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Linear fractional transformations

Suppose P and K are state-space systems with

[
z
y

]
=

[
P11 P12

P21 P22

] [
w
u

]
where P̂ =




A B1 B2

C1 D11 D12

C2 D21 D22




and

u = Ky where K̂ =

[
AK BK

CK DK

]

The following interconnection is called the (lower) star-product of P andK, or the (lower)
linear-fractional transformation (LFT).

wz

y u
P

K

The map from w to z is given by

S(P,K) = P11 + P12K(I − P22K)−1P21

ẋ(t) = Ax(t) +B1w(t) +B2u(t),

z(t) = C1x(t) +D11w(t) +D12u(t)

y(t) = C2x(t) +D21w(t) +D22u(t)

• z is regulated output
• y is measured output
• w is disturbance
• u is actuation

H∞-Optimal Full State Feedback:

There exist P > 0 and Z such that[
PAT + AP + ZTBT2 + B2Z ∗T ∗T

BT1 −γI ∗T
C1P +D12Z D11 −γI

]
< 0

Then if u(t) = ZP−1x(t), ‖z‖L2
≤ γ‖w‖L2

.

H∞-Optimal Estimator Design:

There exist P > 0 and Z such that[
PA + ZC2 + (PA + ZC2)T ∗T ∗T

−(PB + ZD21)T −γI ∗T
C1 D11 −γI

]
< 0

Then if u = 0 and

x̂(t) = Ax̂(t) + P−1Z(C2x̂(t)− y(t))
ze(t) = C1(x̂(t)− x(t))

we have ‖ze‖L2 ≤ γ‖w‖L2 .
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What to do about Time-Delay Systems?

Nominal Form:
ẋ(t) = A0x(t) +

∑K

i=1
Aix(t− τi) +Bw(t)

z(t) = C10x(t) +
∑K

i=1
C1ix(t− τi) +D1w(t) Regulated Output

y(t) = C20x(t) +
∑K

i=1
C2ix(t− τi) +D2w(t) Sensed Output

• w(t) ∈ Rr is disturbance

• y(t) ∈ Rq are sensor measurements

• x(t) ∈ Rn is the state

• z(t) ∈ Rp is regulated output

We Solve:
• H∞-Optimal Observer Synthesis

Big Picture Goal: Treat the Time-Delay System like an ODE!

T ẋ(t) = Ax(t) + Bw(t) x(t) =

[
x(t)

xs(t+ s)

]

y(t) = C2x(t) +D2w(t) z(t) = C1x(t) +D1w(t)

For this we need an Algebraic Representation!
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The PDE Representation of Time-Delay System

A linear time-delay system is the interconnection of an ODE and a simple
transport PDE with point actuation and point observation.

ODE: The system G1

ẋ1(t) = Ax1(t) +Bu1(t)

u2(t) = Cx1(t) +Du1(t)

[
A B
C D

] [
A0

[
A1 · · · An

]

I 0

]

PDE: The system G2

∂

∂t
φ(t, s) =

∂

∂s
φ(t, s) φ(t, 0) = u2(t),

u1(t) =



φ(−τ1)

...
φ(−τK)




Of course, the solution is just x2(t, s) = u2(t − s).

G
1

G
2

y
3

y
1

y
2

u

(A, B, C, D)
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Step 1: The ODE-PDE Representation (with BC’s)

The Following Systems are Equivalent:

Standard TDS Form:

ẋ(t) = A0x(t) +
∑K

i=1
Aix(t− τi) +Bw(t)

z(t) = C10x(t) +
∑K

i=1
C1ix(t− τi) +D1w(t)

y(t) = C20x(t) +
∑K

i=1
C2ix(t− τi) +D2w(t)

Coupled ODE-PDE Form: (Denote φi,s(t, s) =
∂
∂sφi(t, s))[

ẋ(t)

φ̇i(t, s)

]
=

[
A0x(t) +

∑K
i=1Aiφi(t,−1)

1
τi
φi,s(t, s)

]
+

[
Bw(t)

0

]
, φi(t, 0) = x(t)

z(t) = C10x(t) +
∑K

i=1
C1iφi(t,−1) +D1w(t)

y(t) = C20x(t) +
∑K

i=1
C2iφi(t,−1) +D2w(t)

Problem: How to represent the Boundary Condition φi(t, 0) = x(t)???
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Step 2: The Partial Integral Equation (PIE) Representation

Fundamental Theorem of Calculus:

φ(s) = φ(0)−
∫ 0

s

φs(η)dη

Hence (since φ(t, 0) = x(t))

φ(t,−1) = x(t)−
∫ 0

−1
φs(t, η)dη and φ(t, s) = x(t)−

∫ 0

s

φs(t, η)dη

Partial Integral Equation (PIE) Form of a TDS (No BCs):

[
ẋ(t)

ẋ(t)−
∫ 0
s φ̇i,s(t, η)dη

]
=

[
(A0 +

∑K
i=1 Ai)x(t)−

∫ 0
−1

∑K
i=1 Aiφi,s(t, η)dη

φi,s(t, s)

]
+
[
Bw(t)

0

]

z(t) =

(
C10 +

∑K

i=1
C1i

)
x(t)−

∫ 0

−1

∑K

i=1
C1iφi,s(t, η)dη +D1w(t)

y(t) =

(
C20 +

∑K

i=1
C2i

)
x(t)−

∫ 0

−1

∑K

i=1
C2iφi,s(t, η)dη +D2w(t)
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Step 2: Define the New State Variable: Φ

PIE Form of a TDS, Simplified:
[

ẋ(t)

1K ẋ(t)−
∫ 0

s
Φ̇(t, η)dη

]
=

[
A0x(t) +

∫ 0

−1 AΦ(t, η)dη

IτΦ(t, s)

]
+

[
Bw(t)

0

]

z(t) = C10x(t) +

∫ 0

−1
C11Φ(t, η)dη +D1w(t)

y(t) = C20x(t) +

∫ 0

−1
C21Φ(t, η)dη +D2w(t)

where

Φ =



φ1,s

...
φK,s


 , Iτ =




1
τ1
I

. . .
1
τK
I


 , 1K =



I
...
I


 ,

A0 = A0 +
∑K

i=1
Ai, A = −

[
A1 · · · AK

]
,

C20 = C20 +
∑K

i=1
C2i, C10 = C10 +

∑K

i=1
C1i

C21 = −
[
C21 · · · C2K

]
, C11 = −

[
C11 · · · C1K

]
,
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Step 3: Express Dynamics using 4-PI Operators

Definition of a 4-PI Operator
(
P
{

P, Q1
Q2,

{
Ri
}}): R× L2 → R× L2

(
P
{

P, Q1
Q2,

{
Ri
}}
[
x
Φ

])
(s) :=

[
Px+

∫ 0

−1Q1(s)Φ(s)ds

Q2(s)x+
(
P{Ri}Φ

)
(s)

]
.

4-PI Operators include a 3-PI Operator, Defined as:

(
P{Ri}Φ

)
(s) := R0(s)Φ(s)ds+

∫ s

−1
R1(s, θ)Φ(θ)dθ +

∫ 0

s

R2(s, θ)Φ(θ)dθ

Clean PIE Representation of a TDS:

Define the fundamental State: x(t) =

[
x(t)

Φ(t, ·)

]
.

T ẋ(t) = Ax(t) + Bw(t)
z(t) = C1x(t) +D1w(t), y(t) = C2x(t) +D2w(t)

T := P
{

I, 0
1K, {0, 0,−I}

}
A := P

{
A0, A

0, {Iτ , 0, 0}

}
, C1 := P

{
C10, C11
∅, {∅}

}
, C2 := P

{
C20, C21
∅, {∅}

}
,

B := P
{
B, ∅
0, {∅}

}
, D1 := P

{
D1, ∅
∅, {∅}

}
, D2 := P

{
D2, ∅
∅, {∅}

}
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4-PI Operators also define Complete Quadratic Lyapunov
Krasovskii Functionals

The Complete-Quadratic L-K Functional:

V (φ) =φ(0)TPφ(0) +

K∑
i=1

∫ 0

−τi
φ(0)TQi(s)φ(s)ds+

K∑
i=1

∫ 0

−τi
φ(s)TQi(s)

Tφ(0)ds

+
K∑
i=1

∫ 0

−τi
φ(s)TSi(s)φ(s) +

K∑
i,j=1

∫ 0

−τi

∫ 0

−τj
φ(s)TRij(s, θ)φ(θ)dθ

Define ai =
τi
τK

, P̂ = P and

Q̂(s) :=
[√
a1Q1(a1s) · · · √

aKQK(aKs)
]
, Ŝ(s) :=

S1(a1s) 0 0

0
. . . 0

0 0 SK(aKs)



R̂(s, θ) :=


√
a1a1R11 (sa1, θa1) · · · √a1aKR1K (sa1, θaK)

... · · ·
...√

aKa1RK1 (saK , θa1) · · · √aKaKRKK (saK , θaK)

 .

Then V (φ) ≥ 0 IF AND ONLY IF P
{

P, Q̂1
Q̂2,

{
Ŝ, R̂, R̂

}} ≥ 0
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4-PI Operators have a well-define Matlab structure

A general operator on P
{

P, Q1
Q2,

{
Ri
}} : Rp × Lq2[a, b]→ Rm × Ln2 [a, b]

(
P
{

P, Q1
Q2,

{
Ri
}}
[
x
x

])
(s) :=

[
Px+

∫ b
a
Q1(s)x(s)ds

Q2(s)x+
(
P{Ri}x

)
(s)

]
.

MATLAB structure has following elements.

1. opvar P: declares P to be a 4-PI operator object.

2. P.P: a m× p matrix

3. P.Q1, P.Q2: m× q and n× p matrix valued polynomials in s, respectively

4. P.R: a 3-PIE structure containing R0, R1, and R2

5. P.R.R0 : n× q matrix valued polynomial in s

6. P.R.R1, P.R.R2 : n× q matrix valued polynomials in s and θ

7. P.dim:

[
m p
n q

]
.

8. P.I: [a,b].

9. P.var1: s (default)

10. P.var2: th (default)
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3-PI P{Ni} Operators Form an Algebra

Property 1: Composition

P{Ri} = P{Bi}P{Ni}
where

R0(s) = B0(s)N0(s)

R1(s, θ) = B0(s)N1(s, θ) + B1(s, θ)N0(θ) +

∫ θ

a

B1(s, ξ)N2(ξ, θ)dξ

+

∫ s

θ

B1(s, ξ)N1(ξ, θ)dξ +

∫ b

s

B2(s, ξ)N1(ξ, θ)dξ

R2(s, θ) = B0(s)N2(s, θ) + B2(s, θ)N0(θ) +

∫ s

a

B1(s, ξ)N2(ξ, θ)dξ

+

∫ θ

s

B2(s, ξ)N2(ξ, θ)dξ +

∫ b

θ

B2(s, ξ)N1(ξ, θ)dξ

Triple Notation:

{Ri} = {Bi} × {Ni}

Matlab Implementation:
{Ni} = {Ti} × {Ri} → P{Ni} = P{Ti}P{Ri}

opvar T R

T.R.R0=...; T.R.R1=...; T.R.R2=...; T.dim=[0 0;m n]; T.I=[-1,0]
R.R.R0=...; R.R.R1=...; R.R.R2=...; R.dim=[0 0;n q]; R.I=[-1,0]
N=T*R
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4-PI Operators Form an Algebra

P
{

L, M1
M2,

{
Ni
}}P{ P, Q1

Q2,
{
Ri
}}
[
x
Φ

]

=

[(
LP +

∫ b
a
M1(ν)Q2(ν)dν

)
x+

∫ b
a
LQ1(ν)Φ(ν)dν +

∫ b
a
M1(ν)

(
P{Ri}Φ

)
(ν)dν(

M2(s)P +
(
P{Ni}Q2

)
(s)
)
x+M2(s)

∫ b
a
Q1(ν)Φ(ν)dν +

(
P{Ni}P{Ri}Φ

)
(s)

]

Triple-Triple Notation:[
P, Q1}
Q2, {Ri}

]
=

[
L, M1

M2, {Ni}

]
×
[
F, G1

G2, {Hi}

]

Matlab Implementation:

P
{

P, Q1
Q2,

{
Ri
}} = P

{
L, M1
M2,

{
Ni
}}P{ F, G1

G2,
{
Hi
}}

opvar T R

T.P=; T.Q1=; T.Q2=; T.R.R0=; T.R.R1=; T.R.R2=; T.dim=[a c;b d]; T.I=;

R.P=; R.Q1=; R.Q2=; R.R.R0=; R.R.R1=; R.R.R2=; R.dim=[c e;d f]; R.I=;

N=T*R
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4-PI Operators Form an Algebra

P
{

L, M1
M2,

{
Ni
}}P{ P, Q1

Q2,
{
Ri
}}
[
x
Φ

]

=

[(
LP +

∫ b
a
M1(ν)Q2(ν)dν

)
x+

∫ b
a
LQ1(ν)Φ(ν)dν +

∫ b
a
M1(ν)

(
P{Ri}Φ

)
(ν)dν(

M2(s)P +
(
P{Ni}Q2

)
(s)
)
x+M2(s)

∫ b
a
Q1(ν)Φ(ν)dν +

(
P{Ni}P{Ri}Φ

)
(s)

]

Triple-Triple Notation:[
P, Q1}
Q2, {Ri}

]
=

[
L, M1

M2, {Ni}

]
×
[
F, G1

G2, {Hi}

]

Matlab Implementation:

P
{

P, Q1
Q2,

{
Ri
}} = P

{
L, M1
M2,

{
Ni
}}P{ F, G1

G2,
{
Hi
}}

opvar T R

T.P=; T.Q1=; T.Q2=; T.R.R0=; T.R.R1=; T.R.R2=; T.dim=[a c;b d]; T.I=;

R.P=; R.Q1=; R.Q2=; R.R.R0=; R.R.R1=; R.R.R2=; R.dim=[c e;d f]; R.I=;

N=T*R
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1
9

-0
7

-1
1

Estimators
Systems with Delay

4-PI Operators Form an Algebra

• The composition property is surprising and non-trivial.

• Two integrations can be expressed using a single integral.

• Two derivatives can NOT be expressed using a single derivative.



Transpose/Adjoint in the 4-PI P{ P, Q1
Q2,

{
Ri
}} Operator Algebra

Property 2: Transpose/Adjoint

〈x,P
{

P̂ , Q̂1
Q̂2,

{
R̂i

}}y〉Rn×L2
= 〈P

{
P, Q1
Q2,

{
Ri
}}x,y〉Rn×L2

where

P̂ = PT , Q̂1(s) = Q2(s)
T , Q̂2(s) = Q1(s)

T ,

R̂0(s) = R0(s)
T , R̂1(s, η) = R2(η, s)

T , R̂2(s, η) = R1(η, s)
T

Property 3: Addition

P
{

P + L, Q1 +M1
Q2 +M2,

{
Ri + Ni

}} = P
{

P, Q1
Q2,

{
Ri
}}+ P{ L, M1

M2,
{
Ni
}}

Matlab Implementation:
opvar T

T.P=...; T.Q1=...;T.Q2=...; T.R.R0=...; T.R.R1=...; T.R.R2=...;

T.dim=[p q;m n]; T.I=[-tau,0]; a=2;

R.P=...; R.Q1=...;R.Q2=...; R.R.R0=...; R.R.R1=...; R.R.R2=...;

R.dim=[p q;m n];

N=T’;

N=T+R;
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Transpose/Adjoint in the 4-PI P{ P, Q1
Q2,

{
Ri
}} Operator Algebra
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{
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0

1
9

-0
7
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1
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Systems with Delay

Transpose/Adjoint in the 4-PI P
{

P, Q1
Q2,

{
Ri
}} Operator

Algebra

• Note that N.dim will be [q p; n m].

• The inner product on Rn × L2 is

〈x, y〉R×L2 = xT1 y1 +

∫ 0

−τ
x2(s)

T y2(s)ds



Stability of Time-Delay Systems
Armed with PIEs

PIE Dynamics:

T ẋf (t) = Ax(t)

We now propose a Lyapunov function of the form

V (x) = 〈T x,PT x〉 = 〈xp,Pxp〉

The time-derivative of the Lyapunov function is

V̇ (x(t)) = 〈T x,PT ẋ〉+ 〈T ẋ,PT x〉
= 〈T x,PAx〉+ 〈Ax,PT x〉
= 〈x, T ∗PAx〉+ 〈x,A∗PT x〉
= 〈x, (T ∗PA+A∗PT )x〉

Stability Condition: P > 0 and

T ∗PA+A∗PT ≤ 0

LMI Equivalent:
Descriptor Systems:

Eẋ(t) = Ax(t)

V (x) = xTETPEx

V̇ (xp) = ẋTETPEx

+ xTETPEẋ

= xT (ETPA+ATPE)x

ETPA+ATPE < 0
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An LMI for Positivity of 4-PI Operators

Positivity is an LMI constraint on the coefficients of polynomials

[
P, Q1

Q2, {Ri}

]
.

Theorem 1.

Suppose [
P, Q1

Q2, {Ri}

]
=

[
I, 0

0, {Zi}

]∗
×
[

P1, P2

PT2 , {P3, 0, 0}

]
×
[
I, 0

0, {Zi}

]

where P =

[
P1 P2

PT2 P3

]
≥ 0 and

{Zi} :=
{[√

g(s)Zd1(s)
]
,

[ √
g(s)Zd2(s, θ)

]
,

[

√
g(s)Zd2(s, θ)

]}
.

where g(s) = s(−1− s) or g = 1 and Zd is the vector of monomials. Then
P
{

P, Q1
Q2,

{
Ri
}} ≥ 0.

The LMI Tests Existence of a 4-PI Square Root
Matlab Implementation:
[prog, P] = sosposop RL2RL(prog,[nR nL],X,s,th,[d1 d2]);

implies P
{
P.P, P.Q1
P.Q2, {P.R}

}
≥ 0
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×
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P1 P2

PT2 P3
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g(s)Zd1(s)
]
,

[ √
g(s)Zd2(s, θ)
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,

[

√
g(s)Zd2(s, θ)

]}
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P
{

P, Q1
Q2,

{
Ri
}} ≥ 0.

The LMI Tests Existence of a 4-PI Square Root
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implies P
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P.P, P.Q1
P.Q2, {P.R}

}
≥ 0

2
0

1
9

-0
7

-1
1
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An LMI for Positivity of 4-PI Operators

Positivity of a 4-PIE operator represents the most general form of inequality

• All existing inequalities for LMI methods for linear TDS are special cases

– Each inequality corresponds to a specific choice of P .

• Jensen’s Inequality is a special Case∫ b

a

f2(x)dx−
∫ b

a

∫ b

a

f(x)f(y)dxdy ≥ 0 � P
{

0, 0
0, {I,−I,−I}

}
≥ 0

• Wirtinger’s inequality is a special case.

• Poincare’s inequality is a special case (If we include the T operator).

• Bessel’s inequality is a special case.



Matlab Toolbox Implementation (Stability Analysis)
Almost Complete Matlab Code:
pvar s th; opvar A T

A=...

T=...;

X=[-tau,0];

prog = sosprogram([s th])

[prog, P] = sosposop RL2RL(prog,[nR nL],X,s,th,[d1 d2]);

[prog, N] = sosposop RL2RL noR0(prog,[nR nL],X,s,th,[d1 d2]);

[prog, gN] = sosposop RL2RL noR0 PS(prog,[nR nL],X,s,th,[d1 d2]);

[prog] = sosopeq(prog,A’*P*T+T’*P*A+N+gN)

prog = sossolve(prog,pars)

Stability Conditions:

P > 0 and

T ∗PA+A∗PT ≤ 0

ẋ(t) =

[
0 1
−1 .1

]
x(t)

+

[
0 0
−1 0

]
x(t− τ/2) +

[
0 0
1 0

]
x(t− τ)

ẋ(t) = −
K∑
i=1

x(t− i/K)

K

d 1 2 3 4 limit

τmax 1.33 1.371 1.3717 1.3718 1.372

CPU sec 2.13 6.29 24.45 79.0

K ↓ n → 1 2 3 5 10

1 .366 .094 .158 .686 12.8

2 .112 .295 1.260 10.83 61.05

3 .177 1.311 6.86 96.85 5223

5 .895 13.05 124.7 2014 200950

10 13.09 59.5 5077 200231 NA

Table: CPU sec indexed by # of states
(n) and # of delays (K)

Complexity Scaling Results: Viable when nK < 50
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The KYP Lemma using 4-PI Operators

T ẋ(t) = Ax(t) + Bw(t)
z(t) = C1x(t) +D1w(t), y(t) = C2x(t) +D2w(t)

Theorem 2 (KYP and H∞-Gain).

Suppose there exists operator P = P
{

P, Q1
Q2,

{
Ri
}} ≥ 0 : such that



−γI D∗1 B∗PT
D1 −γI C1
T ∗PB C∗1 A∗PT + T ∗PA


 < 0

on Rr+p+n × LnK2 [−1, 0], where T ,A,B, C1,D1 are as defined previously. Then
‖z‖L2

≤ γ‖ω‖L2
.

Proof Choose Lyapunov function as

V (x) = 〈T x,P
{

P, Q1
Q2,

{
Ri
}}T x〉

Then V̇ (x(t))− γwT (t)w(t)− γυ(t)Tυ(t) + 〈z(t), υ(t)〉+ 〈υ(t), z(t)〉 < 0,

where υ(t) = 1
γ
z(t), hence ‖z‖L2 ≤ γ‖ω‖L2 .
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Matlab Implementation of the 4-PI KYP Lemma

Almost Complete Matlab Code:
pvar s th gam; opvar T A B C1 D1;

A=...;B=...;C1=...;D1=...;T=...;

X=[-tau,0];

prog = sosprogram([s;th],gam)

[prog, P] = sosposopvar(prog,[n n],X,s,th,[d1 d2]);

D=[-gam*eye(nw) D’ B’*P*T;

D -gam*eye(ny) C1;

T’*P*B C1’ T’*P*A+A’*P*T];

D =

 −γI D∗1 B∗PT
D1 −γI C1
T ∗PB C∗1 A∗PT + T ∗PA


[prog, N] = sosposopvar noR0(prog,D.dim(:,2),X,s,th,[d1 d2]);

[prog, gN] = sosposopvar noR0 PS(prog,D.dim(:,2),X,s,th,[d1 d2]);

prog = sosopeq(prog,D+N+gN);

prog = sossetobj(prog, gamma); prog = sossolve(prog);
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Illustration of H∞ Gain Analysis

Example 1:

ẋ(t) =

[
−2 0
0 −.9

]
x(t)+

[
−1 0
−1 −1

]
x(t−τ)+

[
−.5
1

]
w(t), y(t) =

[
1 0

]
x(t)

d 1 2 3 Padé [Fridman 2001] [Shaked 1998]
γmin .2373 .2365 .2365 .2364 .32 2

Example 2: Stable for τ ∈ [.100173, 1.71785]:

ẋ(t) =

[
0 1
−2 .1

]
x(t) +

[
0 0
1 0

]
x(t− τ) +

[
1 0
0 1

]
w(t)

y(t) =
[
0 1

]
x(t)

We plot bounds for the H∞ norm as the delay varies
within this interval. As expected, the H∞ norm
approaches infinity quickly as we approach the limits of
the stable region.
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Figure: Calculated H∞
norm bound vs. delay for
Ex. 2
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H∞-Optimal Observer Synthesis

Nominal System using 4-PIE Operators:

T ẋ(t) = Ax(t) + Bw(t)
y(t) = C2x(t) +D2w(t), z(t) = C1x(t) +D1w(t)

Structure of the Observer:

T ˙̂x(t) = Ax̂(t) + L(ŷ(t)− y(t))
ŷ(t) = C2x̂(t) ẑ(t) = C1x̂(t)

where the observer gains are
L := P

{
L1, ∅
L2, {∅}

}
Note: Observer corrects estimate of both current state and history

Implementation of the Observer in original states (A PDE!, not a TDS):
[

˙̂x(t)
˙̂
φi(t, s)

]
=

[
A0x̂(t) +

∑
iAiφ̂i(t,−1)

1
τi
φ̂i,s(t, s)

]
+

[
L1(ŷ(t)− y(t))

L2i(s)(ŷ(t)− y(t))

]

ŷ(t) = C20x̂(t) +
∑K

i=1
C2iφ̂i(t,−1) φ̂i(t, 0) = x̂(t)
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An LOI for H∞-Optimal Observer Design

Define e(t) = x̂(t)− x(t). The closed-loop error dynamics are

T ė(t) = (A+ LC2)e(t)− (B + LD2)w(t)

ze(t) = C1e(t)−D1w(t)

Theorem 3.
Suppose there exist operators P = P

{
P, Q

QT ,
{
Ri
}} ≥ 0 : Rn × Ln2 → Rn × Ln2 and

Z = P
{
Z1, ∅
Z2, {∅}

}
: Rq → Rn × Ln2 such that −γI −D∗1 −(PB + ZD2)

∗T
−D1 −γI C1

−T ∗(PB + ZD2) C∗1 (PA+ ZC2)∗T + T ∗(PA+ ZC2)

 < 0

on Rr+p+n × Ln2 [−τ, 0], where T ,A,B, C1,D1, C2,D2 are as defined previously.
Then if L = P−1Z, solutions satisfy ‖ze‖L2 ≤ γ‖ω‖L2 .

Structure of L: Inverse of a 4-PI operator is a 4-PI operator (if R1 = R2)

P
{

P, Q

QT ,
{
Ri
}}−1 = P

{
P̂ , Q̂

Q̂T ,
{
R̂i

}} ⇒ L := P
{

P̂ , Q̂

Q̂T ,
{
R̂i

}}P{ Z1, ∅
Z2, {∅}

}
= P

{
L1, ∅
L2, {∅}

}
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Proof Choose Lyapunov function as

V (e) = 〈T e,P
{

P, Q

QT ,
{
Ri
}}T e〉

Define υe =
1
γ
ze. Then

V̇ (e)− γwTw +
1

γ
zTe ze =

〈

wυe
ef

 ,
 −γI −D∗1 −(PB + ZD2)

∗T
−D1 −γI C1

−T ∗(PB + ZD2) C∗1 (PA+ ZC2)∗T + T ∗(PA+ ZC2)

wυe
xf

〉 < 0

Almost Complete Matlab Code:
pvar s th gam; opvar T A B C1 C2 D1 D2;

A=...;B=...;C1=...;C2=...;D1=...;D2=...;T=...;X=[-tau,0];

prog = sosprogram([s;th],gam)

[prog, P] = sos posopvar(prog,[n n],X,s,th,[d1 d2]);

[prog, Z] = sos opvar(prog,[n q;n 0],X,s,th,[d1 d2]);

D=[-gam*eye(nw) D’ -(P*B+Z*D2)’*T;

D -gam*eye(ny) C1;

-T’*(P*B+Z*D2) C1’ T’*(P*A+Z*C2)+(P*A+Z*C2)*T];

[prog, N] = sosposop RL2RL noR0(prog,D.dim(:,2),X,s,th,[d1 d2]);

[prog, gN] = sosposop RL2RL noR0 PS(prog,D.dim(:,2),X,s,th,[d1 d2]);

prog = sosopeq(prog,D+N+gN);prog = sossetobj(prog, gamma); prog =

sossolve(prog);
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Easy Implementation, Optimal Results
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γmin Example 1 Example 2 Example 3

d=1 d=2 d=4 d=1 d=2 d=4 d=1 d=2 d=4

using simplified estimator 0.2371 0.23651 0.23608 7.2111 0.2264

using generalized estimator 0.2357 7.2111 0.2264

Padé 0.2357 7.2107 0.2264
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The Last Slide (Thanks to NSF CNS-1739990)

P
{
P, Q1
Q2, {R}

}
Operators extend LMI techniques to PDEs and Delay Systems.

• ATP + PA < 0 becomes

A∗PT + T ∗PA ≤ 0

Conclusions:
PROs:

• Computationally Efficient

• A more rational treatment of boundary
conditions.

• No Conservatism (Almost N+S)

• Easily Extended to New Problems

I e.g. Input Delay
I e.g. Sampled Data Systems

• A very Nice Parser

CONs:

• Operator Theory

• Descriptor Systems

Extensions:
• IQCs for Nonlinearity

I H2 Gain

Solvable (in order of difficulty)

• Optimal Dynamic Output Feedback

• Inversion of the P
{
P, Q1
Q2, {R}

}
Operator

I When R1 6= R2
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The VERY Last Slide
Everything Here is a TOOL!

Good Luck
Be Productive
With Luck, you won’t need luck
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