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Introduction

» Hybrid Systems can exhibit unique behaviors such as Zeno
behavior.
» Zeno behavior occurs when infinitely many discrete transitions
occur in finite time.
» Such behavior can cause simulations to fail, and may indicate
modeling errors.
» Two main techniques for checking for Zeno behavior:
» Checking simulation for increasingly fast switching times,
» Deductively proving infinite transitions occur in finite time.
» Objective: To determine a means to use computational tools
to test whether a hybrid system exhibits Zeno behavior.



Hybrid Automata

In this work, we model hybrid systems using hybrid automata:

Hybrid System
We say a hybrid system H is given by the tuple
(Q,E,D,F,G,R) where

» Q is a finite collection of discrete states or ] T
indices.

> E C Q x Q is a collection of edges - provides all O
transitions that occur between discrete states. 2 A

D = {Dq}qeq is a collection of domains. i}

F = {f3}qcq is a collection of vector fields.

G = {Ge}ecE is a collection of guard sets. Figure : A Hybrid
System Phase Portrait
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R = {¢e}eck is a collection of Reset Maps.



Preliminaries: Cyclic Hybrid Systems

Cyclic Hybrid System

> A cyclic hybrid system is a hybrid system where each discrete state is
the source of only one edge, and the target of one edge.
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Figure : A Cyclic Hybrid Automaton

Figure : A Cyclic Hybrid System Phase
Portrait



Executions, Zeno Executions, and Zeno Stability

Hybrid System Execution

> Executions: generalizations of solutions to non-smooth dynamical systems

» Describes both continuous flows and discrete transitions.

Zeno Execution
An execution of a hybrid system H = (Q, E, D, F, G, R) is Zeno if infinitely
many discrete transitions occur in a finite period of time.

Zeno Stability

Let H=(Q,E,D,F,G,R) be a hybrid system. The set z = {z;}4cq is Zeno
stable if, for each g € Q, there exist neighborhoods W,, where z; € W,, such
that for any initial condition xo € quQ Wq, the execution starting at that
initial condition is Zeno, and converges to z.



Lyapunov Theorems for Zeno Stability

» We present a Lyapunov theorem below:

Theorem 1 (Based on results in [Lamperski & Ames CDC 2007],[Teel & Goebel
CDC 2008])

Let H=(Q,E,D,F,G,R) be a cyclic hybrid system, and let z = {z;}4cq. Let
{Wy C Dq}qcq, be a collection of neighborhoods of the {z;}4cq. Suppose that
there exist continuously differentiable functions Vg, : W5 — R, and positive
constants {rq}qeq and 7, where rg € (0,1], and rq < 1 for some g and such
that

Vo(x) —ax"x>0 forall x € Wy\z,,q € Q (
Vo(z4) =0, forallge @ (
YV, (x)fy(x) < —y forall xe Wy, g€ Q 3
rgVa(x) > Vi (pe(x)) foralle=(q,q') € Eand x € GeNW,.  (

N
~— ~—

then z is Zeno stable.



Sum-of-Squares Polynomials

Sum-of-Squares Polynomials

>

Checking if a polynomial is positive is NP-hard - how do we
work around that?
We can check whether a polynomial is Sum-of-Squares (SOS)
using semidefinite programming - this can be solved in
polynomial time!
A polynomial p(x) is SOS if p(x) = Y, fi(x)? where f; are
polynomials.
Some Notation:

» If p(x) is a polynomial, we say p € R[x].

> If p(x) is SOS, we say p € X,.
If p € ¥, and of degree 2d, there exists a PSD matrix Q and
a vector Z(x) of monomials upto degree d such that

p(x) = Z(x)T QZ(x).



Semialgebraic Sets and the Positivstellensatz

> Use of Positivstellensatz: allows us to convert local positivity
conditions into global set inclusions.

» We use Sum-of-Squares programming to enforce set
inclusions.

Semialgebraic Set
A Semialgebraic set S is a set defined by polynomial inequalities and equalities:

S = {X : gk(x) >0, h/(X) = O,k =1,.., K,/: 1. L}

Positivstellensatz
Positivstellensatz is used as a generalization of the S-Procedure:

If
f— Zskgk — Zt/h/ (S
k !

then f € R[x] > 0 when x € X (as defined above), and where s, € ¥, and
t € R[X]



Semialgebraic Sets and the Positivstellensatz (continued)

Remark To use the above results, we assume that all vector fields and
reset maps are polynomial, and that domains and guard sets
are semialgebraic sets.

» We also assume that each neighborhood within which we
analyze Zeno stability is a semialgebraic set.
» Each Dy is defined as Dg := {x € R" : ggk(x) >0, k=1,...}.
» Each G, is defined as
Ge :={x €ER": heo(x) =0, he k(x) >0, k=1,..}.
» Each W, is defined as W, .= {x € R" : wgy >0, k=1,...}.
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A Sum of Squares Result for Robust Zeno Stability

» Applying the Positivstellensatz to Equations ?77-77, we
construct Feasibility Problem 1:

Feasibility Problem 1
For hybrid system H = (Q, E,D, F, G, R), find

> agk, bgk, Cak, dak, gk, Mek, jgk € Lx, for k=1,2,..., g € Q;

> V;, meo € R[x] for e € E and g € Q.

> Constants o,y > 0, {rq}qeq € (0,1] such that ry < 1 for some g € Q.
such that

Kaw Kq
neighborhood domain
V, —ax'x — E aqkwqf - E bquqf €x, forallge Q@ (5)
k=1 k=1
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A Sum of Squares Result for Zeno Stability

Feasibility Problem 1 (continued)

Vo(zg) =0 forallge @ (6)
Kqw Kq
neighborhood domain
A AZ Z Cuwy, = dugy | €L forallge Q
(7)
d d qu hborhood
guar guara neighborhoo
rqVg — Vi (¢e)—meoh/ Zmek hZ, Zlquq/k[
Kq
. ndomain B ,
- qukqu €x, foralle=(q,q')€E. (8)

k=1



A Sum of Squares Result for Zeno Stability

» Based on Feasibility Problem 1, we then obtain the following
theorem:

Theorem 2
Consider a cyclic hybrid system H = (Q, E, D, F, G, R), and let z = {z}qcq-

If Feasibility Problem 1 has a solution, then z is Zeno stable.

Remark: Theorem 2 can easily be applied to systems with parametric
uncertainty:
» Let A:={p € R: px(p) > 0} be the set of uncertain

parameters.
> Apply the Positivstellensatz to Theorem 1 with the uncertain

set as well.
» All elements of Feasibility Problem 1 have dependency on both

x and p.
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Simulation Example: Gain Scheduling

We tested our results on the closed loop system of a plant
controlled with gain scheduling:

Closed-Loop Plant with Gain Scheduling
We model the hybrid system with the tuple H = (Q, E, D, F, G, R) where
> Q@={1,2,3}, E={(12),(23),(31)}
> D1:{X€R2ZX1>O,X2+%X120}
DQ:{X€R2ZX2—%X120,X2+%X1<0}
D3 Z:{X€R2:X1<O,X2+%X120}
> fi = (x2, —5x1 — l)T; h= (—xf —3, 2x% — %xf) i = (x22 + x1, —3><1)
> Gpp = {XER2:X2 SO,%xl—l—Xz:O}
Go3 = {XG]R2ZX2 §07%X1—X2:0}
Ga1:={x€ER’: x>0, =0}
> Each reset map is given by ¢e(x) := x

> Goal: To test whether the origin is Zeno stable.
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Below, we provide a phase portrait of the system:

%2
o

Figure : Hybrid System in Example 1. Dashed line indicates Gy,
dash-dotted line indicates G,3 and dotted line indicates Gs;



15

Simulation Example: Gain Scheduling

System with Gain Scheduling (Results)

» We chose W, := D, N {x € R?; |x| < 5}.
» We were able to prove Zeno stability of the origin for this

hybrid system using 3 degree 8 polynomial Lyapunov functions
to solve Feasibility problem 1.

» The degrees of the multiplier polynomials were fixed at 4.
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Simulation Example: A Hybrid System with Parametric
Uncertainty

We now consider a hybrid system with parametric uncertainty:

Hybrid System with Parametric Uncertainty

We consider a hybrid system with an uncertain parameter in the
guard set.

> The uncertain parameter liesin A:={peR:p— C >0}
> Q={1,2}, E = {(12),(21)}
> D;={x€R’:x+y>0,x—py>0}
D, := RQ\Dl
> 1=(-012)7; h=(—y—x°x)
> G = {XERZZXZO,py*XZO}
Gy = {XG]R2 :x20,x—|—y=0}
> Each reset map is given by ¢e(x) := x

» Goal: To find a lower bound on C such that the origin is Zeno stable.



Simulation Example: A Hybrid System with Parametric
Uncertainty

Below are two phase portraits of the hybrid system above with 2
different values of the uncertain parameter:

¥
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Figure : Trajectories of Hybrid

Figure : Trajectories of Hybrid ) )
System in Example 2 with p=.25.

System in Example 2 with p=1
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Simulation Example: A Hybrid System with Parametric
Uncertainty

Hybrid System with Parametric Uncertainty: Results

» The set of uncertain parameters is given by
A:={peR:p(p)=p—C>0}

» We search for Lyapunov functions of different degrees to find

the bound:
Degree of Vi, V, | Lower bound on C
8 2.11
10 1.87
12 1.73

Table : Lower bound on C for which z is Zeno stable obtained for
different degrees of V4 and V5,
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Conclusions

> We developed a method to test whether a system exhibits
Zeno behavior.
» We framed Zeno behavior as a form of Stability
» Used Sum-of-Squares programming to construct Lyapunov-like
conditions to test Zeno stability of polynomial hybrid systems
with uncertainties.

> We tested our technique on two hybrid systems

» We were able to show Zeno stability for a hybrid system
without parametric uncertainty.

» We were able to obtain a lower bound on the range of
uncertain parameters for which a hybrid system with
parametric uncertainty was Zeno stable.

Ongoing Work
» Improving the computational cost of the technique

» Controller synthesis for hybrid systems such that the closed
loop system does not exhibit Zeno behavior.
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Thank you for your time!



