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Partial Differential Equations: Common Examples

Heat Equation (Newton):

Boundary Conditions:

u(0) =0, u(L) =0 (Dirichlet)
u(0) =0, uz(0) =0 (Neumann)
Wave Equation (d’Alembert): %

Boundary Conditions:
u(0) = 0, u(L) =0 (Fixed ends)

u(0) =0, ug(L) =0 (Free end)
au(0) = uz(0), bu(0) = —u. (L) (S-L)
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Partial Differential Equations: Common Examples

Euler-Bernoulli Beam Equation:
Utt = Ugrrra %
Boundary Conditions:

u(0) =0, u(L) =0 (Fixed ends)
u(0) =0, ug (L) =0 (Free end)

Timoschenko Beam Equation:

Wtt=— —Ps T //L\,

Dit= — O + Ws + Oss

Boundary Conditions:

?(0) =0, w(0) =0, ¢s(L) =0, ws(L) — p(L) =0 (Cantilevered)
¢s(0) =0, w(0) =0, ¢s(L) =0, w(L) =0 (Simply Supported)
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Start With A Universal Formulation

Rules for Well-Posedness

Dynamics are usually expressed in the _:

2 1 2 .
xXp € Ly, x Hy, X H = X,

x1(t, s) x1(t, s) a(t, 5)
xg(t, 8) = Ao(S) ZL’Q(f, S) + Al(S) 250 + AQ(S) [1’3(t, 8)]
x3(t, s) x3(t, s) v5(t, 5) s *
t %/—/
Xp Euler-Bernoulli Beam:
0 —
Boundary Conditions: 05 = [1 0} e
z2(0) =Ajp (Ag=A;=0)
x2(L) State Space: u € HZ: o
1 0 0 0O 0O 0 0 O u(0
B (()) =0, rank(B)=n2+2n3 |0 0 0 1 0 0 0 0| |u(L) 0
O 0 0O 0 1 0 0 O us(0) |
ilfss(( )) 0 0 00 0 0 0 1| |us(L)
xSe

B
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[llustration 1: The Euler-Bernoulli Beam

Consider a simple cantilevered E-B beam:
ugt (€, 8) = —cussss(t, ), where  4(0) = us(0) = uss (L) = usss(L) =0

Step 1: Eliminate the u¢; term (let w1 = uy)
Step 2: Eliminate ussss (let ug = uss)

Ul = Utt = —Clssss = —CU2ss, U2 = Utss = Ulss-
Universal Formulation: 0
—c
Xt = X
t |:1 0 :| S5
——

where Ag = A1 =0, n3 =2, and n1 = na =0

Boundary Conditions:
uss(L) =u2(L) =0 and wsss(L) = uas(L) = 0.

Insufficient BCs! - rank(B) = 2. Differentiate BCs in time to get:
ut(0) =u1(0) =0 and wus(0) = u1s(0) = 0.
This yields rank(B) = 4

u1(0)
10000 0 0 0]|=O
0000 10 0 0 0f || _,
00 0 0 1 0 0 Ofus@] =%
0 0 0 0 0 0 0 1| |u
ugs (L)
B
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[[lustration 2: The Timoschenko Beam

Consider a simple Timoschenko beam model:
W = 8s(ws - ¢) = 7¢s + wss

é:¢ss+(ws—¢) = —¢p+ ws + Pss
with boundary conditions
Step 1: Eliminate w¢ and ¢4t - u1 = we and uz = ¢¢.
Step 2: Use BCs to pick the state - ug = ws — ¢ and ug = ¢s.

751 0 0 0 O0f [uw 0 1 0 Of |ur
uz| _ [0 0O -1 O U 1 0 0 O U
us| — |01 0 of |us|T |0 0 0 1] |us
ug, 0 0 0 O] |ua 0 0 1 O0f [ua],
—_—— e —,—,———
Ag X2 A
where A2 =[] and n1 = n3 =0 and ny = 4 - a purely “hyperbolic” form. We only need 4
BCs:
u1(0) =0, wu3(0)=0, wuqa(L)=0, wu2(Ll)=0
This gives a B has row rank ny = 4: uq (0)
1 0 0 0 0 0 0 O0f [u200
00 1 00 0 0 of @ _ 0
0O 0 0 0 0 0 0 1 ZIEB B
00 0 0 0 1 0 Of|ur)
ug (L)
B

M. Peet Lecture 03: 5 /88



[[lustration 2b: The Timoschenko Beam revisited

Consider a modification - naively choose u2 = ws and ug = ¢. This leads to

w1 0 0 0 O 751 0 1 0 -1 w1 0
uz|{ [0 0O O O ug | 1 0 0 O ug | 0 “
us| [0 1 0 -1 |us 00 0 0] ]|us 1| s
u4], 0 0 1 0O U4 0 0 0 O ug] 0
—_— —_—
Ao Ay As
where n1 = 0, ng = 3, and ng = 1 and with 5 boundary conditions
u1(0)
10 0 0 OO O O O O Z?’Eg;
0 01 0 0 0 0 0 0 0] [uw
0000000 1 0 0 0f][wnf]|=o0
0 0 00 0O0OO 0 01 w((g))
0 0001 0 0 -1 0 0l]uy©
ugs (L)
B
NOT Stable in the given states!
However: If we add a damping term —cu4¢ = —cug to 13, then the only change is
0 0 O 0
0 0 O 0
Ado=1g 1 —« 1

0 0 1 0
Now Stable for any ¢ > 0! Stability is sensitive to definition of states!
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lllustration 3: The Tip-Damped Wave Equation

The simplest tip-damped wave equation is
e (t, 8) = uss(t, 8) u(t,0) =0 us(t, L) = —kuy(t, L).
Guided by the boundary conditions, we choose
up(t, s) = us(t, s)
us(t, s) = u(t, s)

This yields

01 00
0 0 k£ 1
—_——

B
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lllustration 4: Non-“Hyperbolic” Damped Wave Equation

Add u to the dynamics (stable for a, k # 0)
s (t,8) = uss(t, 8) — 2aus(t, s) — au(t, s) s €[0,1]
BCs: u(t,0) =0, us(t,1) = —ku(t, 1)
Must choose the variables u; = u; and us = u. Yields the diffusive form:
ur| | —2a —a? u1+1u
ug|, | 1 0 | |us 0] 252
—— ~~ 3
A() A2

where A1 =0, n; =0, no =1, and n3 = 1. The BCs on u; make us consider

this a hyperbolic state!

ul(O)
001000 ul((L))

uz2 (0
1000 0 0 |=D]=0
0 kE 0 0 O 1| |u2s(0

uzs(L)

Stable!, but not exponentially stable in the given state.
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Why are PDEs so hard?

Answer: Dynamics Governed by 3 Separate Equations???
(Au)(s) =0 ; ,
Heat Equation: ‘ {
au(t, s) = (Au) (, s)
Boundary Conditions:
u(t,s) =0

Vs el Semigroup Correction:
u € D(A) == {u € H? : u(0) = 0,u(1) = 0}

Question: Why do we have BCs? Euler-Bernoulli Beam:

: Can BCs change the dynamics?

: Yes! B
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Answer: To make the solution unique. 0 —c

Q: Are BCs part of the state? 08 = {1 0] e

A: Nol —Ay (Ag=A1=0)

Q: Why do we need them? State Space: u € H2:

A: Otherwise solution not unique. 10 0 0 0 0 0 0] [u0)

Q: Are all PDE solns sort of the same? 00 0 1 0 0 0 O ul)|_,
: 00 0 0 1 0 0 0] |us0)

A: No!

Q 00 00 0 0 0 1| |us(L)

A



Looking For A Universal Formulation

Dynamics are usually expressed in the _:

x, € L2 x H) x H? =X,

xl(t, 8) iL’l(t,S) g (t S)
2o(t, )| = Ao(s) |22ty s)| + A1(s) [xz(t’s)} + As(s) [ms(t, 5)] .
z3(t,s)] , x3(t, s) B2
—_—
Xp Euler-Bernoulli Beam:
0 —c
Boundary Conditions: Ce= {1 0} Uss
22(0) — Ay (Ag=A1=0)
x2(L) State Space: u € H2:
5(0) 1 00 0 0 0 0 0][u
B 23() =0, rank(B)=n2+2n3 |0 0 0 1 0 0 0 0| ]|u(L) 0
00 00 1 0 0 0|]|us0)
ﬂ?Bs() 0 0 00 0 0 0 1| |us(L)
z35(L) A
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The BCs strongly influence the dynamics!
Extreme Example: D(A) = {u € H? : u(0) = w1 (t), us(0) = wa(t)}
ﬁ(ta S) = ll(t, S)a ll(t, 0) =w (t)7 us(ta 0) = ’wg(t)

By the Fundamental Theorem of Calculus: .
Time-Delay System:

u(s) = su(0) + u,(0) + /0 (s = m)uss(m)dn

s i(t) = —=(t) + u(t, —7)
= swi(t) + wa(t) + /0 (s = muss(n)dn wi(t,s) = us(t,s), u(t,0)=ax(t)
or completely eliminate BCs:

E]

/ﬁs(t,n)dn = us(t,s)+/ us(t,n)dn
0

Now rewrite the dynamics in terms of ugg: ®

u(t, s) = swy(t) +wa(t) + /Os(s — n)uss(t,n)dn

What is the Fundamental State? (BCs force us to choose x; = u)
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Problems with the Primal State
Simplify the dynamics
X(t,8) = Ao(s)x + A1(8)xs + A2(8)Xss
Define a Lyapunov Function:
L
V(x) = / x(s)T M (s)x(s)ds
0

Then V(z) > 0 if M(s) > 0 for all s. However,

LT x Ao(s)TM(s) + M(s)Ao(s) M(s)A1(s) M(s)Aa(s) X
/ xs | (s)T A1(s)TM(s) 0 0 xs | (s)ds
o | Xss Aa(s)TM(s) 0 0

D(s)

Problem: D(s) # 0 for ANY choice of A;! [NNRYS

- X,Xgs,Xss are not independent states!

Old Solution: IBP, Poincaré, Bessel, Jensen, Wirtinger, Agmon, Young, et c.
New Solution: Express the dynamics using the Fundamental State

The _ is the minimal part of x which is needed to define the dynamics
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The Traditional PDE Toolbox

Poincare Inequality: For any u C W,"”(Q) there is a C(f2,p) such that
lullr < CIVul L

Wirtinger Inequality The 1D Poincare inequality with constant c=1.
If f:R — R € C! satisfies,

2
f(z)dxe =0
0
Then I£llz2 < Cllfsll 2

Integration By Parts

b b
/ u(s)vs(s)ds = u(b)v(b) — u(a)v(a) — / us(s)v(s)ds

Leibnitz Rule for Differentiation of Integrals
d b(t)

. b(t)
u(s, t)ds = b(t)u(b(t),t) — at)u(a(t),t) + /(t) U(s,t)ds
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The Traditional Approach: Stability of Heat Equation

Up = U+ Ugs u(0) = us(0) = u(l) =us(l) =0

1
u(t

/01
0w

1 1
ul(t,s)Tug(t, s) / u(t, S)Tuss(t,s)ds—l—/ u(t, s)%ds
0 0

By IBP,
1 1 1

T =U u — U u — Ugl|S 2 S = — UglS 2 S
[ s (e)s = uyun () = w0 (0) = [ usds = = [ i
By Poincare, 1 ) ) 1 ,

/0 u(s)?ds < 1/m /0 us(s)*ds

Hence L L
V(¢) :/0 u(t, s) uss(t,s)ds—i—/o u(t, s)°ds

< /01 us(s)’ds + 1/7° /01 ug(s)?ds = (1 - 7:2> /01 ug(s)%ds <0
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The Fundamental Theorem of Calculus - Extended Edition

Goal: An Algorithmic Approach?
Question: How can Computers understand Integration by Parts?7?

Combination of FTC and IBP!
x(s) = o(0) + [ x.(m)dn
0

x(s) = 2(0) + s4(0) + / (s — m)xes(m)dy

(s —n)?

52 s
x(s) = z(0) + szs(0) + 5%3(0) + /0 Xsss(1)dn

2 $ S (g —m)3
x(s) = z(0) + sx5(0) + ExSS(O) + Eazsss(O) + /o ( 677) Xssss(n)dn
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Introducing Partial Integral Operators

How to Represent the relationship:
x(s) = 2(0) + 52.(0) + [ (s = n)xes(m)d
0

X(S> = .%‘(0) + 3378(0) + %sz(O) + /OS wxssswi)dn?

s b
(’P{NO,Nl,NQ}X) (s) :== No(s)x(s)ds —|—/ Ni(s,0)x(0)do —l—/ No(s,0)x(0)do

x(s) = 2(0) + Pyo.1.0y%s

~ 1 o [F0)] +Proanoxe

z(0)

= [I s %} [st(O)

Zs5(0)

+ P{Q (3—27;)2 7O}Xsss
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Partial Integral Equations (PIEs)

An ALGEBRAIC Representation of PDEs

s)

x1(t, s) vy (t,
So(6) = |a(t, )| = Aofs) [l s 1) [20 )] 4 aa(o) [t
z3(t,s) ], x3(t, s) B

Original Form:
x = Agx, x(0) = Bw(t)

where Ay is a differential (unbounded) operator.

Define the Fundamental (PIE) State:
x1(t, s)
xf(t,s) = | xas(t, 5)
T3ss (ta 5)
Write the PDE with Partial Integral Operators!
gkf(t) = ,AXf(t) + Buw(t)

where &, A, B are PIE Operators (bounded).
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Examples of PIE Format (no BCs)
Heat Equation: u(t,s) = uss(t,s), u(t,0) = us(¢,0) =0

/0 (o= ) = )

Pio,s—n,0y0(t) = Piro,0yu(t)

Previous Example: u(t, s) = u(t, s), u(t,0) = wy(t), us(t,0) = wa(t)

/Os(s—n)l'lss(t,n)dn = /Os(s—n)uss(t,n)dn—i—s(wl(t)—wl(t))—l—(wz(t)—wz(t))

Pro,s-n0y8(t) = Pro,s—n0yult) + Pre 1003 [ﬁ;ﬁii - Z;Eii]
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Composition in the PIE Py, n, n,1 Operator Algebra
Property 1: Composition

P{Ro,Rl,Rz} = ,P{Bo,Bl,B2},P{N0,N1,N2}
where
Ro(s) = Bo(s)No(s)

Ri(s, 0) = Bo(s)Ni(s,8) + B (s, 0)No(8) +/Bl(s )N (€, 0)de
+/Bl<s EN1(E, a)d&+/32(s E)N1 (€, 0)de

Ra(s,0) = Bo(s)Na(s,0) + Ba(s,0)No(6) +/31 s, &) Na(€, 0)dé

a

] b
+/Bz(s,g)Nz@,a)dHQ/Bz(s,a)z\h(f,a)df

Triple Notation:
{Ro, R1, R2} = {By, By, B2} x {No, N1, N2}

Matlab Implementation:
{No, N1, N2} = {To, T1,T2} X {Ro, R1, R2} = Piny.N;.No} = P{10.T1.T2} P{Rg.R1.Ra}
[NO, N1, N2] = PL2L_compose(TO,T1,T2,R0,R1,R2,s,th, [a,b])
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} Operator Algebra

Lecture 03
PDEs: Introduction

LComposition in the PIE Py, ~,,n,3 Operator
Algebra

Actually, new parsers work directly with operator objects (As opposed to Triples)

e However, we are not ready to define these operators quite yet.
e These operators act on R™ x L.
Matlab Implementation:
T.R.RO=TO; T.R.R1=T1; T.R.R2=T2; R.R.RO=RO; R.R.R1=R1; R.R.R2=R2
{No, N1, No} = {To,T1, T2} x{Ro, R1,R2} — P{Ny.N1,No} = P{1y, 7,75} P{Ro,R1,R}
N = compose_p(T,R,s,theta, [a,b])
NO=N.R.RO; N1=N.R.R1; N2=N.R.R2

Notation:
e Define P,y := Piny,Ny,No}

e When the N, are clear from context...



Transpose/Adjoint in the PIE Py,, Operator Algebra

Property 2: Transpose/Adjoint

<X’ P{NO,Nl,Nz}y>L2 = <P{N0,N1,N2}X7y>L2
where X X X
No(s) = No(s)T',  Ni(s,n) = Na(n,8)T, Na(s,n) = Ni(n,s)”

Triple Notation:

{RO? R17E2} = {R07R17 RQ}*

Matlab Implementation:

{No, N1, No} = {To, T1,T2}" —  P{ng,N1,N2} = PiTo, 71,721
[NO, N1, N2] = PL2L_transpose(T0,T1,T2,s,th)
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Transpose/Adjoint in the PIE P, Operator Algebra

Lecture 03
PDEs: Introduction

LTramspose/Adjoint in the PIE Py, Operator
Algebra

e The composition property is surprising and non-trivial.
e Two integrations can be expressed using a single integral.
e Two derivatives can NOT be expressed using a single derivative.

New Parser Format:
Matlab Implementation:

T.R.RO=TO; T.R.R1=T1; T.R.R2=T2;
{No, N1, No} = {To, T1, T2}" =  Ping,Ny,Na} = Pizy,71.Ts}
N = transpose p(T,s,theta, [a,b])
NO=N.R.RO; N1=N.R.R1; N2=N.R.R2



Other Operations in the PIE Pyy,, Operator Algebra

Property 3: Scalar Multiplication

aP{No,Nth} = ,P{OfNo,OéNl,OéNz}

Triple Notation:
a{RQ,Rl,RQ} = {aRg,aRl,aRg}*
Property 4: Addition

P{M0+N0,M1+N17M2+N2} = ,P{MO,MLMz} + ,P{No,Nl,Nz}

Triple Notation:
{My + No, My + N1, My + No} = {Mo, My, My} + {No, N1, Na}

M. Peet Lecture 03: PDEs: Introduction
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Positivity in the PIE Ny, N1, Ny Algebra

Theorem 1.
For any functions Z(s) and Z(s,0), and g(s) > 0 for all s € [a, b]

No(s) = g(s)Z(s)T P11 Z(s)
Ni(s,0) = g(s)Z(s)T P12Z(s,0) + g(0)2(6, s)” P31 Z(6) +/eg(u)z(u, 8)' Pss Z (v, 0)dv
+/Sg(1/)Z(u, s)TP32Z(u, 0)dv + /L g(w)Z(v, s)TszZ(l/7 0)dv
] s
Na(s,0) = g(s)Z(s)T P1sZ(s,0) + g(6)2(0, s)” P21 Z(6) + /Sg(u)Z(V, 8)T Pss Z (v, 0)dv

4L /;q(l/)Z(l/7 s)TPQ:;Z(l/7 0)dv + /BL g(w)Z(v, s)TPz;zZ(z/7 0)dv,

where
P=|Py P P

P P2 Pi3
>0,
P31 P3s  Pss

then ,PE(NO,Nth} = P{N07N1,N2} and <X7 P{No,Nl,Nz}X>L2 > 0 for all
X € Lg[a,b].
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Positivity in the PIE Ny, N1, Ny Algebra

Proof: Let
V' 9(8)Za1(s)
{ZOa ZlazQ} = { [ " ] 5 [ \/Q(S)Zd2(sy9) 5 ] }
V9(8)Za2(s,0)
Then

{No, N1, No} = {Zy, Z1, Z2}" x {P,0,0} x {Zo, Z1, Z2}

Matlab Implementation:

{No,N1i,N2} €®a = Ping,nyng) 20
[prog, NO, N1, N2]= sospos_PL2L(prog,n,d,d,s,th, [a,b])
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Lecture 03
PDEs: Introduction

LPositivity in the PIE Ny, N1, N> Algebra

New Parser Implementation

[prog, Pv] = sospos_L2L_matker(prog,np,nl,n2,s,th,X);
[prog, Pv] = sospos_L2L ker(prog,np,nl,n2,s,th,X);
[prog, Pv] sospos_L2L _ker_psatz(prog,np,nl,n2,s,th,X);




Conversion Between PIE and PDE States

( ) x1Et,s§ 4 ( ) Jflgt,S; 4 ( ) |:1‘2(t 5):| A ( ) [ ( )]
Xp(t) = |xa(t, s = s) | xa(t,s)| + s ’ + s) |xs(t,s)],,

273(15,8) ‘ ’ Lg(tqé) ' Il'g(t,s) s ? °
Write "P

11?1(75) $1(t)

2o(t) | = P(Go,G1,Go} | T2s(t) .

z5(t) T3es(t) ;”EEL))

z3(0) | _ _
wa(t)] 11‘)1(75) B ;:3(L) =0, rank(B)=mn2+ 2n3
[xg ( t)} = Piro, oy 1} L ;sss((tt)) ms((%
l‘l(t)
[$3(t)} os [O 0 I] l‘gs(t)
x3ss(t)

T2s
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Conversion Between PDE and PIE

Converting from PDE state to PIE state

z1(t, s) z1(t, s)
xp(t,s) = |z2(t,s)|, xf(t,s) == | was(t,s) |,
373(2‘,, S) 37353( 2 5)

z35(b)

Part 1: Fundamental Theorem of Calculus in Selected BCs

z2(a)

xp(s) = K(s) [rs(a)] + (Piro,L1,0%5)(8)-

z3s(a)

Part 2: Convert Given BCs to Selected BCs

z2(b)

z35(a) z3s(a)

z35(b)

z2(a)
z2(a) z2(a)
B “f;((‘;)) = BT | z3(a) | + BP{o,9,0}Xf =0 or z3(a)
z35(a)

} = —(BT) " 'BP0,0,01Xs-

Part 3: Substitute Xp = PlGo .G} X

where
I 0 o o o 0
Go(s)=10 0o of, Gis,0)=0 1 0 + Go(s, 0),
o 0 o 0 0 (s—6)I
I 0 0 0o o 0
I 0 0 o I 0
0o I 0 0o o 0
T=lo 1 @w-aor|> D=0 o @w-or1|"
0o o I 0o o 0
0o o I 0o o I
M. Peet Lecture 03: PDEs:

Ga(s,0) = —K(s)(BT) ' BQ(s, 0)
0 0 0
K(s) = [1 0 0
0 I (s—a)

Introduction
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Converting a PDE to a PIE

%, = Ao(s)x, + Ai(s) ng; ﬂ A+ Az(9)[ws (9],

= ({A0,070} X {Go,Gl,GQ} + {Ah0,0} X {Ho,Hl,HQ} + [0 0 AQ})X]“

= Pro, g, 023 %s (1)

with the more fundamental version:

x1(t, s) x1(t, s)
%p(t) = Py, m,, 1,357 (1) Xp(t,s) == |xa(t,s)|,xs(t,s) = | was(t, )
€3 (t7 S) T3ss (t/ 5)
Where: Ag, A1, Ao and B come from problem definition and
Jo(s) = Ag(s)Go(s) + A1(s)G3(s) + Azp(s), J1(s,0) = Ag(s)G1(s,0) + A1(s)Ho (s, 0),
Jo(s,0) = Ag(s)Ga(s, 0) + Ay (s)Hy (s, 0), Agp(s) =[0 0  Ag(s)]
Go(s) = Lo,  Gi1(s,0) = L1(s,0) + Ga(s,0), Ga(s,6) = —K(s)(BT) "' BQ(s, )
G3(s) = Fy,  Ga(s,0) = F| + L1(s,0) + G5(s,0),  Gg(s,0) = —V(BT) ' BQ(s, 0)
where
I 0 0 0 0 0
I o0 0 0o I 0
0o o 0 I 0 o0
o I 0 0o o 0
T = _a Q(s, 0) = - , K(s)=|I o0 0 s L0:|:0 0 0]
o o 3 6 o ©M [0 1 <s—a>] 0 0 o
8§ 3 oo
_ o I o0 _fo o o _fo o o
1‘1(5'9)—3 é (5_09” FO_{O 0 0}‘ Fl—{o 0 1}' V—[o 0 I]
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Lecture 03
PDEs: Introduction

LConverting a PDE to a PIE

Matlab Implementation:

assemble_operators_stab_odepde.m

Converting a PDE to a PIE

O] s o Hy By} 4 00




lllustration 1: Heat Equation

Primal Formulation:

X = A X+ 1 X
Ao A2
where A1 =0, n3 =1, and ny = ny = 0.

Boundary Conditions:

10 0 o) [xn] _,
0 1 0 o [=(0)]
—_—— ws(1)
B
PIE Formulation:
XP = P{H07H1,H2}Xf Xp = P{Go7Gl7G2}Xf
where
1 1
GOZO G1:§(89+5—9—1) G225(89—5+9—1)
A A
Hy=1 H1:§(39—|—3—9—1) H2=§(89—8+9—1);
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lllustration 4: Non-“Hyperbolic” Damped Wave Equation

u| _ |—2a —a?| [ug " 1 v
up|, | 1 0 | |us 0] 252
| S —— ~—~

z3

AD A2
where A1 =0, 771 =0, np =1, and n3 = 1. The BCs on u; make us consider
this a hyperbolic state!
u1(0)
001000 uf<(L)>
u2(0
1 0 00 0O uj(L) =0.
0 kK 0 0 0 1| |u2s(0)
uzs(L)

PIE Formulation:

).(P = P{H07H1,H2}Xf Xp = P{G07017G2}Xf

where
1 0 0 0
AR B )
0 1 a’s —2a  a?0 a%s a?s
m=lp o] m=[T] me [
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[llustration 2: The Euler-Bernoulli Beam

Recall the cantilevered E-B beam: Primal Formulation:
—c

=11 9

XSS

where A() = Al = O, ng = 2, and ny = %; =0.

Boundary Conditions:
Ul (0)

1 0 00 00 0 O 32((2))
00010000 uo|_,
OOOOlOOOZ}sES;_'
0000000 1] |0
uzs(L)
B
PIE Formulation:
).(P = P{Ho,Hl,Hﬂ’Xf Xp = 7D{GU,Gth}Xf
WhereG . o s—0 0 o 0 0
0= "1 o0 o 2710 -5
0 —
HO:L OC} H, =0 Hy = 0;
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Lyapunov (Energy) Stability - Converting an LMI to a LOI

LOI Stability Condition: x,

=Payxs

Xp(t) = Payxs(t)

We now propose a Lyapunov function of the form

Vi(xp) =

The time-derivative of the Lyapunov function is

V(x,(1) =

— (P
— 3

= (x5, Pixxs) +

(xp, 7){Ni}xp>

2<XP) P{Ni}kp>

2(xp, Piniy Py s)
(ey%rs Puviy Py X )

X1, Play Pinay Prayxr)

(xf, P{Ki}xf>

Stability Condition: Py, v, n,} > 0 and
P{Ko,Kl,Kg} + PfK(LKth} S O

M. Peet

LMI Equivalent:z, = Ex

2, (t) = Az (t)

V(z) =z, PEx,

V(z,) =2z, Pi,

= 21:T(ETPA)17
=2T(ETPA+ ATPE)a

ETPA+ ATPE <0
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Enforcing Positivity in the Ny, Ny, No Framework
Theorem 2.
For any functions Z(s) and Z(s,0), and g(s) > 0 for all s € [a, b]
No(s) = 9(s)Z(s)T P11 Z(s)
Ni(s,0) = g(s)Z(s)T P12Z(s,0) + g(6)Z(6, s)" P31Z(0) +/:g(u)2(u, $)T P33 Z(v, 0)dv
+/:g(u)Z(l/, )T P3aZ(v, 0)dv + /SL VA e e
Na(s,0) = g(s)Z(s)T Pi3Z(s,0) + g(0)Z(6,5)" P21 Z(0) + /a;(u)Z(u, )T P33 Z(v, 0)dv

+/jg(1/)Z(V, )T Pys Z (v, 0)du+/6L g(W) Z(v, )T P2y Z(v, 6)dv,

where P11 Pio P13
P = |Pau P Pa| >0,
P31 P32 Pss

Proof: Let o Zan (8}

g(s)z4dils
Z,Z,Z = 5 \/ﬁz (s,0) :|7|: :|}
{ oot 2} {{ :| |: ” V9(8)Zaz(s,0)
Then

{No, N1, No} = {Zy, Z1, Z2}" x {P,0,0} x {Zy, Z1, Z>}
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Matlab Toolbox Implementation (Stability Analysis)

{No,Nl,Nz} € by — 'P{Ni} >0
[prog, NO, N1, N2]= sospos_PL2L(prog,n,d,d,s,th, [a,b])

{No, N1, N2} = {To, T1, T2} x {Ro, R1,Re} — P,y = PrriyPirsy
[NO, N1, N2] = PL2L_compose(TO,T1,T2,RO,R1,R2,s,th, [a,b])

{No, N1, N2} ={To, T1,T2}* — P,y = Piry
[NO, N1, N2] = PL2L_transpose(TO0,T1,T2,s,th)

Almost Complete Matlab Code: Stability Conditions:

pvar s th {N;} — {eI,0,0} € @4
[prog, GO, G1, G2]=... {K;} ={G;}* x {N;} x {H;}
[prog, HO, H1, H2]=... —{K;} —{K;}* € ®q40
prog = sosprogram([s th])

[prog, M, N1, N2]= sospos_PL2L(prog,n,d,d,s,th,II)

[Jo, J1, J2] = PL2L_compose(M+ep*I,N1,N2,G0,G1,G2,s,th,II)

[HOs, His, H2s] = PL2L_transpose(HO,H1,H2,s,th)

[KO, K1, K2] = PL2L_compose(HOs,H1s,H2s,J0,J1,J2,s,th,II)

[KOs, Kis, K2s] = PL2L_transpose(K0,K1,K2,s,th)

[prog, [1,Nle, N2e] = sospos_PL2L(prog,n,d+2,d+2,s,th,II)

[prog, [1,gNle, gN2e] = sospos_PL2L_psatz(prog,n,d+2,d+2,s,th,II)

[prog]l = sosmateq(prog,K1+Kls+Nleq+gNleq)

prog = sossolve(prog.pars)
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Accuracy:

Example 1: Adapted from Valmorbida, 2014:
z(t,s) = Ax(t, s) + xss(t, s) z(0) =xz(1) =0
Stable iff A < 72 22 9.8696. We prove stability for A = 9.8696.

Example 2: From Valmorbida, 2016,

&(t,s) = Ax(t, s) + zss(t, s) z(0) =0, z,(1)=0
Unstable for A > 2.467. We prove stability for A = 2.467.

Example 3: From Gahlawat, 2017:

@(t,s) = (—.55% + 1.357 — 1.5s + .7+ Na(t, s) + (357 — 28)z4(t, 8) + (s° — % + 2)waa(t, s)
with 2(0) = 0 and x,(1) = 0. Unstable for A\ > 4.65. For d = 1, we prove stability for A = 4.65.

Example 4: From Valmorbida,2014,

(t,s) = [é 1.'25] o(t,s) + B wau(t,s),  @(0) = (1) =0

With d = 1, we prove stability for R = 2.93 (improvement over R = 2.45).

Example 5: From Valmorbida,2016,

0 0 0
@(t,s) = [52 o o} x(t,s) + R zas(t, s), z(0) = x,(1) =0
0

S —S

Using d = 1, we prove stability for R = 21 (and greater) with a computation time of 4.06s.
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Computational Complexity vs. Number of PDEs

Consider a simple n-dimensional diffusion equation
x(t,s) = z(t,s) + xss(t, 9)
where z(t,s) € R™.

Computation Time:

n(#ofstates) | 1 | 5 [ 10 | 20
CPUsec | 54 | 37.4 | 745 | 31620
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[[lustration 2: The Timoschenko Beam

Consider a simple Timoschenko beam model:
W = Os(ws — ¢) = —¢s + Wss
b= ¢ss + (ws — @) =—¢+ ws + ¢as

with boundary conditions

#(0) =0, w(0)=0, ¢s(L)=0, ws(L)—¢(L)=0

Step 1: Eliminate wy; and ¢yt - u1 = wy and uz = ¢¢.
Step 2: Use BCs to pick the state - ux = ws — ¢ and ug = ¢s.

w1l 0 O 0 07 w1 0O 1 0 O u1
uz| _ |0 0 —1 0] |u2 + 1 0 0 Of [u2
ug| ~— [0 1 0 Of |us 0 0 0 1| |us
uwg], 0 0 o0 o lus 0 0 1 0] Lual,
—_— e —/—
Ag X9 A

where Az =[] and n; = n3 = 0 and ny = 4 - a purely “hyperbolic” form. We only need 4 BCs:

u1(0) =0, u3(0) =0, wa(L)=0, wu2(l)=0
This gives a B has row rank ny = 4: wp (0)
1 0 0 0 0 0 0 o07]%*2@
u3(0)
0.0 1 0 0 0 0 0f w0 _,
00 0 0 0 0 0 1| |w(@fT
00 0 0 0 1 0 of |25
13 (L)
ug (L)
B

Stable! However, not exponentially stable (V £ 0) in all the given states.
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[[lustration 2b: The Timoschenko Beam revisited

Consider a modification - naively choose u2 = ws and ug = ¢. This leads to

w1 0O 0 0 O uy 0 1 0 -1 w1 0
uz|{ [0 0O O O ug | 1 0 0 O ug | 0 “
us| [0 1 0 -1 |us 00 0 0] ]|us 1| s
u4 ], 0O 0 1 0 Ug 0 0 O 0 ug] 0
—_— —_—
Ag Ax Az
where n1 = 0, ng = 3, and ng = 1 and with 5 boundary conditions
u1(0)
10 0 0 0O0OO O 0 O 52%
00 1 000 0 0 0 0f]uw
0000000 1 0 0 0f][wnf]|=o0
0 0 000 00O 0 01 w((g))
0000100 -1 0 ol
ugg (L)
B
NOT Stable in the given states!
However: If we add a damping term —cu4¢ = —cug to 13, then the only change is
0 0 O 0
0 0 O 0
Ado=1p 1 —« 1

0 0 1 0
Now Stable for any ¢ > 0! Stability is sensitive to definition of states!
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lllustration 3: The Tip-Damped Wave Equation

The simplest tip-damped wave equation is
uge (t, 5) = uss(t, s) u(t,0) =0 us(t, L) = —ku(t, L).
Guided by the boundary conditions, we choose
up(t, s) = us(t, s)
us(t, s) = u(t, s)

This yields
U1 . 0 1 U7
u9 t 1 0 u9 s
—— ——
Al xro
where Ag =0, A; =[] n1 =n3 =0 and ny = 2. The BCs are now
u1(0)
0 1 0 0] |u(0) 0
0 0 k 1| [m@D)]| —
ua(L)

We prove exp. stability in the given states wu;, us for k& > 0.
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lllustration 4: Non-“Hyperbolic” Damped Wave Equation

Add u to the dynamics (stable for a, k # 0)

e (t, 8) = uss(t, 8) — 2au(t, s) — aQu(t, s) s €10,1]
BCs: u(t,0) =0, us(t,1) = —kuy(t, 1)

Must choose the variables u; = u; and us = u. Yields the diffusive form:

u| _ |—2a —a?| [ug n 1 "
up|, | 1 0 | |us 0] 252
—_— -~

T3
Ao Az

where A1 =0, n; =0, no =1, and n3 = 1. The BCs on u; make us consider

this a hyperbolic state!

ul(O)
0 01 0 00O Ul((L))

uz (0
1000 0 0 =] =0
0 kE 0 0 O 1| |u2s(0

'U.ZS(L)

Stable!, but not exponentially stable in the given state (confirmed analytically).
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Converting an LMI to an LOI:

The LMI to LOI conversion process:
Step 1: Write the dynamics

%x,(t) = Ax/(t) + Bw(t), y(t) = Cx;(t) + Dw(t), x,(t) = Hx;
where A, B,C are in the {Ny, N1, No} algebra.

Step 2: Replace Matrices with Operators (e.g. KYP Lemma)

ATP4+PA PB COT w1T 7 =1 DT B*PH u
BTpP —I DT | <0 — | D —I c v | <0
c D —~I x;| |HPB Ccr APH+HPA| |x;

Why Does This Work?:
® The conversion between primal and fundamental state is a { No, N1, N2} operator.
® \We express the dynamics as a {No, N1, N2} operator.
® We express the Lyapunov Functions using a {No, N1, N2} operator.
® {No, N1, N2} operators are closed under composition, adjoint, and addition.
® We can parameterize {No, N1, N2} operators using real numbers
® We can enforce positivity of { Ny, N1, N2} operators.
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Algebras on R" x Ly

How to Enforce:

U —~I DT B*PH u u
v D I C v| <0 V|v|eR™PxL?
X H*PB C* APH+H'PA| |x; X
ODEs Coupled with PDEs:
Algebra of Operators on R™ x LZ[a, b]
i Pz + fb Q1(s)x(s)ds
Plo & FDS; [ . .
< {sz{ i} x ( ) QQ(S).’E-‘F (P{RZ}X) (8)

P Q1 x
QQ P X
where P:R™ 3 R™
Qi : Ll 5 R™
QQ :R™ — L;L
Py - L}

M. Peet

| =Pl [l

y= Px

v= [ Quoxts)
(s) = Qa(s)x

Yy = P{Ri}X
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Operators on R x Ly in a Matlab structure

A general operator on P{.l" &%} : RP x Li[a,b] — R™ x L%[a,b]

(P{Qii o [i]) (s) := [Ciﬂzs‘;‘xfic(?;iitf))?:) .

MATLAB structure has following elements.

AR B A

P.P: a m x p matrix

P.Q1, P.Q2: m x g and n x p matrix valued polynomials in s, respectively
P.R: a structure with entities Ry, R1, and Ro

P.R.RO : n x ¢ matrix valued polynomial in s

P.R.R1, P.R.R2 : n x ¢ matrix valued polynomials in s and 6

P.dim: [m p}
n q
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Composition

Pl Plara] M
(Px + f Q1(s ds) + f M;(s) (Q2(s)z + (Prix) (s)) ds
Ms(s) (Pw + [0 Q1 s)x(s)d S) (Pinv,y Qa(s)z + (Prryx) (s)) (s)

(LP+ 2 Mi(5)Qa(s)) w + [2 LQu(s)x(s)ds + [ My (s) (Pir,yx) (s)ds
(Ma(5)P + P,y Qads) @ + Ma(s) [ Qu(0)x(0)d0 + (Pin,y Pir,yx) (5)(s)

Triple-Triple Notation:
GARFEARGE
Q2,{Ri}| | M2, {N;} Ga, {H;}

Matlab Implementation:
P, Q _ L, M F, G
Plon &} =Plai i }P{en Gy }
P_comp = compose_p(P1,P2,s,theta, [a,b])
Positivity using

P20 = {525 < {50 < {5.2.%) - 0
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lllustration 1: The Tip-Damped Wave Equation with

Disturbance
Adding a uniform disturbance to the tip-damped wave equation
u(t,0) =0 us(t, L) = —ku(t, L).

Utt (tv S) = Uss (ty 5) + ’LU(t)
How does the disturbance affect tip displacement? (i.e. u(t, L))

Change the states to

Then
ur| (0 1 |wg 0 _ _ g
SR S e
—— . —
Ay T2 B, Cxo
and Ag =0, A3 =[], C.Q1 =1, D=0, n; =n3g =0 and ny = 2. The BCs are
u1(0)
[0 1 0 o] u2(0) o
0 0 k 1] |u(D)| "
43/ 88
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Matlab code to find a bound on Ls-gain for PDEs

Define system:

pvar s, th, gamma;
A0=.;Al=.;A2=.;Bl1=..;,C = .;D=..;B=..;a=..; b=.;
prog = sosprogram([s;th],gamma);

P=0
[prog, Pv] = sospos_L2L_matker(prog, np, nl, n2, s, th, X);

—~I DT B*PH
Peg — D —I C
HPB C* APH+HPA

HPA = compose_p (transpose_p(H,s,th),compose_p(Pv,Af,s,th,X),s,th,X);
BPH = compose_p (transpose_p(B,s,th),compose_p(Pv,H,s,th,X),s,th,X);
Peq.P = [-gamma*eye(nw) D'; D -gamma*eye(ny)];

Peq.Ql = [ BPH.Q1 Cf.Q1];

Peq.R.R0O = HPA.R.RO+HPA.R.RO’;

Peq.R.R1 = HPA.R.R1+var_swap(HPA.R.R2' s, theta);
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Matlab code to find a bound on Ls-gain for PDEs- cont.

Question: How to Enforce:

Peg <0

[prog, Pe] = sospos_RL2RL _ker(prog, no, np, d1, d2, s, th, X);
[prog, Pf] = sospos_RL2RL ker_psatz(prog,no, np, d1, d2, s, th, X);
prog = sosmateq(prog, Pe.P+Pf.P+Pheq.P);

prog = sosmateq(prog, Pe.Q1+Pf.Q1+Pheq.Q1);

prog = sosmateq(prog, Pe.R.R1+Pf.R.R14+-Pheq.R.R1);

How does the disturbance affect tip displacement in tip-damped wave equation?

Answer: We get |y, < 0.5||w]|r, for k= 2.
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Some more examples

Example 1: Adapted from Valmorbida, 2014:

(t,s) = Ax(t, s) + xss(t, s) + w(t) z(0) =x(1) =0 y(t) = /01 z(t, s)ds

We get v = 8.214 vs 8.253 from discretization for A\ = 9.86.

Example 2: From Valmorbida, 2016,

z(t,s) = Ax(t, s) + xss(t, s) + w(t) z(0) =0, z:(1)=0 y(t) = /01 x(t, s)ds

v = 12.03 vs 12.3 from discretization for A = 2.4.

Example 3: From Valmorbida,2014,

(t,s) = [é 1.'25] z(t,s)+R_1zss(t,s)+[(1)] w(t),  @(0)==z.(1)=0  y(t) :/01 21 (t, s)ds

We get v = 1.67 vs 1.66 from discretization for R = 2.7.

Example 4: From Valmorbida,2016,

0 0 0
i(t,s) = |:s 0 O:| z(t, s)+R "o (t, ) [
2 0

:| w(t), z(0)=xzs(1)=0, y(t)= /01 z2(t, s)ds

=

S 755

We get v = 3.58 vs 3.97 from discretization for R = 21.
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H,, Gain Analysis

Stable for \ < 4.65.

ut(svt) = A()(S)U(S,t) + Al(s)us(svt) + AQ(S)USS(Svt) + w(t)

u(0,t) =0 us(1,t) =0

y(t) = /01 u(s,t)ds

100 200 300 400 500
n

Figure: Compare with Discretization
(d=1)

M. Peet

250

200

150 /
100 /

50 —

L, gain

0
461 4615 462 4625 463 4635 464 4645 465 4655
by

Figure: Hoo Gain as a function of A (d = 1)
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ODE/PDE Models (Fluid-Structure)

Wing attached to a Fuselage

Position of Body: z(t) Deflection and Curvature: w(s,t), wss(s,t)
Disturbance: d(t),u(t) Output: ws(s,t)

Z(t) = *Fwsss(oat) + d(t)7

w(s,t) = —E?stsss(s,t) + u(t),
w(0,t) = z(t), ws(0,¢) = 0,

Wss(Lyt) = 0, wsss(L,t) =0
Things to Note:
® The ODE state is affected by the boundary of the PDE
® The BCs of the PDE are affected by the ODE State
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ODE/PDE Models (Fluid-Structure)

General Form: A PDE -

|:Z2] (s,t) = Ao(s) Z2] (s,t) + A1(s)0s {:;] (5,t) + Az(8)0%2z3(s,1),;
Z3 Z3

coupled with a linear ODE
x(t) = Ax(t) + Bazp(t),
coupled at the boundary using

Bzy(t) = Byz(t)
zp(t) = COI(ZQ(Q, t),z2(b,t), zs(a,t),z3(b,t), 0sz3(a,t), 0sz3(b,t))
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ODE/PDE Models (Fluid-Structure)

lllustrative Example A string coupled with an ODE [Barreaul].

w(s,t) = cwss (s, t),

z(t) = Ax(t) + Bw(1,t),
w(0,t) = Kx(t),
ws(1,t) = —cow(1,1),

® w(s,t) is transverse displacement of the string

These equations may be rewritten in the proposed form as
Ao(s) Az(s)

—_—~— ~
iea-E e smes
i(t) = Aa(t) + Bag(1,1),

z3(0,t) = Kx(t),

z35(1,t) = —coz1(1, 1)

where z; = w and z3 = w.
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ODE/PDE Models (Fluid-Structure)

In this case, the BCs become

20 z2(a)
B| 336 | = BT |as(a) | + BPggyxs = Baz(t)  or
5 35(a)

= (BT)"'B:2(t) — (BT)"'BPjo,q.q)Xs
1’35((1)
which yields a new identity of the form

x, = Hx; + K(BT) ' B,2(t)
We now write a set of BC-free dynamics of the form
2t)] (Ao A1 [2(P) + Bo| {u(t)
X, T Ay Az Xf B d(t) ’
—_—— ——

A B

x2(a)
z3(a)

Here
A=P{i0an}, B=P{s%u}
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Field Estimation and ODE/PDE Models (Fluid-Structure)

1D Flexible Arm attached to Rigid Body
Position of Body: 2(¢) Deflection and Curvature: w(s,t), wss(s,t)
Disturbance: d(t),u(t) Output: wys(s,t)

Z(t) = _Fwsss(oat) + d(t)’
. __EI u
’U)(S, t) = L ssss( at) + (t)7

w(0,t) = z(t), ws(0,t) = 0, -

Wes(L,t) = 0, wsss(L,t) =0 [
Result: For £L = 10, we get ||2||2. < .8936|u||%. .
I 2 2
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State Estimation and Multiple Spatial Dimensions

Distributed State Estimation:
1 1 0.3] [x1 1 0] [z1ss s — 82
5 R I 3 P 1 e R A R
b

o [0 - [ )

a a L 3 ) 0 15
Figure: Time evolutioh of z¢ (¢) and w(t)
for A = 5, 10 where w (%) is generated by
damped sinusoidal functions.

PDEs in 2 Spatial Dimensions:
Algebra of Operators on Ls[[a,b] X [c,d]]

(Pu) (s) :==

T y b d
No(z,y)u(z,y) +/ / Nl(x,y,s,e)u(s,e)dsd0+/ / Ni(z,y, s, 0)u(s,0)dsdb.
a c z Yy
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Lecture 03
PDEs: Introduction

L State Estimation and Multiple Spatial Dimensions

Code for these problems is not yet available. Sorry :(

State Estimation and Multiple Spatial Dimensions




Time-Delay Systems

What is a Time-Delay System

z(t) = Agz(t) + ZA x(t ) + Biw(t) + Bau(t),

y(t) = Cha(t) + Dlw(t) + Dou(t)
z(t) = Cox(t) + Dsw(t) + Dau(t)

To Simplify, we
® Assume the Delay is known
® Ignore time-varying delay
® |gnore Distributed Delay
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Modeling the Athenaeum Showers

Tracking Control with integral feedback
e T; is the water temperature

® x; is the tap position

® 7, is the time for water to move from tap to showerhead
® w; is the desired water temperature (Not available to controller!)

® Opening the tap by user i decreases the water temperature of users j # i

u;(t) is the controlled input

F(t) = Ti(t) — wi()

Ty(t) = =i (Ti(t —7) —wi(t) + > yijey (Ty(t = 75) — w; () + uq(t)

J#i

yi(t) = |:.1’Ui(t):| Sensed Output
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Fixing the Athenaeum Showers

#(t) = Apx(t)+ Y Aw(t—m;)+Brw(t)+Bault), y(t) = Ca(t)+Dyw(t)+Dault)

where 0 o s
0o I -
Ao = [0 0} o A= [o A,v,] » Bi= [—f + diag(as - ..ax)}

Ai(0) = oy [(viai - e =1 yeio1 ... ’Yi,K]T
- 0
Dij=oyvi;=[an ... qx], Ba= [1]

I 0 0 0 0 0
co=lo o e[ o o= 2= [

45 .
. Complexity: 8 states, 4 delays, 4
s User4 (w=4.4sdelay) | jnputs, 4 disturbances, 8 regulated
o 3 outputs
E User 3 (w=3, 3s delay) . )
g2 1 Results: A Matlab simulation of the
Elz User2(w=2,2sdclay) | STEP response of the closed-loop
’1 temperature dynamics (T%;(t)) with 4
o fr User L (w=1,1sdelay) | users (w; and 7; as indicated) coupled
. with the controller with closed-loop
0 2 4 6 8 10 12 14 16 18 20

Time (s) galn Of .48
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PDE Representation of Delay System

A linear time-delay system is the interconnection of an ODE and a simple
transport PDE with point actuation and point observation.

ODE: The system G;

Z1(t) = Az (t) + Buq(t) G,
us(t) = Cz1(t) + Duq(t) (A,B,C,D)
[AB][AO[Al An]]
C ‘ D 1 ‘ 0
PDE: The system G4
d o G,
ﬁxg(t,s) = %@(t, s)  wa(t,0) = us(t),
xo(—T1)
uy(t) = : 4 : : \
To(—TK) Yy, Y, Y, u

Of course, the solution is just @o (t, 8) = ug (t — s).
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PIE Representation of a time-delay System

ODE: The system G,

K
t) = <2A2> $1 Z A ng
i=0

Xo(t, 8) = xa5(t, 8)
Ug(t) = Olll(t) + Dul(t)

where

P=>"Ai, Qu=4A;, Qu=0, {Ro R Ry}={I,0,0}
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The H.-Optimal Full-State Feedback Controller Synthesis
Problem

Consider solutions of
z(t) = Agz(t +ZA z(t — ;) + Biw(t) + Bau(t),

()ZCx()+D1w()+D2U( )-

Problem Definition:
Minimize ~ such that there exist Ky, K;; and Ko;(s) such that if

u(t) = Koz(t +ZK121: t—1;) +Z ng x(t + s)ds

—T;

then for any w € Lo, ||2||z, < yllwl|L,-
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Recall the LMI for Optimal Control of ODEs

Get rid of the delays and we have

#(t) = Az(t) + Biw(t) + Bou(t),  y(t) = Ca(t) + Diw(t) + Doult).

Lemma 3 (Full-State Feedback Controller Synthesis).

Define:
A+ By K \ B;

| C+ DK [ Dy |-

G(s)

The following are equivalent.
® There exists a K such that ||é||Hoo <.
® There exists a P > 0 and Z such that
PAT + AP+ 7TBT + ByZ B, PCY+Z7DEL,
BT —~I DT, <0
C1P + D12Z Dy —I

The Controller is recovered as K = ZP~1,
® P > ( ensures P is invertible.
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Operator Formulation of the System

Write the DDE as
z(t) = Ax(t)+B1w(t)+5ou(t), z(t) = Cx(t)+Diw(t)+Daul(t), u(t) = Kx(t).

where
A LZ] (s) = 5i() )1’ (C L;i]) = [Cox + 3=, Cighi(—Ti)]
Biw Bou

(Byw)(s) := { 0 }, (Bau)(s) == { 0 }, (Dlw) := Dyw, (Dsu):= Dau

AOT+21 1A¢(

K Lﬂ: Koz(t) +ZK1i¢i(t_ Z Kgl x(t + s)ds

Details: A: X — Z,, k, B1 : R" — Z,, 1, Bo RV — Z,, .k, D1 : R™ — RY,
Dy :RP - R? and C : Zp n,xk — RP where

Zm,n,K = {Rm X L;[_Tl,o] X oo X L;[_TK,O]}
: . ¢, €W [—7;,0] and
X { |:¢7,:| € Zn K ¢'i(0):2z[for all EG[K]} -
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The DPS/DDE Equivalent of the Synthesis LMI

No Duality in Fundamental State (yet)
Duality Theorem for Controller Synthesis: Suppose ) > ¢, )V : X — X and

wl” —I Df B w

v D1 —’}/I Cy + DQZ v <0
Xf B, (Cy + DQZ)* AY + B Z + (*)* Xf

then if X = ZY~1, we have ||z|1, < v|w] L,

DPS Version of Controller Synthesis: Minimize  such that 3P : X — X
(coercive, P = P*, P(X) = X) and Z such that

(APz,2) 7 + (2, APz) 7 + (B222,2) 7 + (2, B222) 7 + (2, Biw) z + (Biw,z) 7 — yw" w
+0" (CPz) + (CPz) v+ 0" (D2 22) + (D222) v + v" (D1w) + (Diw) v — y0" v < —€|2|)%

forallze Z, we R™, veRY
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Put Each Term in the PQRS Framework

Define z = [m} and h=[v" w2 ¢ (—m)T .- ¢K(—TK)T}T

i

Ho.-optimal Controller Synthesis Condition: Let P = PiP.Qi,8:,Ri;}

(APz,2) 7 + (2, APz) 7 + (B222,2) 7 + (2, B222) 7 + (2, Biw) 7 + (Biw,z) 7 — yw" w
+0" (CPz) + (CPz) v+ 0" (D2 22) + (D222) v +v" (D1w) + (D1w) v — yv" v < —€||2||

h h
<APZ’ Z>Zu.K + <Z7"4PZ>Zn.K = . ’p{Dl Eq; S-L Gij} .
¢z iS4, ¢z Z o
where
0 0 0 0 S 0
0 0 0 0 . 0
0 0 Co+0of Cy Ck Coi=Ag P+ § (4;Q;(—m)T+15;00)),
Dy:= [0 0 cT —S1(=71) O 0 i=1
: - Cii=TR A;S; (—7),
: : : 0 . 0 =T AS; (=)
0 0 CI]; 0 0 7SK(7TK)
) K
Eu(s):==[0 0 Bi(s)T 0 -~ 0]", Bi(s):= A0Qi(s) + Qi(s) + > A;Rji(—7;,5),

j=1

Gii(5.0) = 2 Rii(5,0) + 2 Rii(5,0)"
rii (S, = IS, o iS5, B
(5, 0) 3= g i (5, 0) + 5 Hgi
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Put Each Term in the PQRS Framework

(Z [;ﬂ) . [Zow + 20 Zudi(=mi) + 3 LOW Z2i(8)¢i(3)ds]

(APz,2)z + (2, APz)z + (B222,2) 7z + (2, B222) 7z + (z, Biw) z + (Biw,z)z — 'waw
+07 (CPz) + (CPz) v+ 0" (D2 22) + (D222) v + v” (D1w) + (Diw) v — y0 v < —€||z||

(B2Z2z,2) 7 + (2, B222) 7 = 27k a” [BQZOI + 32 B2Z1idi(—7i) + 225 fETi Bzzzi(s)¢i(3)ds]

v Tro 0 0 0 . 0 v
w T 0 0 0 e 0 w
x T «T  BoZo+ 2ZIBT BsZiy ... BaZix x
=71x | ¢1(=71) T 5T . 0 0 ¢1(—71)
¢K(_TK) T *T T T L 0 ¢K(—TK)
—_———— ————
nT Do h
v T 0
w 0
K 0 T B2Z2i(s) h h
+ 27k Z[T $1(—71) 0 ¢i(s)ds = <[¢J s P{Dy,Es;,0,0} [dh} >Z .
i=1 i . n, K
dr(—TK) 0
%,—/
Bai(s)
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Put Each Term in the PQRS Framework

(APz,2)z + (z, APz) 7z + (B222,2) 7z + (2,B222) 7z + (2, Biw) 7z + (Biw,z)z — 7’71)Tw
+07(CPz) + (CPz) v+ 0" (D222) + (D2Z2) v + v" (Diw) + (D1yw) v — 0" v < —€||2]|

(z, Biw)z + (Biw,z)z —yw’ w + 0" (Diw) + (Diw) v — v v

= 1zl Biw + TK(Blﬂ))Tl' — waw + vT(Dlw) + (Dlw)TU — 'vav

v r —~I Dy 0 0 0 v

w DI —I B 0 0 w

x 1 0 TKBl 0 0 0 x
=TK | ¢1(—71) E 0 0 0 0 0 ¢1(—71)
ox(—TK) 0 0 0 0 ... 0] Llox(—7k)

hT D3 h

h h
= < [dh} , P{D4,0,0,0} L)J >ZT%K
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Put Each Term in the PQRS Framework

(APz,2)7 + (2, APz) z + (B222,2) 7 + (2, B222) z + (2, Biw) z + (Biw,z) 7 — yw" w
+0" (CPz) + (CPz) v +0" (D 22) + (D222) v+ v" (D1w) + (D1w) v — y0" v < —€||2||

wT(ePz) + (cP2)T v = 20T [(CQP + Z"'KciQi(_"'i)T> T+ TR Z CiSi(=7)éi(—74)

K /o
+y [ (coQi(s) + 30Oy Ry, s>> 0s(s)ds]
i= i J

CoP

v T| 0 0 e +35:6Qi(—mT  c181(-m1) ... CgSK(-TK) »
w «T 0 0 0 0 w
x T LT o 0 0 *
=g | P1(=71) T LT T o 0 ?1(—71)
e N a R
Dy
v T CoQi(s) + X5 CjR;j;i(—7j,s)
w 0
K 0 x 1 0
- h h
+2rK Y / #1(=71) — 0 9;(s)ds = <{ } s P{D4,Ey;,0,0 [ ]>
=17, . TK . i (P4,540,0.03 | Zrn, K
¢r(—TK) 0
Ey44(s)
M. Peet
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Put Each Term in the PQRS Framework

(APz,2) 7 + (2, APZ) 7 + (B222,2) 7 + (2, B222) 7 + (2, Biw) z + (Biw,z) 7z — v — yw” w
+0T(CP2) + (CPz) v+ 0" (D2Z2) + (D2 Z2) v + 0" (D1w) + (D1w) v — v v < —€|2]|

v (DyZ2) 4 (D2 22) v = 207 [Dzzox + 3, D2Zyidi(—Ti) + 3, fETi D2Z2i(8)¢i(3)d3]

v T 0 0 D22y D2Z11 D2Z1x v
w T o 0 0 0 w
x 1 - 0 0 0 x
=71k | 1(=T1) — |«T T T 0 0 ¢1(—T1)
TK
PK(—TK) _ T x«T T 0 K (—TK)
Ds
v T DzZzi(S)
w 0

K o T 1 0
+2TKZ/ $1(—71) | — 0
i=1Y 7T .

L8 = {[2] oenn [2])

Zr,n,K
SK(—TK) 0

M. Peet
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Combine Terms and enforce Constraint

And, finally,

h h - .
6”ZHZZ = <[¢:| s Piioroy [¢:|> where I = diag(0Og+m, In, Onx)
v v Zp o, K

Find P, Q;, Si, Rij, Zo, Z1;, and Zy; such that
h h
<L§J s Pioti,, 841,003 {¢J>Z <0,
rn, K

where D = Z,):l D;,and E;(s) = Z?:l E;;(s). Then there exists a feedback
controller u(t) = ZP~'x(t) which achieves CL H., norm 7.

Matlab Code: solver ndelay_opt_control.m
[P,Q,R,S] = sosjointpos_mat_ker ndelay PQRS_vZ

[P2,Q2,R2,52] = sosjointpos.mat_ker ndelay PQRS_vZ

sosmateq(prog,D+P2); sosmateq(prog,Q2{i}+E{i});
sosmateq(prog,S2{i}+F{i}); sosmateq(prog,R2{i,j}+G{i,j});
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How to ensure P(X) = X

Not Needed for Optimal Estimator Synthesis

Recall PQRS Operators have the form

m (s) = (P{P@:»&»Ru} Lﬂ) (s)

Pr+Y0L, f_OT Qi(s)¢i(s)ds
- lTKQi(S)Tx‘FTKSi(S)@(S)‘*‘Z;{_l I_OT]Rij(Sve)¢j(9) do
So to achieve z’ = ¢5(0), we need
P=1(Qi(0)" +8:(0)),  Qjs) = Rij(0,5)  V¥iyj

These are linear constraints on P and the coefficients of polynomials Q;, S;, R;;.

Matlab Code:

for i=1:n_delay

prog = sosmateq(prog,P-tau*(subs(Q{i}’,s,0)+subs(8{i},s,0)));
for j=1:n_delay

prog = sosmateq(prog,Q{i}-subs(var_swap(R{j,i},s,th),th,0));
end

end
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The Inverse of a PQQRS Operator is a PQQRS Operator!

How to find
-1
K= ZP{RQ’S,R}?

Extract Coefficients: Q(s) = HZ(s) and R(s,0) = Z(s)TTZ(9).
-1
Then P{P,Q,S,R} = ’P{I:,’Q’SV’R} where

P=(1-AVET)P™, Q)= LHZ(5)S()
S(s) = %S(s)*l R(s,0) = =S(s) "1 Z(s)TTZ()S(9) !,

H=P'H(VH"P'H-I-VT)"

I'=—(H"H+T)I+VD)™,

/0 Z(5)S(s)"*Z(s)"ds

—T

Vv
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Analytic Formula for Operator Inversion

Suppose P := P(p.q, s k) Qi(s) = HiZ(s) and Ry;(s,0) = Z(s)"T's; Z(0).

Then P71 = P{P7Qi7Si;R1j} where if we define

Fll e FlK
H:[Hl HK] and I'=
FKJ . FK,K
then 1
P= (1 - ﬁVHT) Pl Qu(s) = —HiZ(s)Si(s) "
TK
- 1 N 1 .
Si(s) = = Si(s) ™" Rij(s,0) = —Si(s)"' Z(s)"T5;2(0)Si(0) ",
TK TK
whereA . . .
[, ... Hg|=H=P 'H(VH"P'H-I-VT)
Iy ... Tk Vi 0
: L | =D=—HTH+T)I+VD)™Y, V=], 0
fK,l e fK,K 0 0 VK
Vi :/ Z(5)Si(s) "' Z(s)"ds
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Reconstructing the Full-State Feedback Controller Gains

Finally, we recover the controller as

1 1 0
u(t) = Koz(t) + - Z Kyt — 1) + - Z - Koi(8)x(t + s)ds

where (Zy, Z14, Z2; are variables, Z is a vector of monomials)
Kozzoﬁ+z(zljsj( ) Z(~7;)" +o)
’ 0
Kii = Z1Si(—m) 7", 0; = / Z2;(5)S;(s) "' Z(s)" ds
KiTj

Ki(s) = <ZoH Z(s) + Zai(s) + Z (Zu Z(—’Tj)T + OJ) f‘ﬂZ(S)> Si(s)*l

Note: This is Full-State Feedback.
e Contrast with output feedback: u(t) = Kxz(t) or u(t) = Ky(t —r).
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H.-Optimal Observer Synthesis Problem to be Solved

Consider solutions of

&(t) = Aox(t) + A1z(t — 1) + Bw(t)

y(t) = Cax(2)
With a PDE observer (observed errors)(nominal dynamics)(corrective gains)
B(t) = Ao (t) + Ard(t, —7) + L1 (Cai(t) — y(1)) + Lo <C2¢B(t7 —7) —y(t — 7'))

O A~
+ [ La0) (C26(t,60) — y(t +0)) dB

T

O d(t, ) = Deb(t, ) + La(s) (Cai(t) — y(t)) + Ls(s) <C2¢g(t777)*y(t77—))
+ Lo(s) (Codlt, ) — ylt +s))+/_

$(1,0) = (1)

Problem Definition:

Minimize v such that there exist L; such that if z.(t) = C1(z(t) — &(t)), then
for any w € Lo, ||zelln, < vlw| L,

O A~
Lq(s,0) (C’Q¢(Zf,9) —y(t+ 9)) df
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Operator Version of the Dynamics

Write the DDE as
x(t) = Ax(t) + Bw(t),  z(t) =Cx(t),  y(t)=Cox(t)

Regulated Output Observed Output

where

. Aoz + A1d(—T :
A F] (s):= ’ . 19(=7) , (Bw)(s) := V'“}
¢ (s) 0

(@ fs])=tem (e[ o= |ci)

Details: A: X — Z,,,,, B:-R" — 7, ,,C1:Znn—RP, and Ca2: Zn,n = Zgq
where

Zmom = {R™ x Ly[—71,0]}

—J |7 . pEWR[—7,0] and
ce{ [ 2un oz ).
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Operator Version of the Observer

Write the Observer dynamics as

x(t) = Ax(t)  +LGEM) -y0),  ze() = Cix(t) - x(1)
——
Nominal Dynamics Correction Term Regulated Error
where

A |:L:| (s Ao +.A1¢(—7) 7

¢ d(s)
(@[3t (@[3]) o= ()

o]) ’ ¢ T [Cad(s)

r {(“} = Liyr + Loyo(—7) + / L3(0)y2(6)do

) T | La(s)mn + Ls(s)a(—7) + Lo(s)ya(s) [0 La(s,0)y2(0)d6

Details: A: X — Z,,,,, L: 7,4 Z00,Cl: Znpn — RP,and Ca 1 Zipy — Zg g

where
Zmom = {R™ x Ly[—71,0]}

—J |7 . GEWR[—7,0] and
i [ < ez,
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Operator Version of the Error Dynamics
Write the Error dynamics (e(t) = x(t) — x(¢)) as
é(t) = (A + LCo)e(t) — Bw(t), ze(t) = Cre(t)
—_——

Regulated Error

B

Bt (e[
r {In} (5)= [ Liyi + Loya(—7) + / (9>1/>( )do
y2] | La(s)yr + Ls(s)y2(—7) + Le(s )1/»( >+/ L7(s,0)y2(0)do

Details: A: X — Z, », L: 744 Znn, Ci: Znn —RP,and Ca : Znn — Zgq
where

Zm,n = {Rm X L;[_Tv 0]}

._ T . GEWR[—7,0] and
b= {[qﬁ] € Zn + LI }
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An LMI for Optimal Estimation of ODEs

Get rid of the delays and we have
#(t) = Ax(t) + Biw(t),  y(t) = Cox(t) + Duw(t)
Observer:
B(t) = A(t) + L(C22(t) — y(1)),  ze(t) = Cr(2(t) — 2(t))
Lemma 4 (H.-Optimal Observer Synthesis).

Define the map w — z.:

Ay | A+LCy | —(B+ LD)
G(s) = c 0 }

The following are equivalent.
* There exists a L such that |G|z <.
® There exists a P > 0 and Z such that
ATP+CTZT + PA+2ZCy —(PB+ZD) 1[cfcy o
—(PB+ ZD)T 1 } 7[ 0 0] <0
The Observer Gain is recovered as L = P~1Z.
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The DPS/DDE Equivalent of the Observer LMI

LMI Version of Observer Synthesis: Minimize - such that 3P > 0 and
Z € RP*™ such that

1" [[ATP+CIZ" + PA+ ZC, —(PB+2D)] | 1[cTCy 0]] [e
w —(PB+ ZD)T I 1o o] |w

= (PAe)Te+ (PAe) e + (ZC’e)Te + (ZCqe)Te

—eT"PBw — (PBw)Te — ywTw + - (Cle) (Cre) <0

for all e € R, w € R™

DPS Version of Observer Synthesis: Minimize ~ such that 3P > 0 and Z
such that

<PA97 e>L2 + <e~, PAe>L2 + <ZC2€, e>L2 <e ZC2E>L2

—(e,PBw) L, — (Bw,Pe)r, — yw" w+ ’Y(CIE) (Cre) < —e|le|? Vee X, weR™
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Observer: Put Each Term in the PQRS Framework

Define e = [61} and h = [wl e ey(—7
€2

(PAe,e)r, + (e,PAe)r, + (ZCze,e)L, + (e, ZC2€)L,
— (e, PBuw)r, — (Bw,Pe)1, — v w+ %(Cle)T(Cle) < —cle|? VeeX, weR™

(APz,2)z, + (2, APz)z,

T
0 w w 0 0
e D (s TE1(s e
= [ |atto| Loar T80 |aln| @4 [ [ aerceneao
7 | e2(s) ea(s) T
h h
= (&) o s L)),
where
0 * *
Dy (s)= |:0 PAg + AT P+ Q(0) + Q(0)T + 5(0) * :|
0 ATP—-Q(-7)7" =8(-7)
0

E(s) = [A?;Q(s) + R(s,0)T — '(s)] G(s,0)= —Ry(s,0) — Rs(s, 0).
ATQ(s) — R(s, —1)"
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Observer: Put Each Term in the PQRS Framework
(PAe,e)r, + (e,PAe)r, + (ZCze, €)1, + (e, ZCoe) 1,

— (e, PBw)r, — (Bw,Pe)r, —yw w + ry(Cle) (Cre) < —€|le|? Vee X, we R™,
where

Ziy1 + Zay2(—7) + f_ Z3 y2(0)do
Za(8)y1 + Zs(s)y2(—7) + Z6( Jy2(s) + f_T Z(s,0)y2(0)do

0
<ZCQE. e>L2 + <e, ZC29>L2 = 27’6,{ <21C261 =+ Z20262(7’T) + / 23(0)0262(9)d9>

+ 27 /:) 62(S)T <Z4(S)02€1 —+ Z5(S)02€2(7T) + Z5(S)CQ€2(S) =+ /;0 Z7(S, 9)0262 (9)(10)

w 17 o 0 0 w 0 w 17 0
7| e 0 Z1Cs  Zs2Co er | +2r / er CT Z4(5)T + Z3(5)Ca | es(s)ds
ea(—7) 0 CQTZQ 0 ea(—7) ex(—T) C;ZF)(S)T

-7

Dy BEg

0

0 0
+7‘/eg(s)T(Zg(s)Cg+C;Z5(S)T)eg(s)ds+7'/ /eQ(s)T( ) ez (0)dO

-7

Py -7 -7

h h
= <|:e2:| ,'P{Dz«ngan } I:eQi|>L2
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Observer: Put Each Term in the PQRS Framework

(PAe,e)r, + (e,PAe)r, + (ZCze,e)L, + (e, ZC2€)1,

1
—(e, PBw), — (Bw,Pe)r, —yw w+ ;(Cle)T(Cle) < —€|le|? Ve € X, w e R™,

0

0
—(e,PBw)r, — (Bw,Pe)L, = 2/ eTPdes + 2/ eg(s)T‘rQ(s)Tdes

-7

L e L)L) [
=T el —PB 0 0 el + 27 / e1 0 ea(s)ds
ea(—7) 0 0 0] [e2(—T7) ea(—7) 0

\/_/
D3 E3

h h
= <[ez] » Pips, 23,00} |:92:| >L2
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Observer: Put Each Term in the PQRS Framework

(PAe,e)r, + (e,PAe)r, + (ZCze,e)L, + (e, ZC2€)1,

— (e, PBw) 1, — (Bw,Pe)r,—yw" w+ %(Cle)T(Cle) +elle]* <0 Ve e X, weR™

1
—ywlw + :/(Cle)T(Cle) +elle|?

w7 —1 0 0 w
=T el 0 %ClTCl + f[ 0 €1
e2(—7) 0 0 0] [e2(—7)
Dy
R h
= {[a] Posonar 2],
L 2

M. Peet Lecture 03: Systems with Delay 82 /88



Combine Terms and enforce Constraint

Suppose there exist P, Q, S, R, Z; such that Pyp o s ry > 0 and

h h
P <0,
<[e2] 0B Ry [92] >L2

where D = Z?:] D;, E(s) = Z?’:l E;(s) and . Then
if '

—1
L= P{P’Q’S’R}Z

and x(t) = AX(t) + L (Cox(t) — y(t)) and z.(t) = 2(t) — 2(t), we have
zellL, < AlwllL,-

Matlab Code: solver ndelay_ opt_estimator.m
[P,Q,R,S] = sosjointpos_mat_ker ndelay PQRS_vZ

[P2,Q2,R2,52] = sosjointpos_mat_ker ndelay PQRS_vZ
sosmateq(prog,D+P2); sosmateq(prog,Q2+E); sosmateq(prog,S2+F);
sosmateq(prog,R2+G) ;
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Observer Gains Reconstruction
Let £ = P{ﬁ,’QA’SA’R}Z. Then the observer dynamics are given by

%(t) = AR(t) + L(Cok(t) — y (1)) or:
B(t) = Aod(t) + A1t —7) + L1 (Coi(t) — y(8) + L2 (Cod(t, —r) — y(t - 7))
0 N R
+/ L3(0) (Cm(t, 0) — y(t + 9)) 49, (t,0) = i(t)
0ud(t,s) = Dsd(t, ) + Lu(s) (Cod(t) — y(t)) + Lo (ngf)(t S 7))
+ Ls(s) (cgé(t, ) —y(t + s)) + /0 Lq(s,6) (cgés(t, 0) —y(t+ 9)) do

where

L =Pz +/ O(0)Z4(0)d0, 1o = PZs +/ 0(6)75(0)do
L3(0) = PZ3(0) + Q(6) Zs (0 +/_TQ VZ7(s,0)ds
Li(s) =Q(s)T Z1 + 8(s)Za(s) +/ R(s,0)Z4(0)d0
Ls(s) = Q(s)T Za + 8(s) Zs(s) +/ R(s,0)Z5(8)do, Li(s) = S(s)Ze(s)
Lo(s,0) = Q(s)T Z3(0) + 8(s)Z(s,0) + R(s,0)Zs(0 +/ R(s,€)Z7(¢,0)d¢
A
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Boring Numerical Examples

Numerical Example 1 In this example, we consider the unstable system
. -3 4 0 0 1 0
z(t) = { 9 O} z(t) + L O} z(t—71)+ {O 1] w(t),
v =10 a0, ==y e

Applying the Ricatti approach in [Fattouh 1998] with ¢ = .001 we obtain a La-gain of
v = .580. Applying the LOI, we obtain an Ls-gain of .236. Of all the systems we
tested, this one showed the least improvement in performance.

Numerical Example 2 A modified form of [Fridman 2001].

s =y e+ |3 Zg|ete-n+ ]y ] w,
y(t)=1[0 1]z(t), =(t)=[1 0]x()

Using the original system with 7 = 1, a closed-loop gain of 22.8 was obtained

in [Fridman 2001]. For this problem, [Fattouh 1998] was infeasible for any value of
gain. Applying the LOI, we obtained a closed-loop gain of 2.33 using polynomials of
degree 4.
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Boring Numerical Examples

08

06

—Eror in State |

—Erorin State 2 []

— Disturbances

L
4 6 8 10 12 14 16 18 20

Time (5)

M. Peet

Error vs Time

023
L\ - o
02
04
@ ]
o ]
£ 06
@ ]
£ ]
5 08—
& ]
=3 State 1-our observer
1 State 2-our observer
1.2 State 1-Fridman observer
1 State 2-Fridman observer
1 State 1-Fattouh observer
1.4 State 2-Fattouh observer
e e e = e e e i e e e e |
o & 4 6 8 10 12
Time
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The Last Slide (thanks to ONR #N000014-17-1-2117)

Pino,N1,N,) Operators extend LMI techniques to PDEs and Delay Systems.
e ATP + PA < 0 becomes

PEHoﬂHl,Hz} Ping, N1, N2} P{Go,GhG2}+PEG07G1,G2} Ping, N1 N2} Py, a1 H2} <0

AT P P A
Conclusions: Extensions:
PROs: ® Input-Output Properties (ACC, 2019)
® Computationally Efficient > Ho Gain
S L
® A more rational treatment of boundary RasSiuty
conditions. ® Optimal Estimator Synthesis
® No Conservatism (Almost N+S) ® Optimal Controller Synthesis
® Easily Extended to New Problems Solvable (in order of difficulty)

» e.g. higher order derivatives D B i S
» e.g. distributed dynamics ® Duality (Stability of A*)
CONs:

® Inversion of the Py N, n,} Operator
® Operator Theory

» Want an Analytic Formula
® No Very Good Parsers

® PDE Must be Stable in all States

M. Peet Lecture 03: Systems with Delay 87 / 88



The VERY Last Slide

Everything Here is a TOOL!

Good Luck
Be Productive

With Luck, you won't need luck
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