8)x(t) + Dio(8)u(t) + Dy (6)w(t)

<

—~
~

~—
Il

Theorem 1.

There exists an F(0) such that ||S(P(6), K(0,0,0, F()))| ., <~ for all
d € A if there exist Y > 0 and Z(9) such that

YA)T + AG)Y + 25)T Bo(8)T + By (8)Z(5) =T «T
By (6)T —NI T <0 o 0 €EA
C1(8)Y + D12(8)Z(9) Dy1(8) =1

Then F(6) = Z(§)Y L.
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The Structured Singular Value,

Definition 2.

Given system M € L(Ls3) and set A as above, we define the Structured
Singular Value of (M, A) as

u(M, A) = !

inf AcA HAH
I—MA s singular

The system v Ao | M
=I"~T0

Lower Bound for p: p > -y if there exists a P(J) such that
P(§) >0 forall 6 AND
P(0)(Aox + Mp) + (Aoz + Mp)T P(6) < eI for all x,p,§ such that

(z,p,0) € {1‘ p,d : p=diag(d;)(Nz + Qp), 252 < 7}

Implementation (Simplified Version): sosdemo5p.m
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Overview

In this lecture, we will show how the LMI framework can be expanded
dramatically to other forms of control problems.
1. Positivity of Polynomials
1.1 Sum-of-Squares
2. Positivity of Polynomials on Semialgebraic sets
2.1 Inference and Cones
2.2 Positivstellensatz
3. Applications

3.1 Nonlinear Analysis
3.2 Robust Analysis and Synthesis
3.3 Global optimization
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Is Optimization of Polynomials Tractable or Intractable?

The Answer lies in Convex Optimization

A Generic Convex Optimization Problem:

max bx
xT

subject to Az € C

The problem is convex optimization if
e (' is a convex cone.
® b and A are affine.

Computational Tractability: Convex Optimization over C is tractable if
® The set membership test for y € C' is in P (polynomial-time verifiable).

® The variable x is a finite dimensional vector (e.g. R™).
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Optimization of Polynomials is Convex

The variables are finite-dimensional (if we bound the degree)

Convex Optimization of Functions: Variables I/ € C[R"] and v € R
B
subject to
Vie)—azTz >0 Va
VV () f(x) +y2Tz <0 Va

V is the decision variable (infinite-dimensional)
® How to make it finite-dimensional???

The set of polynomials is an infinite-dimensional (but Countable) vector space.
¢ |t is Finite Dimensional if we bound the degree
e All finite-dimensional vector spaces are equivalent!

But we need a way to parameterize this space...
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To Begin: How do we Parameterize Polynomials???

A Parametrization consists of a basis and a set of parameters (coordinates)
® We use a Finite Dimensional space of polynomials of degree d or less.
» The monomials are a simple basis for the space of polynomials

Definition 3.

Define Z;(z) to be the vector of monomial bases of degree d or less.
e.g., if x € R?, then the vector of basis functions is

Zz(xl,mg)T:[l r1 Ty TTy X3 xg]

and ,
Z4(a:1)T:[1 1 oz} a3 ai)

Linear Representation
® Any polynomial of degree d can be represented with a vector ¢ € R™
p(w) = " Za(2)
® cis the vector of parameters (decision variables).
2% + 6x1s + 4wy +1=[1 0 4 6 2 0][l = zo zmwy 2? a3]"
Implementation: Zd=monomials([x1 x2],0:4)
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Optimization of Polynomials is Convex

The variables are finite-dimensional (if we bound the degree)

Convex Optimization of Functions: Variables I/ € C[R"] and v € R

max y
Vi

subject to
Vie)—azTz >0 Va
VV ()T f(z) +y2T2 <0 Ve

Now use the polynomial parametrization V(z) = ¢TZ(z)
® Now c is the decision variable.

Convex Optimization of Polynomials: Variables c € R™ and v € R

max 7y
oy

subject to
(:TZ(x) — 2Tz >0 Va
INVZ(x)f(x) + 2Tz <0 Y
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Can LMiIs be used for Optimization of Polynomials?7??

Optimization of Polynomials is NP-Hard!!!

Problem: Use a finite number of variables:

T
max b x

subject to Ao(y) + ZmiAi(y) =0 Yy

The A; are matrices of polynomials in y. e.g. Using multi-index notation,

Aiy) =" Ava v

The FEASIBLITY TEST is Computationally Intractable
The problem: “Is p(x) > 0 for all z € R"?" (i.e. “p € RT[x]?") is NP-hard.
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How Hard is it to Determine Positivity of a Polynomial?77?

Certificates

Definition 4.
A Polynomial, f, is called Positive SemiDefinite (PSD) if

f(z) >0 forall z € R"

The Primary Problem: How to enforce the constraint f(z) > 0 for all ?

Easy Proof: Certificate of Infeasibility
® A Proof that f is NOT PSD.

® j.e. To show that
f(z)>0 for all x € R"

is FALSE, we need only find a point = with f(z) < 0.

Complicated Proof: It is much harder to identify a Certificate of Feasibility
® A Proof that f is PSD.
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Global Positivity Certificates (Proofs and Counterexamples)

Question: How does one prove that f(x) is positive semidefinite?
What Kind of Functions do we Know are PSD?

® Any squared function is positive.

® The sum of squared forms is PSD

® The product of squared forms is PSD

® The ratio of squared forms is PSD

So V(z) > 0 for all x € R™ if

Zfzkx
HZ hjk(x)?

But is any PSD polynomial the sum, product, or ratio of squared polynomials?
® An old Question....
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Sum-of-Squares
Hilbert's 17th Problem

Definition 5.

A polynomial, p(z) € R[z] is a Sum-of-Squares (SOS), denoted p € X, if
there exist polynomials g;(z) € R[z] such that

k
p(z) = Zgi(w)2-

David Hilbert created a famous list of 23 then-unsolved mathematical problems
in 1900.

® Only 10 have been fully resolved.
® The 17th problem has been resolved.

“Given a multivariate polynomial that takes only non-negative values
over the reals, can it be represented as a sum of squares of rational
functions?” -D. Hilbert, 1900
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Sum-of-Squares
Hilbert's 17th Problem

Hilbert's 17th was resolved in the by E. Artin in 1927.

® Any PSD polynomial is the sum, product and ratio of squared polynomials.
e If p(z) > 0 for all x € R™, then

where g, h € ¥;.

* If p is positive definite, then we can assume h(z) = (3, #2)¢ for some d.
That is,

(] + -+ 20)p(x) € 5,

® If we can't find a SOS representation (certificate) for p(x), we can try
(3>, 22)%p(x) for higher powers of d.

Of course this doesn't answer the question of how we find SOS representations.
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How to use LMIs to Prove Polynomial Positivity?

Basic ldea: If there exists a Positive Matrix P > 0 such that
V(z) = Zg(x)" PZy(z)
Then V(z) is positive

Why? Positive Matrices (P > 0) have square roots!

P=Q"Q
Hence
V(z) = Za(2)" Q" QZa(x) = (QZa(x))" (QZa(x))
= h(z)"h(x) >0
Conclusion:

V(z)>0 forall zeR"
if there exists a P > 0 such that

V(z) = Zg(x)" PZy(z)

® Such a function is called (SOS), denoted V' € 3.

® This is an LMI! Eaualitv constraints relate the coefficients of V' (deC|S|on
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SOS as an LMI

Conversion between Linear and Quadratic Representation

Let
V(z) = ¢! Zog(2)

V is SOS iff there exists a P > 0 such that
V(z) = Za(z)" PZ4(x)

Construct A so that

Zy(x)T PZy(x) = vec(P)AZyy(x)

V(z) = Za(z)T PZy(x)

becomes
e Zog(x) = vec(P)AZyy(x)
or
ATvec(P) = ¢
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Quadratic Parameterization of Polynomials

Quadratic Representation

® Alternative to Linear Parametrization, a polynomial of degree d can be
represented by a matrix M € S™ as

p(a) = Za(z)" M Zy(x)
® However, now the problem may be under-determined

{,172 r M1 M2 M3 {,C2

Ty My My Ms| |xy
y? Ms Ms Ms| |y°

= Mz* + 2Moay + (2Ms5 + M4)x2y2 + 2Msay® + Mgy*

Thus, there are infinitely many quadratic representations of p. For the
polynomial
f(z) = 4a* + 423y — 2%y — 2293 + 1044,
we can use the alternative solution
4ot + 43y — T2y — 229 + 10y*
= Mzt + 2Moa3y + (2Ms + My)xy? + 2Mszy® + Mgy*
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Polynomial Representation - Quadratic
For the polynomial
f(z) = 4a* + 423y — 2%y — 2293 + 1044,
we require

4z + 4z3y — 7x2y2 — 2zy3 + IOy4
= Miz* + 2Msa®y + (2Ms + My)2*y® + 2Msxy® + Mey®
Constraint Format:
My =4; 2My;=4; 2Ms+ My =-T;, 2Ms=-2; 10= M;.

An underdetermined system of linear equations (6 variables, 5 equations).
® This yields a family of quadratic representations, parameterized by A as

27T 2

T 4 2 Al |z
4ot 4 dady — 72y — 2217 + 10y = |2y 2 =T4+2) —1| |zy
y? - -1 10 y?

which holds for any A € R
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Positive Matrix Representation of SOS

Sufficiency

Quadratic Form:

p(x) = Za(x)" M Zy(x)

Consider the case where the matrix M is positive semidefinite.

Suppose: p(x) = Zg(x)T M Z4(z) where M > 0.
® Any positive semidefinite matrix, M > 0 has a square root M = PPT

Hence
p(x) = Zy(x)" M Zy(x) = Zy(x)T PPT Zy(x).

Which yields
2

i

pla) = Z P;jZa,;(x)

which makes p € X5 an SOS polynomial.
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Positive Matrix Representation of SOS
Necessity
Moreover: Any SOS polynomial has a quadratic rep. with a PSD matrix.
Suppose: p(z) =), gi(z)? is degree 2d (g; are degree d).
® Each g;(x) has a linear representation in the monomials.
9i(x) = ¢ Za(2)

® Hence

i

:Zgi ZZd x)c;c; Zd (z) = Zg(x) (ZQC?> Zq(x)

® Each matrix ¢;c! > 0. Hence Q = Y, c;cl > 0.
® We conclude that if p € X, there is a @ > 0 with p(x) = Zy(2)QZ4(x).

Lemma 6.

Suppose M is polynomial of degree 2d. M € X5 if and only if there exists some
Q@ > 0 such that

M(z) = Zq(x)" QZq().
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Sum-of-Squares

Thus we can express the search for a SOS certificate of positivity as an LMI.

Take the numerical example
4ot + 4oy — T2y? — 2y 4 10y*
The question of an SOS representation is equivalent to

My My M;
Find M= |My, My Ms| >0 such that
Ms Ms Mg

M =4; 2My=4; 2Ms+ My=—T7, 2Ms=—-2; Mg=10.

In fact, this is feasible for

4 2 6] Jo 2
M:251:21B%_13}
6 —1 10 1 -3
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Sum-of-Squares

We can use this solution to construct an SOS certificate of positivity.

2217 (4 2 —6] [2?]
4ot + dxdy — T2y — 22 + 10y* = |2y 2 5 1| |zy
_yz_ -6 -1 10 y2_
r221" [0 2 1 [2?
0 2 1
= |zy 2 1 9 1 _3| |*¥
_y2_ _1 -3 i y2
B 2xy + 1> r 2y + y?
T[22 +ay + 3y (227 + oy + 3y?

= (2zy +y°)* + (22% + ay + 3y*)?
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Solving Sum-of-Squares using SDP

Quadratic vs. Linear Representation
Quadratic Representation: (Using Matrix M € RP*P):
p(x) = Za(w)" M Za(x)

Linear Representation: (Using Vector ¢ € RY)

q(z) = T Zog(z)
To constrain p(z) = q(z), we write [Z,]; = 2%, [Z24]; = 27/ and reformulate

p(x) = Za(x)" M Zy(x) = Z M; jz%it% = vec(M)" AZyq(x)
2

where A € RP" X7 is defined as

) if mod(ip) + (i), +1 = B;
e 0 otherwise

This then implies that
Za(x)' M Zy(z) = vec(M)T AZyq(z)

Hence if we constrain ¢ = vec(M)T A, this is equivalent to p(x) = q(x)
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Solving Sum-of-Squares using SDP

Quadratic vs. Linear Representation

Summarizing, e.g., for Lyapunov stability, we have variables M > 0,Q > 0 with
the constraint
—vec(M)TA = vec(Q)TAB

Feasibility implies stability since

V(z) = Z(2)"QZ(z) > 0

V(2) = vec(Q)" AV Zaa(x)
= vec(Q)T ABZyy(x)
= —vec(M)T AZyq4(x)
=—Z(x)'MZ(x) >0
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Sum-of-Squares
YALMIP SOS Programming

YALMIP has SOS functionality
Link:

To test whether
4zt + 42y — T2y? — 2y 4 10y*

is a positive polynomial, we use:
> sdpvar x y

> p=4xx* +4xx3xy —Txx?xy? —2xxxy> +10xyh
> F=[1;

> F=[F;sos(p)];

> solvesos(F);

To retrieve the SOS decomposition, we use

> sdisplay(p)

> ans =

> ’1.7960 * x? — 3.0699 x y? + 0.6468 x x x y’

> " —0.6961 % x2 — 0.7208 x y2 — 1.4882 x x * y’
> '0.5383 * x2 + 0.2377 * y? — 0.3669 x x * y’

M. Peet Lecture 02: SOS and Global Stability Analysis 25 /101


https://yalmip.github.io/tutorial/sumofsquaresprogramming/

Sum-of-Squares
SOS using SOSTOOLS

In this class, we will use instead SOSTOOLS
Link:

To test whether
4zt + 4x3y — T2%y? — 229 + 10y*

is a positive polynomial, we use:

> pvar x y

P=4*x* +4*xx3xy —T*x2xy?2 —2xxxy> + 10 *y%;
prog=sosprogram([x yl);

prog=sosineq(prog,p);

prog=sossolve(prog);

V V V V
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SOS Programming:

Numerical Example

This also works for matrix-valued polynomials.

_ [ +1)2? yz
M(ZI,Z)—[ yz vy 2yt 1
» 01"t 0 o0 o0
2 2 Yyz O 0 1 1 —1
+ 1)z
(v Z) R +J: o 1| o 1 1 -1
Y yry -~ 0 yl| |lo -1 -1 1
0 2 1 0 0 0
z 01"
73’0‘2? 011 -1 0]"fo 1 1 -1
Tl oyl ltoo o oo o
[0 y°
_ [yz lyr{yz 1*1/] =
- 2 2 € s
| 2 Y z Y

M. Peet
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0] |yz
0 0
0 0
1 0

z
0] |¥*
1 0

0

0
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SOS Programming:

Numerical Example

This also works for matrix-valued polynomials.

_ [@*+ 1) yz
My, 2) = yz vy -2y +1

SOSTOOLS Code: Matrix Positivity

> pvar x y

M=[(y*+1) %2> yxz; y*xz y* +y° —2xy+1];
prog=sosprogram([y z]);
prog=sosmatrixineq(prog,M) ;
prog=sossolve(prog) ;

vV V. Vv V
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An Example of Global Stability Analysis

A controlled model of a jet engine (Derived from
Moore-Greitzer).

. 35 14
T=—y-— 5o — 3%
y=3z—y

SOSTOOLS Code: Global Stability

> pvar x y

> f=[-y—15xx?— 5xx% 3xx—y|;

> prog=sosprogram([x y]);

> Z=monomials([x,y],0:2);

> [prog,V]=sossosvar(prog,Z);

> V=V+.0001x* (x* +y*);

> prog=soseq(prog,subs(V, [x; yl,[0; 01));

> nablaV=[diff (V,x);diff(V,y)];

> prog=sosineq(prog,-nablaV’*f);

> prog=sossolve(prog);

> Vn=sosgetsol(prog,V)

Finds a Lyapunov Function of degree 4.
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An Example of Global Stability Analysis

A controlled model of a jet engine (Derived from
Moore-Greitzer).

3 1
ﬂbz—y—§x2—§x3
y=3z—y

YALMIP Code: Global Stability

> sdpvar x y

> f=[-y—15xx?— 5xx% 3xx—y|;
> [V,Vcl=polynomial([x yI,4);

> F=[Vc(1)==0];

> F = [F;sos(V—.00001x (x2 +y?))];

> nablaV=jacobian(V, [x y]);

> F=[F;sos(-nablaV*f)];

> solvesos(F, [1,[], [Vc])

Finds a Lyapunov Function of degree 4.

® Going forward, we will use mostly SOSTOOLS
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SOSOPT and DelayTOOLS

There is a third relatively new Parser called SOSOPT
Link:
And | can plug my own mini-toolbox version of SOSTOOLS:

Link:

® However, | don't expect you to need this toolbox for this Lecture.
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http://control.asu.edu/software_frame.htm

An Example of Global Stability Analysis

A controlled model of a jet engine (Derived from
Moore-Greitzer).

3 1
i:—y—§x2—§x3
y=3xr—y

This is feasible with

V(z) = 4.58192% — 1.5786xy + 1.7834y* — 0.127392> + 2.51892%y — 0.34069xy>
+ 0.61188y> + 0.47537x* — 0.0524242%y + 0.44289z2y> + 0.090723y*
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Summary of the SOS Conditions

Proposition 1.

Suppose: p(x) = Z4(2)TQZ4(z) for some Q > 0. Then p(z) > 0 for all
r € R”

Refinement 1: Suppose Zy(x)T PZy(x)p(z) = Z4(2)T QZy(x) for some
Q,P > 0. Then p(x) > 0 for all z € R™.

Refinement 2: Suppose (Y, 27)9p(z) = Z4(x)T QZa(z) for some P > 0,
g € N. Then p(z) > 0 for all x € R™.

Ignore these Refinements
® SOS by itself is sufficient. The refinements are Necessary and Sufficient.

® Almost never necessary in practice...
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Problems with SOS

Unfortunately, a Sum-of-Squares representation is not necessary for positivity.

® Artin included ratios of squares.

Counterexample: The Motzkin Polynomial

My 1)

M(z,y) = 2y + z'y® + 1 - 32%°

55
K
K

3
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However, (22 + 4% + 1)M (z,y) is a Sum-of-Squares.
(2% +y* + )M (z,y) = (2y —y)* + (2y® — 2)* + (2% — 1)?

3
+ @y —a%y)? + S (ey’ + 2ty — 22y)?

N
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Problems with SOS

The problem is that most nonlinear stability problems are local.
® Global stability requires a unique equilibrium.
® Very few nonlinear systems are globally stable.

Domain—of-attraction

-3 -2 -1 0 1 2 3
X
Figure: The Lorentz Attractor Figure: The van der Pol oscillator
in reverse
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Local Positivity
A more interesting question is the question of local positivity.
Question: Is y(z) > 0 for x € X, where X C R™.

Examples:
LINEAR PROGRAMMING

® Matrix Copositivity:
yt My >0 forally >0
¢ Integer Programming (Upper bounds)

min y
v > fily)
forallye {—1,1}"andi=1,--- ,k

y=0

Function to maximize: f(x,y)=6*x+ 5"y
Optimum LP solution (x, y) = (2.4,3.4)
Pareto optima: (0, 4), (2, 3), (3,2), (4, 1)
Optimum ILP solution (x, y) = {4, 1)

® Local Lyapunov Stability

V() > ||z? for all ||z|| <1 All these sets are
vV (2)T f(z) <0 for all ||z < 1 Semialgebraic.
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Positivity on Which Sets?

Semialgebraic Sets (Defined by Polynomial Inequalities)
How are these sets represented???

Definition 7.
A set X C R"™ is Semialgebraic if it can be represented using polynomial
equality and inequality constraints.

0 i=1,....k

0 j=1,....m

If there are only equality constraints, the set is Algebraic.

Note: A semialgebraic set can also include # and <.

Discrete Values The Ball of Radius 1
{(-1,1}"={yeR" : y2 —1=0} {z:||lz]| <1} ={2: 12"z >0}

The representation of a set is NOT UNIQUE.
® Some representations are better than others...
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Other Interesting Sets

Poisson’s Equation (Courtesy of James Forbes)

Consider the dynamics of the rotation matrix on SO(3)
® Gives the orientation in the Body-fixed frame for a body rotating with
angular velocity w.

0 —Ws W
C = — w3 0 —W1 C
—W9 W1 0
C, Oy Cs
where C = |Cy Cs Cg| € R3*3 which satisfies CTC = I and det C = 1.
Cr Cg Cy
Define
Ci1 Cy C3
S = { 04 05 06 . det(C’) = ].7 CTC = I}
Cr Cs Cy

So we would like a Lyapunov function V' (C) which satisfies

vV ()T f(C) <0 for all C such that C € S
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Recall the SOS Conditions

Proposition 2.

Suppose: p(z) = Z4(z)TQZ4(z) for some Q > 0. Then p(z) > 0 for all
z e R”
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SOS Positivity on a Subset

Recall the S-Procedure

Corollary 8 (S-Procedure).

2TFz>0forall z€ S :={x € R* : TGz > 0} if there exists a scalar 7 > 0

such that F — 7G = 0.

This works because
e r>0and z2TGz>0forall ze S
e Hence 727Gz >0 forall z€ S
If "> 7@, then
2TF2> 127Gz forall z e R"

>0 forall z€ S
Now Consider
Proposition 3.

Suppose T(x) is SOS (> 0Vzx). If f(z) — 7(x)g(x) is SOS (> 0Vx), then
f(z) >0 forall x€S:={z : g(x) >0}
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Summary of SOS Positivity on a set

The Main Idea

Proposition 4.

Suppose s;(x) are SOS and t; are polynomials (not necessarily positive). If

f(z) = so(x) + Z si(z)gi(x) + th(m)hj(x)

then fl@)>0 forall z €S :={x : g;(x) >0, hy(z) =0}
This works because

® si(x) >0forallze S

® gi(x) >0forall z€ S

® hi(x)=0forall z€ S

Question: Is it Necessary and Sufficient???
Answer: Yes, but only if we represent S in the right way.

® The Dark Art of the Positivstellensatz!
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How to Represent a Set?7?

A Problem of Representation and Inference

Consider how to represent a semialgebraic set:
Example: A representation of the interval S = [a, b].

® A first order representation:
{reR:2—a>0,b—2 >0}
® A quadratic representation:
{reR: (x—a)(b—1z) >0}
® We can add arbitrary polynomials which are PSD on X to the
representation.
{zreR: (x—a)b—2z)>0,2—a>0}
{reR: (@®+1)(z— a)(b— x) >0}
{zeR: (z—a)(b—2) 20, (2*+1)(z—a)(b—2) 20, (x — a)(b—z) > 0}
There are infinite ways to represent the same set
® Some Work well and others Don't!
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A Problem of Representation and Inference

Computer-Based Logic and Reasoning

Why are all these representations valid?

® We are adding redundant constraints to the set. | ol (1.
®z—a>0and b—1x >0 for x € [a,b] implies ‘f{ '
(z—a)(b—=) >0. B
.\\‘\"/I 3
e 22+ 1is SOS, so is obviously positive on z € [a,b]. HEPRR _

How are we creating these redundant constraints? ' ’

® Logical Inference
® Using existing polynomials which are positive on X
to create new ones.
Note: If f(z) >0 forz € S

® So f is positive on S if and only if it is a valid constraint...
Big Question:

e Can ANY polynomial which is positive on [a, b] be constructed this way?
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The Cone of Inference

Definition 9.

Given a semialgebraic set S, a function f is called a valid inequality on S if

f(z)>0 forallz € §

Question: How to construct valid inequalities?
¢ Closed under addition: If f; and f are valid, then h(z) = f1(z) + fo(x) is
valid
® Closed under multiplication: If fi and f are valid, then h(z) = fi(z) f2(z)
is valid

2

e Contains all Squares: h(x) = g(x)? is valid for ANY polynomial g.

A set of inferences constructed in such a manner is called a cone.
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The Cone of Inference

Definition 10.

The set of polynomials C' C R[z] is called a Cone if
e f1 €C and fo € C implies f1 + fo € C.
e fi €C and fy € C implies fifa € C.
e ¥, CC.
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The Cone of Inference

The set of inferences is a cone

Definition 11.
For any set, S, the cone C(S) is the set of polynomials PSD on S

C(S):={f eR[z] : f(x) >0 forall z €S}

The big question: how to test f € C(5)??7

Corollary 12.
f(z) >0 for all x € S if and only if f € C(S5)
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The Monoid

Suppose S is a semialgebraic set and define its monoid.

Definition 13.

For given polynomials {f;} C R[z], we define monoid({f;}) as the set of all
products of the f;

monoid({fi}) == {h € R[z Hf - f2(z), a € NF}

® 1 € monoid({f;})
® monoid({f;}) is a subset of the cone defined by the f;.

® The monoid does not include arbitrary sums of squares
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The Cone of Inference

If we combine monoid({f;}) with X, we get cone({f;}).

Definition 14.
For given polynomials {f;} C R[z], we define cone({f;}) as

cone({f;}) ={h eR[z]: h= Z $igi, g; € monoid({f;}), s; € Xs}

Si={zeR": fi(x) >0,i=1--- k}

cone({fi}) € C(S) is an approximation to C(.5).
® The key is that it is possible to test whether f € cone({f;}) C C(S)!!!

> Sort of... (need a degree bound)
» Use e.g. SOSTOOLS
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More on Inference

Corollary 15.
h € cone({f;}) C C(S) if and only if there exist s;,r;j,--- € ¥ such that

hz)=so+ Y sifi+ Y rififi+ D> ripfififi+---
i i itk

Note we must include all possible combinations of the f;
® A finite number of variables s;,7;;.
® s;,1;5 € Xg is an SDP constraint.

This gives a sufficient condition for h(x) > 0 for all z € S.
® Can be tested using, e.g. SOSTOOLS
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Numerical Example
Example: Show that h(z) = 52 — 922 + 52° — 2 is PSD on the interval
0,1 = {2 €R" : fy(x) = (1~ ) > 0},
A single inequality f1(z) = 2(1 — ). The cone cone(£1) only has 2 terms
so(x) + z(1 — z)s1 ()
We find f € cone(£1) using so(z) =0, s1(x) = (2 — z)% + 1 so that
h(z) =52 — 922 +52° —2* =0+ (2 —2)* + Dz(1 — 2)
Which is a certificate of non-negativity of h on S = [0, 1]

Note: the original representation of S matters:

® If we had used S={z € R : 2 >0, 1 —x > 0}, then we would have had 4
SOS variables

h(z) = so(x) + xzs1(z) + (1 — 2)s2(x) + z(1 — z)s3(x)

The complexity can be decreased through judicious choice of representation.
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Stengle's Positivstellensatz

We have two big questions
® How close an approximation is cone({f;}) C C(S) to C(S)?
» Cannot always be exact since not every positive polynomial is SOS.

® Can we reduce the complexity?
Both these questions are answered by Positivstellensatz Results. Recall

S:={zeR": fi(z)>0,i=1--- k}

Theorem 16 (Stengle’s Positivstellensatz).

S =0 if and only if —1 € cone({f;}). Thatis, S = () if and only if there exist
84,Tij, -+ € Mg such that

—1=s0+ Zsifi + Zﬁjfifj + Z rijkfifife 4
i i#] 1#j#k

Note that this is not exactly what we were asking.
® We would prefer to know whether h € cone({f:})
e Difference is important for reasons of convexity.
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Stengle's Positivstellensatz
Lets Cut to the Chase

Problem: We want to know whether f(z) > 0 for all x € {z : g;(z) > 0}.

Corollary 17 (Stengle’s Positivstellensatz).

such that

Flsoa+) aigi+Y 499+ >, Gijk9igigk + -
i i#£] Cavkaly
=1+s0+ Z Sigi + Zrijgigj + Z Tijk9gigigk +
i i#J i#j#k

We have to include all possible combinations of the g;!!!!
® But assumes Nothing about the g;
® The worst-case scenario
e Also bilinear in s; and f (Can't search for both)
We can do better if we choose our g; more carefully!
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Stengle's Weak Positivstellensatz

Non-Negativity: Considers whether f(x) > 0 for all z € {x : g;(x) > 0}.

Corollary 18 (Stengle's Positivstellensatz).

and q € N such that

flsa+ ZQ191 + ) 9i0 T D, Gikgigigk + -

i#] i£j#k
= F24 4 g+ Z‘Slgl A Zr”glg] + Z Tijk9ig5 9k + -
i i#£] i#j#k

Lyapunov Functions are NOT strictly positive!
® The only P-Satz to deal with functions not Strictly Positive.
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Schmudgen'’s Positivstellensatz

If the set S is closed, bounded, then the problem can be simplified.

Theorem 19 (Schmiidgen’s Positivstellesatz).

Suppose that S = {z : g;(x) > 0, h;(x) = 0} is compact. If f(x) > 0 for all
x € S, then there exist s;,r;j,--- € ¥ and t; € R[x] such that

—1+ Zt i+ 5o+ Zszgl +> riigigi + ) Tingigige + -
i#j i#j#k

Note that Schmudgen's Positivstellensatz is essentially the same as Stengle’s
except for a single term.

® Now we can include both f and s;,r;; as variables.
® Reduces the number of variables substantially.

The complexity is still high (Lots of SOS multipliers).
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Putinar's Positivstellensatz

If the semialgebraic set is P-Compact, then we can improve the situation further.

Definition 20 (P-Compact).

We say that f; € R[z]| for i =1,...,nx define a P-compact set K, if there
exist h € Rlz] and s; € ¥ for i = 0,...,ng such that the level set
{z € R™ : h(xz) > 0} is compact and such that the following holds.

nK

hz) =Y si(z) fiz) € =,

=1

The condition that a region be P-compact may be difficult to verify. However,
some important special cases include:

® Any region K such that all the f; are linear.

® Any region K defined by f; such that there exists some i for which the
superlevel set {x : f;(x) > 0} is compact.
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Putinar's Positivstellensatz

P-Compact is not hard to satisfy.

Corollary 21.

Any compact set can be made P-compact by inclusion of a redundant constraint
of the form fi(x) = 8 — xTx for sufficiently large 3.

Thus P-Compact is a property of the representation and not the set.

Example: The interval [a,b].
® Not Obviously P-Compact:

{reR:2°-a®>>0,b—2>0}

® P-Compact:
{reR: (x—a)(b—1z) >0}
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Putinar's Positivstellensatz

If S is P-Compact, Putinar's Positivstellensatz dramatically reduces the
complexity

Theorem 22 (Putinar’s Positivstellesatz).

Suppose that S = {x : g;(x) >0, h;(x) = 0} is P-Compact. If f(x) > 0 for all
x € S, then there exist s; € X5 and t; € R[z] such that

f=s0 +Zsigi+ztjhj
i J

A single multiplier for each constraint.
® We are back to the original condition
® A Good representation of the set is P-compact
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Return to Lyapunov Stability

We can now recast the search for a Lyapunov function.

Theorem 23.

Suppose there exists a V', an € > 0, and so, s;, to, t; € X5 such that
V(z) = so(z) + Z si(z )+e xT

—V(z) = -VV(z)Tf +§:t z)tex'a

Then the system is exponentially stable on any Y, := {z : v(z) < v} where Y, C X.
Note: Find the largest Y, via bisection.
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Local Stability Analysis

Van-der-Pol Oscillator

Procedure:
1. Use Bisection to find the largest ball on which you can find a Lyapunov
function.
2. Use Bisection to find the largest level set of that Lyapunov function on
which you can find a Lyapunov function.

3
3 2 El o 1 2 3
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Local Stability Analysis

First, Find the Lyapunov function

SOSTOOLS Code: Find a Local Lyapunov Function
> pvar X y

mu=1; r=2.8;

g=1—(x*+y°);
f=[—y;—mux(1—x%)*xy+x);
prog=sosprogram([x y]);

Z2=monomials([x y],0:2);

Z4=monomials([x y],0:4);
[prog,V]=sossosvar(prog,Z2) ;

V =V+.0001* (x* +y%);
prog=soseq(prog,subs(V, [x, y]’,[0, 0]°));
nablaV=[diff (V,x);diff(V,y)];
[prog,s]=sossosvar(prog,Z2) ;
prog=sosineq(prog,-nablaV’*f-s*g);
prog=sossolve(prog) ;

Vn=sosgetsol(prog,V)

vV V VVVV VYV VVVYVVYV

This finds a Lyapunov function which is decreasing on the ball of radius /2.8

® |yapunov function is of degree 4.
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Local Stability Analysis

Next find the largest level set which is contained in the ball of radius v/2.8.

pvar x y
gamma=6.6;

Vg=gamma-Vn;
g=r1r— (X +y%);
prog=sosprogram([x y]);
Z2=monomials([x y],0:2); |
[prog,sl=sossosvar(prog,Z2);
prog=sosineq(prog,g-s*Vg) ;
prog=sossolve(prog) ; 5

V VV V V V V V.YV

In this case, the maximum ~ is 6.6

® Estimate of the DOA will increase with degree of the variables.
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Making Sense of Positivity Constraints

fV(:c) —g(z)-s(z) >0 YV

means .
V(z) < —g(z) - s(z) <0
when g(x) > 0 (since s(x) > 0 and g(z) > 0 on z € X).
® but [|z]|* < 7 implies g(x) > 0
® hence V(z) <0 forallx € B 5

Likewise
g(x) —s(z) - (v=V()) >0  Va
means
g(x) 2 s(z)- (v=V(z)) =0
whenever V(z) < 7.
® So g(x) > 0 whenever z € V,

® But g(z) > 0 means ||z|| < /7
® So if z € V,, then g(z) > 0 and hence ||z|| < /7.
* So V,y C B\/;
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An Example of Global Stability Analysis
SOSTOOLS Code: Globally Stabilizing Controller

prog=sosprogram([wl w2 w3]);
Z=monomials([wl w2 w3],1:2);

[prog,V]=sossosvar(prog,Z);

V =V+.0001* (wi? + w2* + w3*);
prog=soseq(prog,subs(V, [wl; w2; w3],[0; O;
01));
> nablaV=[diff (V,wl);diff(V,w2);diff(V,w3)];
> prog=sosineq(prog,-nablaV’*f-4.0%V);
> prog=sossolve(prog) ;
> Vn=sosgetsol(prog,V)

> pvar wl w2 w3 Jiwr = (Jo — J3)wows + uy
. im poet ot Tty = (o = T +
> ul=-ki*wl;u2=-k2%w2; u3=-k3+u3; Jaws = (J1 = Ja)wiws + ug
> £f=[J2—7J3)/J1*w2%*w3+ul; up = —kw

> (J3—17J1)/J2*% w3 xwl + u2; Uy = —kows

> (J1—17J2)/33 xwl*xw2+u3|;

N ug = —kgo.)g

>

>

>

>

This is feasible and proves exponential stability with decay rate v =4
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An Example of Globally Stabilizing Controller Synthesis

SOSTOOLS Code: Globally Stabilizing Controller

V = x12 4 x22 + x3?;

prog=soseq(prog,subs(V, [x1, x2, x3]’, [0,
0, 017));

> nablaV=[diff (V,x1);diff(V,x2);diff(V,x3)];
> prog=sosineq(prog,-(nablaV’*f));

> prog=sossolve(prog) ;

> kln=sosgetsol(prog,kl)

> k2n=sosgetsol(prog,k2)

> pvar x1 x2 x3 (et 22 23]) 1= —x1 + To — X3
> prog=sosprogram([x1 x2 x3]); .

> §4=§10nom§a1§( [x1 x2 x3],0:3); 3_62 = s Tt
> Z2=monomials([x1 x2 x3],0:3); Ty = —x1 + Uz

> [prog,kl]=sospolyvar (prog,Z4);

> [prog,k2]=sospolyvar (prog,Z4);

> ul=k1l; u2=k2; Find uy (t) = k1 (x(t)),
> f=[-x1+x2-x3;-x1*x3-x2+ul;-x1+u2]; ug(t) = ka(z(t))

>

>
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Example of Parametric Uncertainty

i)+ cit) + Sy = L0
* me[m_,my]
® c€fe_,cq]
® klk_, k]
Questions:

k=< éc

® Can we do robust optimal control without the LFT framework??

® Consider static uncertainty?
» Can we do better than Quadratic Stabilization??

General Formulation
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Lets Start with Stability with Static Uncertainty

General Formulation

&(t) = A(0)z(t) + B(d)u(?)

y(t) = C(d)z(t) + D(d)u(t)
Where A, B,C, D are rational (denominators d(d) > 0 for all § € A)
Theorem 24.
Suppose there exists P(§) — el > 0 for all § € A and such that

AT P) + P(6)A(S) <0 forall § € A

Then A(9) is Hurwitz for all § € A.

Theorem 25.
Suppose there exists s;,r; € ¥ such that P(6) = so(0) + >, s ( )g:(0) and

—A(5)TP(8) — P(8)A(8) = ro(8) + Z r:(8)gs (0
Then A(0) is Hurwitz for all 6 € {§ : g;(d) > 0}.
Proof: Use V(z) = 27 P(§).
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Lets Start With Stability

b=

Semi-Algebraic Form:

® gi(m) = (m—m_)(my —m) =0

® g2(c) =(c—c_)(cy —¢) 20

® gs(k)=(k—k_)(ky —k) =0
We are searching for a P, s;,r; € 3 such that
P(c,k,m) = so(c, k,m) + s1(c, k,m)gi(m) + s2(c, k,m)gz(c) + s3(c, k, m)gs (k)
such that

—mA(c,k,m)T P(c,k,m) — P(c,k,m)mA(c, k,m)

= m(’l"o(c, k7 m) + 71 (C? k) m)gl(m> + T?(C’ ka m)QQ(C) + T3(C, k:7 m)g?)(k))
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SOSTOOLS does not work with Matrix-Valued Problems

You should instead download SOSMOD

SOSMOD_vMAEDB98 is my personal toolbox and is compatible with the code
presented in these lecture notes.

® May have issues with versions of Matlab 2016a and later. Working to
correct these.

® Folder Must be added to the Matlab PATH
® Also contains example scripts for the code listed in the lecture notes.
Link:

® Also on Code Ocean
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http://control.asu.edu/Software/SOSMOD_vMAE598.zip

SOSTOOLS Code for Robust Stability Analysis

pvar m c k

Am=[0 m;-c*m -k];
mmin=.1;mmax=1;cmin=.1;cmax=1;kmin=.1;kmax=1;
gl=(mmax-m) (m-mmin) ; g2=(cmax-c) (c-cmin) ; g3=(kmax-k) (k-kmin) ;
vartable=[m c k];

prog=sosprogram(vartable) ;
[prog,S0]=sosposmatrvar (prog,2,4,vartable) ;
[prog,S1]l=sosposmatrvar(prog,2,4,vartable);
[prog,S2]=sosposmatrvar(prog,2,4,vartable);
[prog,S3]=sosposmatrvar(prog,2,4,vartable) ;
P=S0+g1*S1+g2*S2+g3*S33+.00001*eye (2) ;
[prog,R1]=sosposmatrvar (prog,2,4,vartable) ;
[prog,R2]=sosposmatrvar (prog,2,4,vartable) ;
[prog,R3]=sosposmatrvar(prog,2,4,vartable);
[prog,R4]=sosposmatrvar(prog,2,4,vartable);
constr=-(Am’ *P+PxAm) -m* (RO+R1*g1+R2*xg2+R3*g3) ;
prog=sosmateq(prog,constr) ;
prog=sossolve(prog);

Pn=sosgetsol(prog,P)
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Now we can do Time-Varying Uncertainty

Time-Varying Formulatlo
t) = A(o(£))a(t) + BOE)u(t)  6(t) € Ay
y(t) = C(6(1))x(t) + DG(H)ult) (1) € Ag
Simple Example: Angle of attack («)

a(t) = _ptv(t)ea(a(t), M(t))

21
The time-varying parameters are:
® velocity, v and Mach number, M (M depends on Reynolds #);
® density of air, p;
o Also we sometlmes treat « itself as an uncertaln parameter.

a(t)

. ' " — —~ ae .
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Exponential Stability with Time-Varying Uncertainty

Theorem 26.
Suppose there exists P(d) — el > 0 for all § € A and such that

A)TP(S) + R Z 55 F

Then @(t) = A(0(t))x(¢) is exponentla//y stable.

§)6; <0 forall €Ny b,

Proof: Use V(t,z) = 2T P(5(t))x.

* Treat ; and ; as independent (Usually not conservative).

® If Ay =R", then requires a%iP(é) = 0 (Quadratic Stability).
Example: Gain Scheduling Choose K; based on §

(t) = {(A((S) + BK)a(t) deA;
(A2 =R")
® Unless ¢ depends on z....
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Extension to Optimal Controller Synthesis

We have two cases
® Time-Varying Parametric Uncertainty () = A(0(t))x(t)
e Static Parametric Uncertainty &(t) = A(d)z(t)

Most of the LMIs in this course can be adapted to either case using the
Positivstellensatz.

® Need to be careful with TV uncertainty, however.

Popular Uses:
® H, optimal control with uncertainty

» Makes Hs robust (H is already robust to some extent).
> NOT RIGOROUS when 4(t) is time-varying.

® Robust Kalman Filtering
» The Kalman Filter is not always stable in closed-Loop...
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H>-optimal robust control

Static Formulation
x(t) = A(8)z(t) + B()u(t)
y(t) = C(0)z(t) + D(d)u(t)
Hs-optimal State Feedback Synthesis
Theorem 27.
Suppose P(s,8) = C(8)(sI — A(8))~"LB(0). Then the following are equivalent.
1 |[S(K (), P(0))|lm, <y foralld € A..
2. K(6) = Z(8)X(8)~! for some Z(5) and X () such that X (&) > 0 for all
0 € A and

B(9);

X(5 (C1(80)X (8) + D12(8)Z(6))T
[01(5) X(6) + D12(6)Z(6) W (6)

TraceW (6) < v

(6)] [ } ) Z(8)7] [A(‘S);] 4 B1(8)B1(8)T <0
()

>0

for all § € A.
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The KYP Lemma with Time-Varying Uncertainty

Lemma 28.
Suppose

A(6(t)) | Bi(1)
L)) = { SOREL0) }

Then ||G(6(t))|lz(L,) < v for all §(t) with §(t) € Ay and 5(t) € Ay if there
exists a X (9) such that X (§) > 0 for all 6 € Ay and

[A ()+Z¢ﬁia%.X(5) X(5)3(5)]
) X(9) 1

17C(o)”
+ {D(é)T] [C(6) D(5)] <0
for all 6 € A1 and 5 € A

Lecture 02: SOS for Robust Stability 74 /101



The KYP Lemma with Time-Varying Uncertainty

i(t) = AGW)2() + BEOW() 6t € A,
y(t) = C6()2(t) + DEWult)  b(t) € A,

Proof.
Let V(z,t) = 27X (6(t))x. Then

V(z(t),) = (v = llu@)|* + %Ily(t)ll2 <0

:[wu)r [A<6>TX<6>+X<6> (6) + X 8- X (8)  X(9)B(5)
u(t) B(5)TX () —(y—eI
1[Ce)T z(t)
+3 oy €@ D“”] o)

O
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H .-optimal robust control with Time-Varying Uncertainty

However, Controller Synthesis is a Problem!
® Schur Complement Still works.
® Duality Doesn’t work.

Lemma 29.
Suppose A(a(t) | B(4(t))
GO0 = | Gy D)
Then ||G(5(t))|| c(r,) < 7 for all §(t) with 6(t) € Ay and 3(t) € Ay if there
exists a X (9) such that X (§) > 0 for all 6 € Ay and

(A(8) + Ba (K ()T X (8) + X (5)(A(8) + B2 (5)K(8)) + T; Bi pF; X (5) = =
B1(85)Tx(8) - LT <0
C1(8) + D12(8)K(5) Dqy(8) —~I

for all 6 € Ay and 8 € As.

We fall back on iterative methods (Similar to D-K iteration)
® Optimize P, then optimize K.
® rinse and repeat.
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Robust Local Stability

Search for a Parameter-Dependent Lyapunov Function
The Rayleigh Equation:
§—20(1—ag®)y+y=u
Uncertainty:
(e [1.8,2.2]
o€ [.8, 1.2]

[rl(t)] _ {2((1 —azt)zy + 29

.’i?g(t) X1

Find a Lyapunov Function: V (y, 9, «, ()
V(z1,z2,a,C) > .01 % (22 + 22) Vre B, ol€A
and V(0,0,a,¢) =0 and
V.V (21,22, a,0)T f(21,29,0,¢) <0 Ve € B, «,( €A
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SOSTOOLS Code for Robust Nonlinear Stability Analysis

> pvar x1 x2 z a

> zmin = .8;zmax = 1.2;amin = 1.8;amax = 2.2;gl = r — (x1% + x22);

> r=.3;g2 = (amax — a)(a — amin); g3 = (zmax — z)(z — zmin);

> f=[2%xzx*(1—axx2?)xx2—x1;x1];

> vartable=[x1 x2 a z];

> prog=sosprogram(vartable) ;

> Zl=monomials(vartable,0:1); Z2=monomials(vartable,0:2);

> Z3=monomials(vartable,0:3);

> [prog,V0]=sossosvar (prog,Z2) ;

> [prog,ri]l=sossosvar(prog,Z1); [prog,r2]=sossosvar(prog,Z1);
> [prog,r3]=sossosvar(prog,Z1);

> V=V0+.001x* (x1% +x22) + gl *rl + g2 *r2 + g3 * r3;

> prog=soseq(prog,subs(V, [x1, x2]’,[0, 0]°));

> nablaV=[diff(V,x1);diff(V,x2)];

> P=S0+gl1*S1+g2+S2+g3+S3+.00001*eye(2) ;

> [prog,sl]l=sossosvar(prog,Z2); [prog,s2]=sossosvar(prog,Z2);
> [prog,s3]=sossosvar(prog,Z2);

> prog=sosineq(prog,-nablaV’*f-sl*gl-s2xg2-s3*g3) ;

> prog=sossolve(prog);
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Integer Programming Example
MAX-CUT

Figure: Division of a set of nodes to maximize the weighted cost of separation

Goal: Assign each node 7 an index z; = —1 or z; = 1 to maximize overall cost.
® The cost if z; and x; do not share the same index is w;;.
® The cost if they share an index is 0
® The weight w; ; are given.
® Thus the total cost is

1
3 > wig(l— i)
i
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MAX-CUT

The optimization problem is the integer program:
1
max s ; wi (1 — zix;)

The MAX-CUT problem can be reformulated as
min -y :

1
Y2 max o ;ww(l —xx;) forall ze{xr:al=1}

We can compute a bound on the max cost using the Nullstellensatz

min
piER[x], 50E€X

v %Zwi,j(l —x;xj) + Zpi(m)(:v? —1) = so(z)
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MAX-CUT

Consider the MAX-CUT problem with 5 nodes
Wi = Wz = wys = w15 =.5 and  wiy = wey = was = wzg =0
where w;; = wj;. The objective function is
f(z) = 2.5 — Bryxg — brgws — Srgxy — Hrgxs — .5riTs
We use SOSTOOLS and bisection on ~ to solve

mln
piER[x], s0EX

—|—2:pZ (7 — 1) = so(x)

We achieve a least upper bound of v = 4.
However!

® we don't know if the optimization problem achieves this objective.

® Even if it did, we could not recover the values of x; € [—1,1].
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MAX-CUT

R

Figure: A Proposed Cut

Upper bounds can be used to VERIFY optimality of a cut.
We Propose the Cut

® r1=x3=x4=1
.382:1'5:—1

This cut has objective value
f(z) = 2.5 = Bryxg — broxs — Srsry — Srgxs — Sxixs =4

Thus verifying that the cut is optimal.
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MAX-CUT code

pvar x1 x2 x3 x4 x5;
[x1; x2; x3; x4; x5];

vartable =

prog = sosprogram(vartable);

gamma

f=2.

bcl =
bc2 =
bc3 =
bcd =
bch =

for i

[prog, p{i+i}]

end;
expr

prog
prog

= 1:5

(gamma-f)+p{1}xbcl+p{2}xbc2+p{3}*bc3+p{4}*bca+p{5}xbch;

sosineq(prog,expr) ;
sossolve(prog) ;

M. Peet

e

.Bxx1*x2 -

.Bxx2%x3 -

.Bxx3*%x4 - .b*xx4*x5 -

sospolyvar (prog,Z) ;
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The Structured Singular Value

For the case of structured parametric uncertainty, we define the structured
singular value.

A= {A = diag(51[n17 s 7531715 1 0; € R}

® ; represent unknown parameters.

Definition 30.

Given system M € L(Ls) and set A as above, we define the Structured
Singular Value of (M, A) as

1
M,A) = -
WM A) = A 1]
I—MA is singular
The fundamental inequality we have is A, = {diag(é;), : >, 07 <~}. We

want to find the largest v such that I — MA is stable for all A €A,
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The Structured Singular Value,

The system
@(t) = Aoz(t) + Mp(t),  p(t) = A(t)q(t),
q(t) = Nz(t) + Qp(t), AecA
is stable if there exists a P(d) € X, such that
V = 2T P(6)(Aoz + Mp) + (Aoz + Mp)TP(8)x < ex”x
for all ,p,d such that

(z,p,0) € {x p,d : p=diag(;)(Nz + Qp), 252 < 7}

Proposition 5 (Lower Bound for ).

W >~y if there exist polynomial h € Rz, p, ] and s; € X5 such that
TP(6)(Agz + Mp) (Aoz + Mp)TP(5)x —ex’x
= —so(x,p,0 252 s1(z,p, 6) — (p — diag(6;) (N + Qp))h(z, p, 5)
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Variations - Polya’'s Formulation

Recall that Hilbert's 17th was resolved in the by E. Artin in 1927.
® Any PSD polynomial p is the sum, product and ratio of squared
polynomials.
_ g9(x)

where g, h € X,.
It was later shown by Habricht that if p is strictly positive, then we may assume
h(z) = (32, x2)¢ for some d. That is,

(a1 + - +a7)p(z) € T,
Given properties of p, may we assume a structure for h?
Polya was able to show that if p(z) has the structure
p(m) = ﬁ(.’L‘g, T 7‘7:?1)’
then we may assume that s is a sum of squared monomials (prima facie SOS).
s(z) =) (cax)?
aeNn

where 2% =[], 7.
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Variations - Polya’'s Formulation
Consider polynomials on the positive orthant:
X={z:2;>20,i=1,---}
Then: f(z1, -+ ,2,) >0 for all z € X iff f(23,---,22) >0 for all z € R™.

Polya’s result: if f(x1, -+ ,x,) > 0 for all z € X, then
dp
(1) st = 3y
i a€eENn

for some d,, > 0.
Now making the substitution x? — y; and ¢2 — b,, we have the condition

Theorem 31.

If f(x1,--- ,2,) > 0 for all z € X then there exist b, > 0 and d, > 0 such that
dp
(Zy> F - gm) = Y. bay®
i aeN"™
|1 <d+dp

where d is the degree of polynomial f.
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Variations - Polya’'s Formulation

Define the Unit Simplex:

A::{IERn:Zm:l, x; > 0}

i=1

Theorem 32 (Polya’s Theorem).

Suppose F' is a homogeneous polynomial and F(x) > 0 for all x € A. Then for
a sufficiently large d € N,

(k1 +az9+ -+ xn)dF(a:)

has all its coefficients strictly positive.

The algorithmic nature was noted by Polya himself:
“The theorem gives a systematic process for deciding whether a given
form F' is strictly positive for positive x. We multiply repeatedly by
>~ a, and, if the form is positive, we shall sooner or later obtain a form
with positive coefficients.” -G. Pdlya, 1934
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Variations - Polya's Formulation

1

For example, if we have a finite number of operating points A;, and want to
ensure performance for all combinations of these points.

#(t) = Az(t) where A€ {ZA#M i 20, Z“i = 1}

This is equivalent to the existence of a polynomial P such that P(u) > 0 for all
1 € A and such that
A(p)TP(p) + P(u)A(p) <0 forall peA
where  A(p) = ZAmi
i
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Variations - Polya’'s Formulation

A more ch

allenging case is if A(«) is nonlinear in some parameters, «.

Simple Example: Angle of attack («)

_pvzca(a,M)

5 )

a(t) =

The time-varying parameters are:

® veloc
® densi
® Also,

ity, v and Mach number, M (M depends on Reynolds #);

ty of air, p;
we sometimes treat « itself as an uncertain parameter.

001

am

4

1000 an 150

Figure: Cpr vs. a and Re #

178 1900

Figure: Cas vs. Mach # and «
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ROLMIP: LMIs with parameters lying in the simplex |

m Parameter-dependent LMIs associated to polytopic systems (parameters lying
in the simplex) as continuous-time stability (A(a)' P(a) + P(a)A(a) < 0),
discrete-time stability (A(a)' P(a)A(a) — P(a) < 0), Hz and Ho norms
computation, controller synthesis, etc., can be put in the general form

k

20‘1 gt oy (Xgy ooy )
where aftah? .. fVN are monomials and Xj,...x, are matrix-valued coefficients
depending afﬁnely on the decision variables (Lyapunov matrix and possibly some
slack variables).
m How to check the positivity of X (a)? Easy sufficient test: as a’fla;‘? . aﬁ“\;"
are always non-negative, just impose Xy, ...k > 0 (linear matrix inequality) for
all monomials.

m Problem: How to obtain Xy, ...k, systematically, for decision variables
(Lyapunov matrix and slack variables) of arbitrary degrees, possibly with some
Pélya’s relaxations?
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ROLMIP: LMIs with parameters lying in the simplex Il

Solution: With ROLMIP your problems are over, because all trick polynomial
manipulations are performed for you and the LMIs are delivered automatically.
For instance, consider the problem of continuous-time robust stability analysis of
a polytopic system with dynamic matrix given by

A(Oz) = OtlAl + OLQAQ, AZ € R2X2

where A; and A, are given. Considering a Lyapunov matrix of degree g and d
Pélya’s relaxations, we have the code:

N=2;

n=2;

A=rolmipvar ({A1,A2},’A(\alpha)’,N,1);
P=rolmipvar(n,n,’P’,’symmetric’ ,N,g);

LMIs = [polya(A’*P+P*A,d)<=0, polya(P,d)>=0.000001*eye(n)];
optimize (LMIs, [1)

m New paper about ROLMIP (version 3.0) to appear in ACM Transactions on
Mathematical Software (TOMS). New stuff: multi-simplex uncertainty and the
treatment of time-varying parameters (continuous- and discrete-time cases).
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Variations - Handelman’s Formulation

Polya was not alone in looking for structure on s.

Recall Schmudgen’s Positivstellensatz.

Theorem 33 (Schmudgen).

Suppose that S = {x : g;(x) > 0} is compact. If f(x) > 0 for all z € S, then
there exist s;,7;;, -+ € Mg such that

F=s0+Y sigi+) Ti0ig+ Y TikGidigk + -
i i ik

Suppose that S is a polytope
S:={zeR": aiT:cgbi, i=1,---}

Then we may assume all the s; are positive scalars.
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Variations - Handelman’s Formulation

Let S:={z eR" : af <b;}.

Theorem 34 (Handelman).

Suppose that S := {x € R : al'x < b;} is compact and convex with
non-empty interior. If p(z) > 0 for all x € S, then there exist CONSTANTS
Sy Tijyess >0 such that

p=50+ Z 5igi + Zﬁ‘jgigj + Z Tijk9igjgk +
i i itk
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Handelman’s Formulation (LP Implementation)
Example: Consider the hypercube
Si={(z,y) : -1<z<1, -1<y<1}
Now the polytope is defined by 4 inequalities
gi(zy)=—z+1L gy =2+l gy =-y+L gy =y+1
Which yields the following vector of bases
—x+1
z+1
—y+1
y+1
22 —2r+1
g1 224+ 2r4+1
S l=] yr-2y+1
v +2y+1
-2 +1
zy—r—y+1
—zy—r+y+1
—xy+r—y+1
-2 +1
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Handelman'’s Basis (LP Implementation)

First put the function in the linear basis 1
x
pa)= - +ay+y)+3=[3 0 -1 -1 0 —1] xyy
2
Then convert the Handelman basis to the original basis ;2
—xr+1 1 -1
z+1 1 1
—y+1 1 ~1
y+1 1 1 .
z?—2z+1 1 -2 1
9 2?42z +1 1 2 1 *
Ll =] el | =1 —2 1 xyy
2
Y2+ 2+ 1 1 2 1 7
9394
22 +1 1 ~1 “
zy—z—y+1 1 -1 -1 1 4
—zy—z+y+1 1 -1 1 -1
—xy+r—y+1 1 1 -1 -1
—y* +1 |1 —1
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Handelman'’s Basis (LP Implementation)
Now the positivity constraint becomes ¢; > 0 and

C1 g 91(95)
plz) = | : :
C13 93(w)ga(z)

Therefore, substituting the expressions of the previous slide

0 -
1 1
1 -1
377 11 ! ! 1
0 T |l 2 ! T
e “ 1 2 1
l xyy : 1 —2 1 Zyy
0 x? €13 } 2 1 ! z?
—1 y2 N—— - yg
LT |1 -1 -1 1
oT 1 -1 1 -1
—_—— 1 1 -1 -1
p(z) L1 -1
A
gi--11gi
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Handelman'’s Basis (LP Implementation)

Finally, we have that positivity of p can be expressed as the search for ¢; > 0

such that

Which is of the form ATz = b in variables z > 0.

11 1T

1 1

1 -1

1 1

1 -2 1

1 2 1

1 -2 1

1 2 1

1 -1

1 -1 -1 1

1 -1 1 -1

1 1 -1 -1

_1 _1..
AT

3

C1 0

. -1

: ~1

c13 0

v -1
® ——

Recall: Optimization over the positive orthant is called Linear Programming.
® b is determined by the coefficients of the polynomial, p
® b may itself be a variable if we are searching over positive polynomials.
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Handelman'’s Basis (LP Implementation)

For the polynomial

plz) =~ +ay+y)+3=[3 0 -1 -1 0 -1] |7

The Linear Program is feasible with y?
z=[1 000 00O00O0O0O0 1 1

This corresponds to the form

p(x) = g3(x)ga(z) + g2(2)ga(x) + g1(2)
= (- + )+ (—zy+z—y+ 1)+ (—z+1)
=y —ay—y+3
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Problems with Interior ZERQOS!!!

Failure of Handelman

Now consider the polynomial
ple)y=2*4+y"=[0 0 0 0 1 1|1 = y ay a° yz]T

Clearly, p(z,y) > 0 for all (z,y) € S. However the LP is NOT feasible.
Consider the point (z,y) = (0,0). Then p(0,0) =0 and

r —x+1 7 r17

x+1 1

—y+1 1

0 Try 0 Tr 2y+1 1

0 . 0 0 . T x2—2x—|—1 . T |1

0 0 0 1 ¢+ 2x+1 1 1

p(0) = |, Y = =1 v -2y+1 | = 1
Ty 0 0 : 2

1 x> 1 0 C13 Y +22y+1 c13 1

1 2 1 0 —z°+1 1

(z,y)=0 zy—x—y+1 1

—xy—z+y+1 1

—zy+r—y+1 1

A

Which implies Zl ¢; = 0. Since the ¢; > 0, this means ¢ = 0 - NOT FEASIBLE!
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Variations - Handelman’s Formulation

Conclusion: For many representations, the strict positivity is necessary.
® Polya’s representation precludes interior-point zeros.
® Handelman's representation precludes interior-point zeros.
® Bernstein's representation precludes interior-point zeros.

In each of these cases, we may have zeros at vertices of the set.

® This makes searching for a Lyapunov function impossible.
» Must be positive on a neighborhood of the x = 0 with V(0) = 0.

One Solution: Partition the space so that the zero point is a vertex of each set.

*r——0
1D hypercube with 2 intervals

2D hypercube with 4 triangular
sub-polytopes

3D hypercube with 6 pyramidal
sub-polytopes
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