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ABSTRACT. In this paper, we explore the merits of various algorithms for
polynomial optimization problems, focusing on alternatives to sum of squares
programming. While we refer to advantages and disadvantages of Quanti-
fier Elimination, Reformulation Linear Techniques, Blossoming and Groebner
basis methods, our main focus is on algorithms defined by Polya’s theorem,
Bernstein’s theorem and Handelman’s theorem. We first formulate polynomial
optimization problems as verifying the feasibility of semi-algebraic sets. Then,
we discuss how Polya’s algorithm, Bernstein’s algorithm and Handelman’s al-
gorithm reduce the intractable problem of feasibility of semi-algebraic sets to
linear and/or semi-definite programming. We apply these algorithms to differ-
ent problems in robust stability analysis and stability of nonlinear dynamical
systems. As one contribution of this paper, we apply Polya’s algorithm to the
problem of H control of systems with parametric uncertainty. Numerical
examples are provided to compare the accuracy of these algorithms with other
polynomial optimization algorithms in the literature.

1. Introduction. Consider problems such as portfolio optimization, structural de-
sign, local stability of nonlinear ordinary differential equations, control of time-delay
systems and control of systems with uncertainties. These problems can all be formu-
lated as polynomial optimization or optimization of polynomials. In this paper, we
survey how computation can be applied to polynomial optimization and optimiza-
tion of polynomials. One example of polynomial optimization is 8* = min,egn p(x),
where p : R” — R is a multi-variate polynomial. In general, since p(x) is not con-
vex, this is not a convex optimization problem. It is well-known that polynomial
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optimization is NP-hard [1]. We refer to the dual problem to polynomial optimiza-
tion as optimization of polynomials, e.g., the dual optimization of polynomials to
B* = mingern p(x) is
* =ma
B nax y
subject to p(z) —y > 0 for all x € R™. (1)

This problem is convex, yet NP-hard.

One approach to find lower bounds on the optimal objective 5* is to apply Sum of
Squares (SOS) programming [7, 8]. A polynomial p is SOS if there exist polynomials
¢; such that p(z) = >°I_; ¢i(x)?. The set {¢; € R[z],i =1,--- ,r} is called an SOS
decomposition of p(z), where R[z] is the ring of real polynomials. An SOS program
is an optimization problem of the form

: T
subject to  A;o(x) + Zyin’j (x) is SOS,i=1,--- ,k, (2)
j=1

where ¢ € R™ and A; ; € R[z] are given. If p(x) is SOS, then clearly p(z) > 0 on
R™. While verifying p(z) > 0 on R™ is NP-hard, checking whether p(z) is SOS -
hence non-negative - can be done in polynomial time [7]. It was first shown in [7]
that verifying the existence of a SOS decomposition is a Semi-Definite Program.
Fortunately, there exist several algorithms [9, 10, 11] and solvers [12, 14, 13] that
solve SDPs to arbitrary precision in polynomial time. To find lower bounds on
B* = mingern p(x), consider the SOS program

y = max y subject to p(z) —y is SOS.
ye m

Clearly y* < §*. By performing a bisection search on y and semi-definite program-
ming to verify p(x) —y is SOS, one can find y*. SOS programming can also be used
to find lower bounds on the global minimum of polynomials over a semi-algebraic set
S :={xeR":g;(x) >0,h;(x) =0} generated by g;, h; € R[z]. Given problem (1)
with x € S, Positivstellensatz results [15, 16, 17] define a sequence of SOS programs
whose objective values form a sequence of lower bounds on the global minimum g*.
It is shown that under certain conditions on S [16], the sequence of lower bounds
converges to the global minimum. See [18] for a comprehensive discussion on the
Positivstellensatz.

In this paper, we explore the merits of some of the alternatives to SOS program-
ming. There exist several results in the literature that can be applied to polynomial
optimization; e.g., Quantifier Elimination (QE) algorithms [19] for testing the fea-
sibility of semi-algebraic sets, Reformulation Linear Techniques (RLTs) [20, 21] for
linearizing polynomial optimizations, Polya’s result [2] for positivity on the positive
orthant, Bernstein’s [22, 23] and Handelman’s [24] results for positivity on simplices
and convex polytopes, and other results based on Groebuner bases [3] and Blossom-
ing [4]. We will discuss Polya’s, Bernstein’s and Handelman’s results in more depth.
The discussion of the other results are beyond the scope of this paper, however the
ideas behind these results can be summarized as follows.

QE algorithms apply to First-Order Logic (FOR) formulae, e.g.,

Vo Jy (f(z,y) > 0= ((9(a) < ay) A (a > 2)),
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to eliminate the quantified variables x and y (preceded by quantifiers V,3) and
construct an equivalent FOR formula in terms of the unquantified variable a. The
key result underlying QE algorithms is Tarski-Seidenberg theorem [5]. The theorem
implies that for every formula of the form Vx € R"3Jy € R™(fi(z,y,a) > 0),
where f; € Rlz,y,a], there exists an equivalent quantifier-free formula of the form
Ni(gi(a) > 0) Vv, (h;j(a) > 0) with g;, h; € Rla]. QE implementations [25, 26] with a
bisection search yields the exact solution to optimization of polynomials, however
the complexity scales double exponentially in the dimension of variables z, y.

RLT was initially developed to find the convex hull of feasible solutions of zero-
one linear programs [27]. It was later generalized to address polynomial optimiza-
tions of the form min, p(z) subject to z € [0,1]* NS [20]. RLT constructs a
d—hierarchy of linear programs by performing two steps. In the first step (re-
formulation), RLT introduces the new constraints [[; z; [[;(1 — z;) > 0 for all
i,7 : i+ j = d. In the second step (linearization), RTL defines a linear program
by replacing every product of variables x; by a new variable. By increasing § and
repeating the two steps, one can construct a é—hierarchy of lower bounding linear
programs. A combination of RLT and branch-and-bound partitioning of [0, 1]" was
developed in [21] to achieve tighter lower bounds on the global minimum. For a
survey of different extensions of RLT see [6].

Groebner bases can be used to reduce a polynomial optimization to the problem
of finding the roots of univariate polynomials [28]. First, one needs to construct
the system of polynomial equations VL(x, A\, p) = [f1(z, A\, ), -+, fn(x, A\, 1)) =0,
where L = p(x)+ >, Xigi(x) + >, nihi(x) is the Lagrangian. It is well-known that
the set of solutions to VL(x, A, ) = 0 is the set of extrema of the polynomial opti-
mization minge g p(x). Using the elimination property [3] of the Groebner bases, the
minimal Groebner basis of the ideal of f1,--- , fx defines a triangular-form system
of polynomial equations. This system can be solved by calculating one variable at
a time and back-substituting into other polynomials. The most computationally
expensive part is the calculation of the Groebner basis, which in the worst case
scales double-exponentially in the number of decision variables.

The blossoming approach involves mapping the space of polynomials to the space
of multi-affine functions (polynomials that are affine in each variable). By using this
map and the diagonal property of blossoms [4], one can reformulate any polynomial
optimization mingeg p(x) as an optimization of multi-affine functions. In [30], it is
shown that the dual to optimization of multi-affine functions over a hypercube is a
linear program. The optimal objective value of this linear program is a lower bound
on the minimum of p(x) over the hypercube.

While the discussed algorithms have advantages and disadvantages, we focus on
Polya’s, Bernstein’s and Handelman’s results on parameterization of positive poly-
nomials. Polya’s theorem yields a basis to parameterize the cone of polynomials that
are positive on the positive orthant. Bernstein’s and Handelman’s theorems yield
a basis to parameterize the space of polynomials that are positive on simplices and
convex polytopes. Similar to SOS programming, one can find Polya’s, Bernstein’s
and Handelman’s parameterizations by solving a sequence of Linear Programs (LPs)
and/or SDPs. However, unlike the SDPs associated with SOS programming, the
SDPs associated with these theorems have a block-diagonal structure. This struc-
ture has been exploited in [29] to design parallel algorithms for optimization of
polynomials with large degrees and number of variables. Unfortunately, unlike SOS
programming, Bernstein’s, Handelman’s and the original Polya’s theorems do not
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parameterize polynomials with zeros in the positive orthant. Yet, there exist some
variants of Polya’s theorem which considers zeros at the corners [31] and edges [32]
of simplices. Moreover, there exist other variants of Polya’s theorem which provide
certificates of positivity on hypercubes [33, 34], intersection of semi-algebraic sets
and the positive orthant [35] and the entire R™ [36], or apply to polynomials with
rational exponents [37].

We organize this paper as follows. In Section 2, we place Polya’s, Bernstein’s,
Handelman’s and the Positivstellensatz results in the broader topic of research on
polynomial positivity. In Section 3, we first define polynomial optimization and
optimization of polynomials. Then, we formulate optimization of polynomials as
the problem of verifying the feasibility of semi-algebraic sets. To verify the feasibility
of different semi-algebraic sets, we present algorithms based on the different variants
of Polya’s, Bernstein’s, Handelman’s and Positivstellensatz results. In Section 4,
we discuss how these algorithms apply to robust stability analysis [38, 29, 39] and
nonlinear stability [41, 42, 43, 44]. Finally, one contribution of this paper is to
apply Polya’s algorithm to the problem of H,, control synthesis for systems with
parametric uncertainties.

2. Background on positivity of polynomials. In 1900, Hilbert published a list
of mathematical problems, one of which was: For every non-negative f € R[xz], does
there exist some non-zero ¢ € R[z] such that ¢?f is a sum of squares? In other
words, is every non-negative polynomial a sum of squares of rational functions?
This question was motivated by his earlier works [48, 49], in which he proved: 1-
Every non-negative bi-variate degree 4 homogeneous polynomial is a SOS of three
polynomials. 2- Every bi-variate non-negative polynomial is a SOS of four rational
functions. 3- Not every homogeneous polynomial with more than two variables
and degree greater than 5 is SOS of polynomials. Eighty years later, Motzkin
constructed a non-negative degree 6 polynomial with three variables which is not
SOS [50]:
M (1, x0,x3) = xias + x2xd — 3xieial + a5,
Robinson [51] generalized Motzkin’s example as follows. Polynomials of the form
(IT=, 22 f(z1, -+ ,zn) + 1 are not SOS if polynomial f of degree < 2n is not
SOS. Hence, although the non-homogeneous Motzkin polynomial M (zq,z2,1) =
2223(2? 4+ 2 — 3) 4 1 is non-negative it is not SOS.
In 1927, Artin answered Hilbert’s problem in the following theorem [52].

Theorem 2.1. (Artin’s theorem) A polynomial f € R[x] satisfies f(x) >
if and only if there exist SOS polynomials N and D # 0 such that f(x) =

Although Artin settled Hilbert’s problem, his proof was neither constructive
nor gave a characterization of the numerator N and denominator D. In 1939,
Habicht [54] showed that if f is positive definite and can be expressed as f (21, -+, 2y)
= g(a2,--- ,22) for some polynomial g, then one can choose the denominator
D = " | x7. Moreover, he showed that by using D = Y_©" | 27, the numera-
tor N can be expressed as a sum of squares of monomials. Habicht used Polya’s
theorem [53] to obtain the above characterizations for N and D.

Theorem 2.2. (Polya’s theorem) Suppose a homogeneous polynomial p satisfies
p(z) >0 forallz € {x e R" :2; > 0,21, x; # 0}. Then p(x) can be expressed as

plz) = gg;
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where N(z) and D(x) are homogeneous polynomials with all positive coefficients.
For every homogeneous p(x) and some e > 0, the denominator D(x) can be chosen
as (x1 4+ -+ x,)°.

Suppose f is homogeneous and positive on the positive orthant and can be
expressed as f(z1,-,2,) = g(z?,--- ,22) for some homogeneous polynomial g.
By using Polya’s theorem g¢(y) = %, where y := (y1,--,yn) and polyno-
mials N and D have all positive coefficients. By Theorem 2.2 we may choose
D(y) = (Z?Zl y:)°. Then (Z?:l vi) g(y) = N(y). Now let x; = Vi, then
(>, xf)e f(zy,-,2,) = N(z3,--- ,22). Since N has all positive coefficients,
N(z%,---,22) is a sum of squares of monomials. Unlike the case of positive definite
polynomials, it is shown that there exists no single SOS polynomial D # 0 which
satisfies f = % for every positive semi-definite f and some SOS polynomial N [55].

As in the case of positivity on R™, there has been an extensive research regarding
positivity of polynomials on bounded sets. A pioneering result on local positivity is
Bernstein’s theorem (1915) [56]. Bernstein’s theorem uses the polynomials h; ; =
(1+2)%(1—2)? as a basis to parameterize univariate polynomials which are positive
on [—1,1].

Theorem 2.3. (Bernstein’s theorem) If a polynomial f(z) > 0 on [—1,1], then
there exist ¢; ; > 0 such that

f(z) = Z cij(1+z)(1—x)
i,jEN
itj=d
for some d > 0.

Reference [57] uses Goursat’s transform of f to find an upper bound on d. The
bound is a function of the minimum of f on [—1,1]. However, computing the
minimum itself is intractable. In 1988, Handelman [58] used products of affine
functions as a basis (the Handelman basis) to extend Bernstein’s theorem to multi-
variate polynomials which are positive on convex polytopes.

Theorem 2.4. (Handelman’s Theorem) Given w; € R"™ and u; € R, define the
polytope TX = {z e R* : wlz +u; > 0,i=1,---,K}. If a polynomial f(z) > 0
on T’ then there exist by, > 0, a € NX such that for some d € N,

f@) = > ba(wlz+u)® - (whe +ug)™*. (3)
aenN¥
or+-Fag <d
In [22], first the standard triangulation of a simplex (the convex hull of vertices
in R™) is developed to decompose an arbitrary simplex into sub-simplices. Then,
an algorithm is proposed to ensure positivity of a polynomial f on the simplex by
finding an expression of Form (3) for f on each sub-simplex. An upper bound on
the degree d in (3) was provided in [23] as a function of the minimum of f on
the simplex, the number of variables of f, the degree of f and the maximum of
certain [23] affine combinations of the coefficients b,. Reference [22] also provides
a bound on d as a function of max, b, and the minimum of f over the polytope.
An extension of Handelman’s theorem was made by Schweighofer [59] to verify
non-negativity of polynomials over compact semi-algebraic sets. Schweighofer used
the cone of polynomials in (4) to parameterize any polynomial f which has the
following properties:
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1. f is non-negative over the compact semi-algebraic set S
2. f = qp1+ qp2 + -+ for some g; in the cone (4) and for some p; > 0 over
Sn{xeR": f(x) =0}

Theorem 2.5. (Schweighofer’s theorem) Suppose
S:={zxeR":g(z) >0,¢9, € Rlz] fori=1,--- K}

is compact. Define the following set of polynomials which are positive on S.

Oq = > sxgr gyt s are SOS 4)
AENK N+ Ak <d

If f > 0 on S and there exist q; € O4 and polynomials p; > 0 on SN {x € R :
f(x) =0} such that f =3, qip; for some d, then f € ©4.

On the assumption that g; are affine functions, p; = 1 and s) are constant,
Schweighofer’s theorem gives the same parameterization of f as in Handelman’s
theorem. Another special case of Schweighofer’s theorem is when A € {0,1}%. In
this case, Schweighofer’s theorem reduces to Schmudgen’s Positivstellensatz [17].
Schmudgen’s Positivstellensatz states that the cone

A, = Z Sagy? g}\{ sy are SOS ; C Oy (5)
Ae{0,1} K

is sufficient to parameterize every f > 0 over the semi-algebraic set S generated by
{g1,--+, gk }. Unfortunately, the cone A, contains 2 products of g;, thus finding a
representation of Form (5) for f requires a search for at most 2% SOS polynomials.
Putinar’s Positivstellensatz [16] reduces the complexity of Schmudgen’s parameter-
ization in the case where the quadratic module of g; defined in (6) is Archimedean.

Theorem 2.6. (Putinars’s Positivstellensatz) Let S := {x € R™ : g;(z) > 0,¢9; €
Rlz] fori=1,--- ,K} and define

K
M, = {50 + Zsigi 1 s; are SOS} . (6)

i=1

If there exist some N > 0 such that N — Y1 x? € M, then My is Archimedean.
If M, is Archimedean and f > 0 over S, then f € M,.

Finding a representation of Form (6) for f, only requires a search for K SOS
polynomials using SOS programming. Verifying the Archimedian condition N —
St x? € M, in Theorem 2.6 is also a SOS program. Observe that the Archi-
median condition implies the compactness of S. The following theorem, lifts the
compactness requirement for the semi-algebraic set S.

Theorem 2.7. (Stengle’s Positivstellensatz) Let S := {x € R™ : ¢g;(x) > 0,¢9; €
Rlz] fori=1,--- K} and define

Ay = Z sAgf1 g;‘(’” : s\ are SOS

Ae{0,1} K

If f >0 on S, then there exist p,g € Ay such that ¢f =p + 1.
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Notice that the Parameterziation (3) in Handelman’s theorem is affine in f and
the coefficients b,. Likewise, the parameterizations in Theorems 2.5 and 2.6, i.e.,
f=>, N -~-g;‘<K and f = so + Y, s;g; are affine in f, s\ and s;. Thus, one
can use convex optimization to find by, sx,s; and f. Unfortunately, since the
parameterization qf = p + 1 in Stengle’s Positivstellensatz is non-convex (bilinear
in ¢ and f), it is more difficult to verify the feasibility of ¢f = p + 1 compared to
Handelman’s and Putinar’s parameterizations.

For a comprehensive discussion on the Positivstellensatz and other polynomial
positivity results in algebraic geometry see [61, 60, 62].

3. Algorithms for Polynomial Optimization. In this Section, we first define
polynomial optimization, optimization of polynomials and its equivalent feasibility
problem using semi-algebraic sets. Then, we introduce some algorithms to verify
the feasibility of different semi-algebraic sets. We observe that combining these
algorithms with bisection yields some lower bounds on optimal objective values of
polynomial optimization problems.

3.1. Polynomial Optimization and optimization of polynomials. We define
polynomial optimization problems as

f*=min  f(z)
subject to g;(z) >0fori=1,--- ,m
hj(££)=0f0fj=l,-~-7r7 (7)

where f, g;, h; € Rlz] are given. For example, the integer program

min  p(z)
subject to azrz >bfori=1,---,m,
re{-1,1}", (8)

with given a; € R™,b; € R and p € Rz], can be formulated as a polynomial
optimization problem by setting

f=p
gi(x) =alx —b; fori=1,---,m
hj(z) = aF — 1 for j=1,--- ,n.

Let S :={z € R": g;(z) > 0,h;(z) =0,i=1,--- ,m,j=1,--- ,r}. We define
Optimization of polynomials problems as

v* =max 'z
ESING

subject to  F(z,y) := Fy(y) + szFz(y) >0 forallyesS, (9)
i=1
where ¢ € R" and Fj(y) = > Fioy®, where F;, € R? are either given or are

decision variables. Optimization of polynomials can be used to find * in (7).
For example, we can compute the optimal objective value a* of the polynomial
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optimization problem

.
o = min  p(z)

subject to aZTa:—biEO fori=1,---,m,
3 -1=0 forj=1,---,n,
by solving the problem

o =max «
«

subject to p(z) > a for all z € {—1,1}"
alz>b;fori=1,--- ,m and for all z € {—1,1}", (10)

where Problem (10) can be expressed in the Form (9) by setting

c=1, n=1, k=0, g=m+1, hj(y)=y;—1lforj=1---,n
p(y) 0 0 10 --- 0
0 aly—b : 0 0

Fy)=| Y™ , =
: . 0 : o
0 0 aly—by 0 - 0

Optimization of polynomials (9) can be formulated as the following feasibility
problem.

~* =min ~
Bt
subject to Sy := {z,y € R" : 'x > v, F(z,y) >0, gi(y) > 0,h;(y) = 0} =0, (11)

where ¢, F, g; and h; are given. The question of feasibility of a semi-algebraic set
is NP-hard [1]. However, if we have a test to verify S, = ), we can find v* by
performing bisection on . In Section 3.2, we use the results of Section 2 to provide
sufficient conditions, in the form of Linear Matrix Inequalities (LMIs), for S, = 0.

3.2. Algorithms. In this section, we discuss how to find lower bounds on g* for
different classes of polynomial optimization problems. The results in this section are
primarily expressed as methods for verifying S, = () and can be used with bisection
to solve polynomial optimization problems.

Case 1. Optimization over the standard simplex A™
Define the standard unit simplex as

An = {l‘ S Rn : Z(EZ = in Z O} (12)

i=1
Consider the polynomial optimization problem

7" = min  f(z),

where f is a homogeneous polynomial of degree d. If f is not homogeneous, we can
homogenize it by multiplying each monomial z{" ---z%" in f by (31, z;) ¢ lledl

Notice that since Y"1 ; 2, = 1 for all # € A", the homogenized f is equal to f for



POLYNOMIAL OPTIMIZATION FOR STABILITY ANALYSIS AND CONTROL 9

all x € A™. To find v*, one can solve the following optimization of polynomials
problem.

~* =max 7y
yER

s.t. f(z) > v forall z € A™ (13)
It can be shown that Problem (13) is equivalent to the feasibility problem

~* =min ~
YER

st. Sy ={xzeA": f(z) —v <0} =0.
For a given 7, we use the following version of Polya’s theorem to verify S, = 0.

Theorem 3.1. (Polya’s theorem, simplex version) If a homogeneous matriz-valued
polynomial F satisfies F(z) > 0 for allx € {x € R : }1" | x; = 1,2; > 0}, then
there exists e > 0 such that all the coefficients of

(Z x) F(z)
i=1
are positive definite.

Given v € R, it follows from Theorem 3.1 that S, = ) if there exist e > 0 such

that J
(Z :m) flaz) =~ (Z ffz) (14)
=1 i=1

has all positive coefficients. We can compute lower bounds on v* by performing
bisection on . For each 7 in bisection, if there exist e > 0 such that all of the
coefficients of (14) are positive, then v < v*.

Case 2. Optimization over the hypercube ¢":
Given r; € R, define the hypercube
" :={zeR": |z <r;i=1,--- ,n} (15)

Define the set of n-variate multi-homogeneous polynomials of degree vector d € N"
as

pER[ Y ipla.y) = > prgriiy - ahrydr
h,geN"
h+g=d

It is shown in [34] that for every polynomial f(z) with z € ®", there exists a
multi-homogeneous polynomial p such that

{f(z)eR:2€®"} ={p(z,y) ER: (z;,y;) €A% i=1,--+ ,n}. (16)
For example, consider f(z1,29) = 27 + 22, with z; € [~2,2] and 29 € [-1,1]. Let
z1 = 212 €[0,1] and 25 = 22 € [0,1]. Then define
q(z1,22) = f(dxy — 2,229 — 1) = 1622 — 1621 + 225 + 3
By homogenizing ¢ we obtain the multi-homogeneous polynomial
p(x,y) =167 (22 + y2) — 1621 (v1 + y1) (w2 + y2) + 222(21 + 11)?

+3(z1 +y1)*(z2 + 42), (21,31), (22, 92) € A?
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with degree vector d = [2,1]. See [34] for an algorithm which computes the multi-
homogeneous polynomial p for an arbitrary f defined on a hypercube.
Now consider the polynomial optimization problem

7" = min f(z).

To find +*, one can solve the following feasibility problem.
7= Iwnellg Y
subject to Sy :={z € ®": f(z) -y <0} =10 (17)

For a given v, one can use the following version of Polya’s theorem to verify S, = 0.

Theorem 3.2. (Polya’s theorem, multi-homogeneous version) A multi-homogeneous
matriz-valued polynomial F satisfies F(x,y) > 0 for all (z;,y;) € A%i=1,--- ,n,
if there exist e > 0 such that all the coefficients of

<H (zi + Z/z‘)e> F(z,y)

i=1
are positive definite.

First, by using the algorithm in [34] we obtain the multi-homogeneous form p of
the polynomial f in (17). Given vy € R, from Theorem 3.2 it follows that S, = 0
n (17) if there exist e > 0 such that

(H (i + yi)€> (p(l“’ y)—7 (H (i + yi)di>> (18)

i=1 i=1
has all positive coefficients, where d; is the degree of x; in p(x,y). We can compute
lower bounds on v* by performing bisection on «. For each v in bisection, if there
exist e > 0 such that all of the coefficients of (18) are positive, then v < ~*.

Case 3. Optimization over the convex polytope I'X:

Given w; € R™ and u; € R, define the convex polytope I'f = {z € R" :
wlz +u; > 0,i =1,---,K}. Suppose ' is bounded. Consider the polynomial
optimization problem

7= iy I
where f is a polynomial of degree ds. To find v*, one can solve the feasibility
problem.

~*=min v
~YER

subject to S, = {z € X : f(z) —v < 0} = 0.
Given ~, one can use Handelman’s theorem (Theorem 2.4) to verify S, = 0 as

follows. Consider the Handelman basis associated with polytope I'( defined as
K

K
Bs = {)\a € R[z] : Aa(z) = H (wZTx—i—ul)a ,o € NK,Zai < s}.
i=1

i=1
Basis B; spans the space of polynomials of degree s or less, however it is not minimal.
Given polynomial f(x) of degree dy,v € R and dmax € N, if there exist

ca >0 forall @ € {a € NK : |la|; <d} (19)
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such that

K
f(l‘) - = Z Ca H(w?m""uz)al’ (20)
lalisd =1
for d = dy, then f(z) — v > 0 for all z € I'K. Thus S, = (. Feasibility of Condi-
tions (19) and (20) can be determined using linear programming. If (19) and (20)
are infeasible for some d, then one can increase d up to dyax. From Handelman’s
theorem, if f(z) —~ > 0 for all z € T'X, then for some d > dy, Conditions (19)
and (20) hold. However, computing upper bounds for d is difficult [63, 23].
Similar to Cases 1 and 2, we can compute lower bounds on v* by performing bi-
section on «y. For each + in bisection, if there exist d > d such that Conditions (19)
and (20), then v < ~*.

Case 4: Optimization over compact semi-algebraic sets:
Recall that we defined a semi-algebraic set as
S={xeR":g(x)>0,i=1,--- ,m, hj(x)=0,j=1,---,r}.

Suppose S is compact. Consider the polynomial optimization problem

7' =min  f(z)
subject to  gi(z) >0 fori=1,---,m
h](m) :Oforj:17... ,T.

Define the following cone of polynomials which are positive over S.

Mg,h::{mER[x] cm(z) = so(x)—i—z Si(:v)gi(x)—i—z ti(z)hi(z), s € ag, t; € R[x]} )
i=1 i=1

(21)
where Y54 denotes the set of SOS polynomials of degree 2d. From Putinar’s Pos-
itivstellensatz (Theorem 2.6) it follows that if the Cone(21) is Archimedean, then
the solution to the following SOS program is a lower bound on v*. Given d € N,
define

d

T Vgﬂr{gifti 7
subject to f(x) —v = so(z) + Zsz(x)gz(x) + Zti(x)hi(x)» t; € Rlz], s; € Xog.
i=1 i=1

(22)
For given v € R and d € N, Problem (22) is the following linear matrix inequality.
Find @Q;>0,P; fori=0,---,mandj=1,---,r

such that f(z) —v = 22 (2) [ Qo + Z Qigi(x) + ZPjhj (z) | za(w), (23)

i=1

where Q;, P; € SV, where SV is the subspace of symmetric matrices in RV*" and
d

N=(" ZZL >, and where z4(x) is the vector of monomial basis of degree d or less.

See [8, 64] for methods of solving SOS programs. It is shown in [65] that if the

Cone (21) is Archimedean, then limg o, 74 = 7*.



12 REZA KAMYAR AND MATTHEW M. PEET

If the Cone (21) is not Archimedean, then we can use Schmudgen’s Positivstel-
lensatz to obtain the following SOS program with solution v¢ < ~v*.
d

- ’Yerﬂgifti 7
subject to f(z) =7 =1+ 3" sx(@n @ - gml@) + 3 ti(@)hi(), € Rla),
A€{0,1}m i=1

S\ € Yog. (24)

Case 5: Tests for non-negativity on R":
The following theorem [54], gives a test for non-negativity of a class of homoge-
neous polynomials.

Theorem 3.3. (Habicht theorem) For every homogeneous polynomial f that satis-
fies f(x1,--- ,xp) > 0 for all z € R*\ {0} and f(x1,--- ,2,) = g(z?,--- ,22) for
some polynomial g, there exist e > 0 such that all of the coefficients of

(Zl‘?) f(lUl,"' 7$n) (25)
i=1

are positive. In particular, the product is a sum of squares of monomials.

Based on Habicht’s theorem, a test for non-negativity of a homogeneous poly-
nomial f of the form f(z1, -+ ,z,) = g(x%, - ,22) is to multiply it repeatedly by
Sor @3 If for some e € N, the Product (25) has all positive coefficients, then
I =0.

An alternative test for non-negativity on R™ is given in the following theorem [36].

Theorem 3.4. Define E,, := {—1,1}". Suppose a polynomial f(x1, - ,x,) of
degree d satisfies f(x1,-+- ,xn) > 0 for allz € R™ and its homogenization is positive
definite. Then

1. there exist Ae > 0 and coefficients c, € R such that

(1+ eT:c)AE flze, - zn) = Z CaxTt - xp forall e € By, (26)

o€l

where I, .= {a € N": |lalls < d+ A} and sgn(cy) = €' -+ -em.

n

2. there exist positive N, D € R[23, -+ 22, f?] such that f = ¥.

Based on Theorem 3.4, we can propose the following test for non-negativity of
polynomials over the cone A, := {z € R" : sgn(x;) = e;,i = 1,--- ,n} for some
e € E,,. Multiply a given polynomial f repeatedly by 1+ ez for some e € E,,. If
there exists A > 0 such that sgn(c,) = ef* ---e%n, then f(z) > 0 for all z € A..
Since R" = U.cp, Ae, we can repeat the test 2”7 times to obtain a test for non-
negativity of f over R".

The second part of Theorem 3.4 gives a solution to the Hilbert’s problem in
Section 2. See [36] for an algorithm which computes polynomials N and D.

4. Applications of polynomial optimization. In this section, we discuss how
the algorithms in Section 3.2 apply to stability analysis and control of dynamical
systems. We consider robust stability analysis of linear systems with parametric
uncertainty, stability of nonlinear systems, robust controller synthesis for systems
with parametric uncertainty and stability of systems with time-delay.
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4.1. Robust stability analysis. Consider the linear system
(t) = Al)z(t), (27)

where A(a) € R™" is a polynomial and o € @ C R! is the vector of uncertain
parameters, where () is compact. From converse Lyapunov theory and existence
of polynomial solutions for feasible patameter-dependent LMIs [66] it follows that
that System (27) is asymptotically stable if and only if there exist matrix-valued
polynomial P(«) € S™ such that

P(a) > 0 and AT (a)P(a) + P(a)A(a) <0 for all a € Q. (28)

If @Q is a semi-algebraic set, then asymptotic stability of System (27) is equivalent
to positivity of v* in the following optimization of polynomials problem for some
deN.

*

= max
YER,CeS™
ZBEE C’gaﬁ 0
subject to d —~IaTa > 0,a €@,
J 0 —AT(@)(Spep, O50”)~(Saer, Ca” YAl | 11T @ Z 0L
(29)
where we have denoted of* - -- afl by o and
E;:={BecR": Zﬁi <d}. (30)

i=1
Given stable systems of Form (27) with different classes of polynomials A(«), we

discuss different algorithms for solving (29). Solutions to (29) yield Lyapunov func-
tions of the form V' = 2" (3 ;. 5. Cza?)x proving stability of System (27).

Case 1. A(a) is affine with o € Al:
Consider the case where A(«) belongs to the polytope

l
A= {A(a) ER™™: Aa) = ZAiai,Ai eR™" q; € Al} ,
i=1

where A; are the vertices of the polytope and Al is the standard unit simplex
defined as in (12). Given A(«a) € A, we address the problem of stability analysis of
System (27) for all a € Al.

A sufficient condition for asymptotic stability of System (27) is to find a matrix
P > 0 such that the Lyapunov inequality A”(a)P+PA(a) < 0 holds for all o € Al

If A(a) = 22:1 Aja;, then from convexity of A it follows that the condition
AT(a)P + PA(a) < 0 for all a € A!
is equivalent to positivity of v* in the following semi-definite program.

* = max

YER,PES™
P 0 . 0
_ATp —
subject to AP —PA 0 —~I >0, (31)
0 0

0 0 —ATP-PA,
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Any P € S™ that satisfies the LMI in (31) for some v > 0, yields a Lyapunov
function of the form V = z” Pz. However for many systems, this class of Lyapunov
functions can be conservative (see Numerical Example 1).

More general classes of Lyapunov functions such as parameter-dependent func-
tions of the forms V' = xT(Zli:l Pio;)x [38, 67, 68] and V = 2T (34 Ppep, o)z [39,
29] have been utilized in the literature. As shown in [38], given 4; € R™*" 2T P(a)x
with P(a) = 2221 P;a; is a Lyapunov function for (27) with a € Al if the following
LMI consitions hold.

P >0 fori=1,---,1
AP+ P A <0 fori=1,---,1
ATP;+ ATP; + PjA; + PA; <0 fori=1,---,1—1,j=i4+1,---,1

In [69], it is shown that given continuous functions A;, B; : Al — R"™ " and
continuous function R : Al — S, if there exists a continuous function X : Al — S”
which satisfies

N

Z (Ai(@) X () Bi(@) + Bi(@)" X (a)Ai(a)") + R(a) > 0 for all w € AL, (32)

i=1
then there exists a homogeneous polynomial Y : Al — S™ which also satisfies (32).
Motivated by this result, [39] uses the class of homogeneous polynomials of the form

P(a) =Y Pgai*-- o), (33)
pely

with

l
I; = {BENZZBlzd} (34)

i=1
to provide the following necessary and sufficient LMI condition for stability of Sys-
tem (27). Given A(a) = Zézl Aja;, System (27) is asymptotically stable for all
a € Al if and only if there exist some d > 0 and positive definite Pg € S*, 8 € I
such that

> (AT Ps_c, + Ps_c,Ai) <0 for all B € I, (35)
i=1,- 1
Bi>0
where e; =[0--- 0 1 0---0] €N'i=1,---,1 form the canonical basis for R’.

jth

Numerical Example 1: Consider the system @(t) = A(«,n)z(t) from [40], where
A(Oé, 7’]) = (A() + Aﬂ’])o&l + (AO + AQT})@2 + (AO + A377)043, where

24 —-06 -1.7 3.1 1.1 —-06 —0.3 —0.1
Ao |07 -21 -26 -36| , _|-08 02 -1l 28
=105 24 —-50 —-16/"'7|-19 08 -—-11 20|
—0.6 29 —20 —06 —24 —-31 -37 -0.1
09 34 1.7 15 -1.0 -14 -07 -—0.7
Ay — -34 —14 13 14 A= 21 06 -01 -—21

1.1 20 -15 -34 04 -14 1.3 0.7
—-04 0.5 2.3 1.5 1.5 0.9 04 —-0.5
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and (a1, a9, a3) € A% n > 0. We would like to find #* = maxn such that i(t) =
A(a,m)z(t) is asymptotically stable for all n € [0, n*].

By performing bisection on 1 and verifying the inequalities in (35) for each 7
in the bisection algorithm, we obtained lower bounds on n* (see Figure 1) using
d = 0,1,2 and 3. For comparison, we have also plotted the lower bounds com-
puted in [40] using the Complete Square Matricial Representation (CSMR) of the
Lyapunov inequalities in (28). Both methods found maxn = 2.224, however the
method in [40] used a lower d to find this bound.

—+8&— Method in Case 1
—O— CSMR [40]

=
~
a

k
Lower bounds on n
=
@

I
N
a

o0

FIGURE 1. lower-bounds for n* computed using the LMIs in (35)
and the method in [40]

Case 2. A(a) is a polynomial with o € Al:

Given Ay, € R™*™ for h € I, as defined in (34), we address the problem of stability
analysis of System (27) with A(a) = >,/ Apalt . o for all @ € Al Using
Lyapunov theory, this problem can be formulated as the following optimization of
polynomials problem.

*=  max

~+ER,PER|a]
P(a) 0

b _ l
subject to 0 —A(a)TP(a) - Pla)A(a) ~I >0 forall a € A (36)

System (27) is asymptotically stable for all a € Al if and only if v* > 0. As in Case
1 of Section 3.2, one can apply bisection algorithm on v and use Polya’s theorem
(Theorem 3.1) as a test for feasibility of Constraint (36) to find lower bounds on
~*. Suppose P and A are homogeneous matrix valued polynomials. Given v € R, it
follows from Theorem 3.1 that the inequality condition in (36) holds for all & € A
if there exist some e > 0 such that

! e ! dp
<Z ai> Pla) —~I <Z ai> (37)
i=1 i=1

and
dp+d(l

l € l
_ <Z ai> A(Q)TP(Q) -+ P(Oé)A(Oé) +~1 <Z ai> (38)
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have all positive coefficients, where d), is the degree of P and d,, is the degree of A.
Let P and A be of the forms

Pla) = Z Ppalt -l P, €S" and A(a) = Z Apalt - -oat, Ay € R™T,
helq, hely,
(39)
By combining (39) with (37) and (38) it follows that for a given v € R, the inequality
condition in (36) holds for all « € Al if there exist some e > 0 such that

l € l dp
(o) (S natrat—($a) ) =5 (5 fon)arar
=1 =1

helq, 9€la,te \RE]a,
(40)
and
l e
—<E ozi) E A{ah E Pha’fl-~-a;” + E Phai”--~a§” E Apal
=1 hEIda hEIdp hEIdp hEIda

. dp+ds
o <Z‘”> = > D ML P+ PuMy ) of -caft (41)
=1

9€lag+dp+e\h€lq,

have all positive coefficients, i.e.,

Z frngPr>0 forallgely .
hGIdp

Z (MhT,th + Pth,q) <0 forall g€ Ig,td,+es (42)
helq,

where we define fj, 4 € R as the coefficient of Pyaf'---«j" after expanding (40).
Likewise, we define Mj , € R"*" as the coefficient of Py,af" ---of" after expand-
ing (41). See [70] for recursive formulae for fj , and My, 4. Feasibility of Condi-
tions (42) can be verified by the following semi-definite program.

max
nER, Py, €8T
Shery Frgn Pr 0 0
0
Yonery fngr Pr
subject to v -nl >0,
- Ehe]dp (MhT,qU)Ph + Pth,q(1>)
- 0
I 0 .0 - Zheldp (M}’f’q(lvl)Ph + Pthyq(M))_
(43)
where we have denoted the elements of I;, 4. by ¢g® e Nj = 1,---,L and
have denoted the elements of Iy, 44, +c by ¢, i=1,---,M. For any v € R,

if there exist e > 0 such that SDP (43) is feasible, then v < ~*. If for a pos-
itive -y, there exist e > 0 such that SDP (43) has a solution Pj,,h € Ig,, then
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V =zt (Zheldp Pyal ... a;”) x is a Lyapunov function proving stability of &(t) =
Aa)z(t),a € AL

SDPs such as (43) can be solved in polynomial time using interior-point algo-
rithms such as the central path primal-dual algorithms in [9, 10, 11]. Fortunately,
Problem (43) has block-diagonal structure. Block-diagonal structure in SDP con-
straints can be used to design massively parallel algorithms, an approach which was
applied to Problem (43) in [29].

Numerical Example 2: Consider the system #(t) = A(a)x(t), where

A(Oé) = Ala? + AQO{%OLQ + A30&10[§ + A4041042043 + A5OZ§ + Aﬁag,

where
3
aeTy ::{OLGRS:Zai:2L+1,L§ai§1}
=1
and
[—0.57 —0.44 0.33 —0.07 —0.09 -0.16 0.3 —1.13
4 _ |048 060 030 000, _ |-015 —0.17 -—0.02 0.82
Y= 1-022 -112 0.08 -024|“%7 |0.14 0.06 0.02 -1
| 151 —0.42 0.67 —1.00 0.488 032 097 —0.71
[—0.70 —0.29 —0.18 0.31] [0.72 0.34 —0.64 0.31
A — | 041 076 —030 -0.a2| , _ |-021 -051 059 007
37 1-005 035 —059 091 |“*7|027 049 —0.84 —094
| 1.64 082 0.01 -1 | |-1.89 —0.66 0.27  0.41
[—0.51 —0.47 —1.38 0.17 ] [—0.201 —0.19 —0.55 0.07
A — | 118 —0.62 —029 035| , | 0803 —042 -020 0.24
°~ |-065 001 —1.44 -0.04] %~ [-0440 0.01 —0.98 -0.03
|—0.74 —122 060 —1.47] | 0 —0.83 0.41 -1
We would like to solve the following optimization problem.
L*=min L
subject to @(t) = A(a)z(t) is stable for all « € T7.. (44)

We first represent 77, using the unit simplex A3 as follows. Define the map
f:A3 ST as
fla) = [fi(@), f2(e), fs(a)],
where f;(a) = 2|L|(c; — |L|). Then, we have {A(a) : o € Tr} = {A(f(8)), 8 € A3}.
Thus, the following optimization problem is equivalent to Problem (44).

L*=min L
subject to  @(t) = A(f(B))x(t) is stable for all B € A®. (45)

We solved Problem (45) using bisection on L. For each L, we used Theorem 3.1 to
verify the inequality in (36) using Polya’s exponents e =1 to 7 and d, = 1 to 4 as
degrees of P. Figure 2 shows the computed upper-bounds on L* for different e and
dp. The algorithm found min L = —0.504.

For comparison, we also the same problem using SOSTOOLS [8] and Putinar’s
Positivstellensatz (see Case 4 of Section 3.2). By computing a Lyapunov function
of degree two in x and degree one in 5, SOSTOOLS certified L = —0.504 as an
upper-bound for L*. This is the same as the upper-bound computed by Polya’s
algorithm.
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2 3 4 5 6 7
Polya’s Exponent e

FIGURE 2. Upper-bounds for L* in Problem (44) for different
Polya’s exponents e and different degrees of P

Case 3. A(a) is a polynomial with a € ®':

Given A, € R™™"™ for h € E4 as defined in (30), we address the problem of
stability analysis of System (27) with A(a) = >, Apalit ... a;” for all « € ®! :=
{z € R" : |z;| < r;}. From Lyapunov theory, System (27) is asymptotically stable
for all & € ®! if and only if ¥ > 0 in the following optimization of polynomials
problem.

* =  max

YER,PER[a]

. P(Oé) 0 1
subject to 0 —A(@)TP(a) - Pla)A(a)| ~ I >0foralaecd® (46)

As in Case 2 of Section 3.2, by applying bisection algorithm on ~ and using a multi-
simplex version of Polya’s algorithm (such as Theorem 3.2) as a test for feasibility
of Constraint (46) we can compute lower bounds on ~*. Suppose there exists a
multi-homogeneous matrix-valued polynomial @ of degree vector d, € N (d,, is the
degree of ;) such that

{P(a) eS":acd®)={Q(B,n) €S™: (Bi,m) € A% i=1,---,1}.  (47)

Likewise, suppose there exists a multi-homogeneous matrix-valued polynomial B of
degree vector d, € N! (dp, is the degree of 3;) such that

{A(@) ES”:&E(I’I} ={B(B,n) € S"™: (Bi,m:) eA%i=1,--- 1}

Given v € R, it follows from Theorem 3.2 that the inequality condition in (46) holds
for all a € ®! if there exist e > 0 such that

! !
(H(ﬁz + ﬂi)e> (Q(Bv n) —1 <H(5z + Ui)dp”>> (48)

i=1 i=1
and

l l
- (_H(@ + m)e> (BT(Q,B)Q(ﬂ,n) +Q(B,m)B(B,n) + 71 (_H(ﬂi + m)clw)) :
1=1 =1 (49)



POLYNOMIAL OPTIMIZATION FOR STABILITY ANALYSIS AND CONTROL 19

have all positive coefficients where dp, is the degree of o; in P(«) and dp,, is the
degree of a; in P(a)A(«). Suppose @ and B are of the forms

QB = > QugBlini - Bl'nf" (50)

h,geN!
h+g=dq

and
B(B,n)= Y BugBini - Bt (51)

h,geN!
h+g=dy

By combining (50) and (51) with (48) and (49) we find that for a given v € R, the
inequality condition in (46) holds for all o € ®! if there exist some e > 0 such that

Z ftaryihgy@ng >0 forall ¢,r e N:g+r= dg+e-1 and
h,geN!
h+g=d,
Z M{T&t},{h,g}Qh’g + Qh,gM{s,t}7{h,g}< 0 for all s,t € Ni:s+t= dg+dy+e-1,

h,gENl
h+g=dq

(52)

where 1 € N’ is the vector of ones and where we define Jtary.{n.gy € R to be the coef-
ficient of Qp, 439" after expansion of (48). Likewise, we define M, 4y ¢ gy € R™*"
to be the coefficient of @ 46°n" after expansion of (49). See [34] for recursive for-
mulae for calculating frg 71, 1n,g1 and My, 43 h,gy- Similar to Case 2, Conditions (52)
are an SDP. For any v € R, if there exist e > 0 and {Qj 4} that satisfy (52), then
v < ~* as defined in (46). Furthermore, if v is positive, then %(t) = A(«a)z(t) is
asymptotically stable for all a € ®!.

Numerical Example 3a: Consider the system #(t) = A(a)z(t), where
Ala) = Ag + Aloz% + Asajasas + Aga%agag,
a1 € [*]., 1], Qg € [*05,05], a3 € [*0.1,0.1],

where

[—3.0 0 -1.7 3.0 2.2 —-54 —-0.8 —-2.2

A = -0.2 -29 -—-17 -26 A = 4.4 1.4 -3.0 0.8

0.6 2.6 —5.8 —2.6 —24 =22 1.4 6.0

_—0.7 2.9 -3.3 =21 —24 —-44 -64 0.18
[-8.0 —13.5 —-0.5 —3.0 3.0 75 2.5 -—=8.0

Ay = 18.0 —2.0 0.5 —11.5 As = 1.0 0.5 1.0 1.5

5.5 —10.0 3.5 9.0 —-0.5 —-1.0 1.0 6.0
_13.0 7.5 5.0 —4.0 —2.5 —6.0 85 14.25

The problem is to investigate asymptotic stability of this system for all « in the
given intervals using the method in Case 3 of Section 4.1. We first represented
A(a) over [—1,1] x [-0.5,0.5] x [—0.1,0.1] by a multi-homogeneous polynomial
B(B,n) with (8;,m;) € A? and with the degree vector d, = [2,1,2] (see [34] for
an algorithm which finds B and see Case 2 of Section (3.2) for an example).
Then, by applying Theorem 3.2 (as in (48) and (49)) with v = 0.1,e = 1 and
dp = [1,1,1], we set-up the inequalities in (52) with dy = [1,1,1]. By using semi-
definite programming, we solved the inequalities and computed the following Lya-
punov function as a certificate for asymptotic stability of #(t) = A(«)z(t) for all
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a1 € [*1,1], o € [*05,05}, a3 € [*01,01}
V(z,B,n) =27 Q(B,n)x = 27 (B1(Q18285 + Q25213 + Q3m2B3 + Qamans)
+11(Qs5 5283 + Qe P23 + Q71203 + Qsnansz))x,

where 81 = 0.5a1 4+ 0.5, 2 = ap + 0.5, 83 = 5az +0.5,m1 =1 =B, =1 — 2,13 =
1 — B3 and

[5.807 0.010 —0.187 —1.186] [7.409 —0.803 1.804 —1.594]
{0010 5042 -0369 0.227 ~ |-0.803 6.016 0.042 —0.538
Qu=1_0187 —0369 8227 —1824| 9= {1804 0042 7.894 —1.118
|—1.186  0.227 —1.824 8.127 | | —1.594 —0.538 —1.118 8.590 |
[6.095 —0.873 0512 —1.125] [5.388  0.130 —0.363 —0.333]
_ |-0873 5934 —0.161 0.503 10130  5.044 —0.113 —0.117
Q=1 0512 —0161 7417 —0538| 9"~ |—0363 —0.113 6.156 —0.236
|—1.125  0.503 —0.538 6.896 | |—0.333 —0.117 —0.236  5.653 |
[7.410 —0.803 1.804 —1.594] [5.807 0.010 —0.187 —1.186]
~|-0.803 6.016 0.042 —0.538 {0010 5042 -0369 0.227
Q=1 1804 0042 7.804 —1118] 9= | 0187 —0369 8227 —1.824
| —1.594 —0.538 —1.118  8.590 | |—-1.186  0.227 —1.824 8.127 |
[5.388  0.130 —0.363 —0.333] [6.095 —0.873 0.512 —1.125]
0130 5044 —0.113 —0.117 _ |-0873 5934 —0.161 0.503
Q=1_0363 —0113 6.156 —0236| 9= | 0512 —0161 7417 —0538
|—0.333 —0.117 —0.236  5.653 | |-1.125  0.503 —0.538  6.896 |

Numerical Example 3b: In this example, we used the same method as in Exam-
ple 3a to find lower bounds on r* = max r such that @(t) = A(«)z(t) with

4
Ale) = Ao+ ) Ajai,

=1

=30 0 —1.7 3.0] (1.1 —27 —04 —1.1]

4o |02 —29 -17 -26|, |22 07 -15 04
=106 26 -58 —26/°t'" |-12 —1.1 07 30
|-0.7 29 —33 —24 —1.2 —22 32 -—14]
(16 27 01 06] —06 1.5 05 —1.6]

4 _ |36 04 —01 23| |02 -01 02 03
27111 2 -07 -18|%7 |-01 -02 -02 1.2
|26 —1.5 —1.0 0.8 |—05 —12 1.7 —0.1]

-04 -01 -0.3 0.1
Ay — 0.1 0.3 0.2 0.0
0.0 02 -03 0.1
01 -02 -02 0.0

is asymptotically stable for all « € {a € R* : |a;| < r}. Table 1 shows the computed
lower bounds on r* for different degree vectors d, (degree vector of @ in (47)). In
all of the cases, we set the Polya’s exponent e = 0. For comparison, we have also
included the lower-bounds computed by the methods of [71] and [72] in Table 1.

4.2. Nonlinear stability analysis. Consider nonlinear systems of the form

&(t) = f(z(t)), (53)
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TABLE 1. The lower-bounds on r* computed by the method in
Case 3 of Section 4.1 and methods in [71] and [72] - i*" entry of d,
is the degree of f; in (47)

[dq =[0,0,0,0][dq =[0,1,0,1] [dq =[1,0,1,0] [dq =[1,1,1,1] [dq =[2,2,2,2] [ Ref.[71] [Ref[72]]
poundon r*| 0494 | 0508 | 0.615 | 0.731 [ 0.840 [ 0.4494 | 0.8739 |

where f : R" — R" is a degree d; polynomial. Suppose the origin is an isolated
equilibrium of (53). In this section, we address local stability of the origin in the
following sense.

Lemma 4.1. Consider the System (53) and let Q C R™*™ be an open set contain-
ing the origin. Suppose there exists a continuously differentiable function V' which
satisfies

V(z) >0 forallz € Q\{0},V(0)=0 (54)
and

(VV, f(x)) <0 for allz € Q\ {0}. (55)

Then the origin is an asymptotically stable equilibrium of System (53), meaning
that for every x(0) € {x e R™: {y : V(y) < V(x)} C Q}, lims— o z(t) = 0.

Since existence of polynomial Lyapunov functions is necessary and sufficient for
stability of (53) on any compact set [73], we can formulate the problem of stability
analysis of (53) as follows.

* = max
v v,cg€R
8 .T
Ccgx zt T 0
subject to 2ipens 8 >0forall z € Q.

0 ~(V ¥ sep, car”, f(x)) — 12T
(56)

Conditions (54) and (55) hold if and only if there exist d € N such that v* > 0.
In Sections 4.2.1 and 4.2.2, we discuss two alternatives to SOS programming for
solving (56). These methods apply Polya’s theorem and Handelman’s theorem to
Problem (56) (as described in Cases 2 and 3 in Section 3.2) to find lower bounds
on v*. See [43] for a different application of Handelman’s theorem and intervals
method in nonlinear stability. Also, see [41] for a method of computing continuous
piecewise affine Lyapunov functions using linear programming and a triangulation
scheme for polytopes.

4.2.1. Application of Handelman’s theorem in nonlinear stability analysis. Recall
that every convex polytope can be represented as

I ={zeR":wlet+u>0i=1,- K} (57)

for some w; € R™ and u; € R. Suppose ' is bounded and the origin is in the
interior of I'. In this section, we would like to investigate asymptotic stability of
the equilibrium of System (53) by verifying positivity of v* in Problem (56) with
Q =TIk,

Unfortunately, Handelman’s theorem (Theorem 2.4) does not parameterize poly-
nomials which have zeros in the interior of a given polytope. To see this, suppose a
polynomial g (g is not identically zero) is zero at @ = a, where a is in the interior
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of a polytope I'K := {z € R" : wl'x +u; > 0,i = 1,--- ,K}. Suppose there exist
bo > 0, € NX such that for some d € N,

g(xz) = Z bo(wiz 4+ uy)™ - (wha 4+ ug ).

aeN
llevill1<d
Then,
g(a’) = Z ba(w%—'a/‘i‘u/l)al --~(’w¥;a+uK)aK =0.
aeN¥
llevilli<d
From the assumption a € int(I'X) it follows that wla+u; >0foralli=1,--- K.

Hence b,, < 0 for at least one a € {a € N¥ : ||a||; < d}. This contradicts with the
assumption that all b, > 0.

Based on the above reasoning, one cannot readily use Handelman’s theorem to
verify the Lyapunov inequalities in (54). In [44], a combination of Handelman’s
theorem and a decomposition scheme was applied to Problem (56) with Q = I'K.
Here we outline a modified version of this result. First, consider the following
definitions.

Definition 4.2. Given a bounded polytope of the form I' := {z € R" : w] x+u; >
0,i=1,---,K}, we call

By :={z e R" : wlz +u; =0 and ijeruj >0forje{l,--- ,K},j#i}
the i—th facet of T if ¢{(T'K) # 0.

Definition 4.3. Given a bounded polytope of the form I'f := {z € R" : wl'z+u; >
0,i=1,---,K}, we call Dr := {D;};—1.... 1, a D—decomposition of I'* if

D;:={xzeR": hg:j:v +9¢,;>0,j=1,---,m;} forsomeh;; €eR" g;; €R
such that UX, D; =T, NnL, D; = {0} and int(D;) Nint(D;) = 0.

Consider System (53) with f of degree d;. Given w;, h;; € R™ and u;, ¢, €
R, let TX := {z € R" : wlz +u; > 0,5 = 1,---, K} with D—decomposition

Dr :={D;}i=1....1, where D; := {z € R" : h;f';jx +gi; >0,7=1---,m;}. Let
F,:RNi x N — RE as

T
Fi(y,d) == Z PO®aiyYas 0 Z PAB) i} Ya
aEN™i Q€N
llafli<d llalln<d
for i = 1,---, L, where N; is the cardinality of {&w € N™ : ||a||; < d} and where

we have denoted the elements of E; := {\ € N" : ||\||; < d} by AD fp=1,... B.
For any A\ € Ey, we define p{, 45y as the coefficient of Yoz in

Viw)i= 3 ve [JOF50 + 90007 (58)
aEN™:  j=1
llellr<d
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Let H; : RYi x N —» R as

T
Hi(y,d) == Z P ,a,iyYa s s Z P{s@ iy Ya
a€N™ a€N™
llellr<d llellr<d
for i =1,---, L, where we have denoted the elements of {6 € N : § = 2¢; for j =

1,---,n} by 6" k=1,---,Q, where e; are the canonical basis for N".
Let Ri(y,d) : RN x N — R¢ as

[

R?(y7d) = [y,@(l) s T y,@(z)
fori=1,---, L, where we have denoted the elements of
{BeN™ Bl <d,B; =0forje{jeN:g;=0}}

by B®), k=1,---,C.

Let J;p : RN x N — RZ as

T
Jik(y,d) :== § P a,iyYa s =00 § P i} Yo
aeN™i acN™i
lafli <d,ax=0 [lellr <d =0

fori,k=1,---, L, where we have denoted the elements of {u € N™ : ||u||1 < d, up =
0} by pb k=1,---,2.

Let G; : RM: x N — R” as

T
Gily.d) = | Y spanbar s D Sy aila
aeN™I aEN™
el <d llellr<d

fori=1,---,L, where M; is the cardinality of {a € N™ : |a|; < dy+d—1} and
where we have denoted the elements of E4,4,-1 by n®). For any n*) ¢ Eaya;—1,

we define sy, ) o ;) as the coefficient of yax"<k) in (VV;(z), f(x)), where V;(z) is
defined in (58).
Given i,j € {1,--- ,L},i # j, let

Aigi={kieNike{l, - m}ie{l, - m}:¢HD) #0 and M(Di) = ¢' (D)) }
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If there exist d € N such that max~y in the linear program

max
VER,b; RN, c; ERMi
subject to b; >0 fori=1,---,L
¢ <0 fori=1,---,L
R;(b;,d) =0 fori=1,---,L
H;(b;,d) > 1 fori=1,---,L
Hi(ci,d+df—1) < —v-1 fori=1,---,L
Gi(bi,d) = Fi(¢i,d+df—1) fori=1,---,L
Jik(bi,d) = J; (b, d) fori,j=1,---,Land k,l € A;; (59)

is positive, then the origin is an asymptotically stable equilibrium for System (53)
and

mg

V(z)=Vilx) = Y bia [[(h],2+g:;)% forzeDyi=1,--- L

a€EN™i: =1
llafl1<d

is a piecewise polynomial Lyapunov function proving stability of System (53).
Numerical Example 4: Consider the following nonlinear system [75].

L.Ulzl'z

To = —2x1 — To + 1:1333 — as“;’ + 56156% + 1:3
Using the polytope

I = {1,z € R? :1.428z; + x5 — 0.625 > 0, —1.4282; + x5 + 0.625 > 0,
1.428x1 + 29 4+ 0.625 > 0, —1.428z; + x5 — 0.625 > 0}, (60)

and D—decomposition

Dy = {x1, 15 € R? : —x; > 0,29 > 0, —1.4282; + 25 — 0.625 > 0}
Dy :={z1,20 € R? : 21 > 0,25 > 0,1.4282; + x5 + 0.625 > 0}

D3 :={z1,25 €R?: 2y >0, —x9 > 0, —1.428z; + x5 + 0.625 > 0}
Dy :={x1,20 €R?: —x1 >0, —x5 > 0,1.4282; + x5 + 0.625 > 0},

we set-up the LP in (59) with d = 4. The solution to the LP certified asymptotic
stability of the origin and yielded the following piecewise polynomial Lyapunov
function.
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0.54322 + 0.233z2 + 0.018z3 — 0.074x122 — 0.3123
+0.004z% — 0.013z123 + 0.0152223 + 0.315zF if x € Dy

0.543x% + 0.329z1 22 + 0.23323 + 0.01823 + 0.031z 123
+0.0862%x5 + 0.32% + 0.004z5 + 0.009z1 25 + 0.01527 22

+0.008z3z2 + 0.315x7 if x € Dy
V(z) = (61)

0.054322 + 0.023323 — 0.0018z3 + 0.0074z 122 + 0.03z3

+0.004z% — 0.013z123 + 0.0152223 + 0.315zF if x € D3

0.543z2 + 0.329z122 + 0.23323 — 0.018z5 — 0.031z 122
—0.086z2x2 — 0.32% + 0.004z5 + 0.009z1 25 + 0.0152%2:2
+0.008z3 x5 + 0.315x7 if x € Dy

Figure 3 shows the largest level set of V(z) inscribed in the polytope I'*. See
Numerical Example 5 for a comparison of this method with the method in Sec-

tion 4.2.2.
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FIGURE 3. The largest level-set of Lyapunov function (61) in-
scribed in Polytope (60)

4.2.2. Application of Polya’s theorem in monlinear stability analysis. In this sec-
tion, we discuss an algorithm based on a multi-simplex version of Polya’s theorem
(Theorem 3.2) to verify local stability of nonlinear systems of the form

& = A(z)z(t), (62)

where A(z) € R™*" is a matrix-valued polynomial and A(0) # 0.

Unfortunately, Polya’s theorem does not parameterize polynomials which have
zeros in the interior of the unit simplex (see [31] for an elementary proof of this).
From the same reasoning as in [31] it follows that the multi-simplex version of Polya’s
theorem (Theorem 3.2) does not parameterize polynomials which have zeros in the
interior of a multi-simplex. On the other hand, if f(z) in (16) has a zero in the
interior of ®", then any multi-homogeneous polynomial p(z,y) that satisfies (16)
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has a zero in the interior of the multi-simplex A% x - - x A%, One way to enforce the
condition V(0) = 0 in (54) is to search for coefficients of a matrix-valued polynomial
P which defines a Lyapunov function of the form V (z) = 27 P(z)z. It can be shown
that V(z) = 27 P(z)z is a Lyapunov function for System (62) if and only if v* in
the following optimization of polynomials problem is positive.

*

= max
~ER, PER[z]
subject to [P(()x) —Qo(x)] —~I >0 forall x € ®, (63)
where
T
(e e
Q(z) = AT(2)P(x) + P(z)A(x) + B AT () : + : A(z)
JToP@ || ror@
Oxy, oxy,

As in Case 2 of Section 3.2, by applying bisection algorithm on v and using The-
orem 3.2 as a test for feasibility of Constraint (63) we can compute lower bounds
on v*. Suppose there exists a multi-homogeneous matrix-valued polynomial S of
degree vector ds, € N™ (dg, is the degree of y;) such that
{P(z) €S":x€®"} ={S(y,2) €S": (yi,2:) € A% i=1,--- ,n}.
Likewise, suppose there exist multi-homogeneous matrix-valued polynomials B and
C of degree vectors d, € N and d. = ds € N" such that
{A(z) eR™" .2 € "} = {B(y,2) € R™"™ : (y;,2) € A%i=1,--- ,n}
and
{[ap(z)%.” , 8P(z)x] ceR"™ "z € @”}:{C(y,z) ER™™: (ys,2) € A%i=1,. - ,n}.

oxq Oxn

Given v € R, it follows from Theorem 3.2 that the inequality condition in (63)
holds for all & € ®! if there exist e > 0 such that

(ﬁ(yi + Zi)e> (5(% z) =1 <ﬁ(yi + zi)d”i>> (64)

i=1 i=1

and

(H(yi + Z)> (B"(y,2)S(y, 2) + S(y, 2)B(y, 2)

i=1

+

N | =

(BT(ya Z)CT(y7 Z) + C(yv Z)B(ya Z)) - fyl (H(yl + Zi)dqi>> (65)

i=1
have all positive coefficients, where dj, is the degree of z; in P(x) and d,, is the
degree of z; in Q(z). Suppose S, B and C have the following forms.

h
S(y.z)= Y Sngy 'z ---ynial, (66)
h,gEN’
h+g=ds
B(y,z)= Y Bugyzl" -y (67)
h,geNl

h+g=ds
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Cly,2)= > Chgyltad"---ypzg, (68)

h,geN!
h+g=d.

By combining (66), (67) and (68) with (64) and (65) it follows that for a given
v € R, the inequality condition in (63) holds for all & € @™ if there exist some e > 0
such that

Z FlaryihgyShg >0 forall greN':g+r=d,+e-1 and
h,gENl
h+g=ds
T T T

D My gy Shg + ShaMuoy gy + Niwwy (001 Chg + CrgNiuot gy <0
h,geN!
h+g=ds

forallu,v e N\ :u+v=d;+dy+e-1,

(69)

where similar to Case 3 of Section 4.1, we define f{, 1 (n4) to be the coefficient
of Spgy?2" after combining (66) with (64). Likewise, we define M, vy (5,3 to be
the coefficient of Sy zy“2" and Ny, ,y,(n,gy to be the coefficient of Cj, 4y"2" after
combining (67) and (68) with (65). Conditions (69) are an SDP. For any v € R,
if there exist e > 0 and {Sj 4} such that Conditions (69) hold, then v is a lower
bound for v* as defined in (63). Furthermore, if ~ is positive, then origin is an
asymptotically stable equilibrium for System (62).

Numerical Example 5: Consider the reverse-time Van Der Pol oscillator defined
as
— 29

Ej - [331 + ag(2? — 1)} = A(z)z,

0 . . By using the method in Section 4.2.2, we solved Prob-
2 —1

1
lem (63) using the hypercubes

®? = {z e R?: |z1| < 1, |zo| < 1}

02 = {x € R?: |z1| < 1.5, |z2| < 1.5}

P2 = {2z € R?: |zy| < 1.7, |z < 1.8}

2= {z €R?: 1] < 1.9, |zo| < 2.4} (70)

where A(z) = {

and d, = 0,2,4,6 as the degrees of P(x). For each hypercube ®? in (70), we
computed a Lyapunov function of the form V;(x) = ¥ P;(x)x. In Figure 4, we have
plotted the largest level-set of V;, inscribed in ®2 for i = 1,--- ,4. For all the cases,
we used the Polya’s exponent e = 1.

We also used the method in Section 4.2.1 to solve (see Figure 5) the same problem
using the polytopes

4 4
I, := {xERQ:x:Zpivi:piE [O,s],z,oi:s}

i=1 i=1

with s = 0.83,1.41,1.52,1.64, where

~ [-1.31 _[os6] | _[-056] o[ 131
YT 08 02T 19200 T [—1.92| MOYET | a8l
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FIGURE 4. Level-sets of the Lyapunov functions V (z) = 27 P(z)z
computed by the method in Section 4.2.2 - d, is the degree of P(x)

-1r
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FIGURE 5. Level-sets of the Lyapunov functions computed for Van
Der Pol oscillator using the method in Section 4.2.1 - d is the degree
of the Lyapunov functions

From Figures 4 and 5 we observe that in both methods, computing larger invariant
subsets of the region of attraction of the origin requires an increase in the degree of
Lyapunov functions.

4.3. Robust H., control synthesis. Consider the uncertain plant G with the
state-space realization

i(t) = A()z(t) + [Bi(a) Ba(a)] {:((3}

bt e R o] ot

where a € Q C RY, z(t) € R™, u(t) € R™, w(t) € R? is the external input and
z(t) € R? is the external output. According to [76] there exists a state feedback
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gain K(a) € R™*™ such that
|S(G, K(a))||m., <7, foralla € Q,

if and only if there exist P(a)) > 0 and R(«) € R™*"™ such that K(a) = R(a) P~ ()
and

[A(a) Bg(a)]{ggzg}r[P(a) RT(a)][ggEzg] * *
BY () R
[Ci(a) Drz(a)] [ZEZS] puter =

for all @ € @, where v > 0 and S(G, K(«)) is the map from the external input w
to the external output z of the closed loop system with a static full state feedback
controller. The symbol x denotes the symmetric blocks in the matrix inequality.
To find a solution to the robust H.,-optimal static state-feedback controller prob-
lem with optimal feedback gain K (a) = P(a)R™!(a), one can solve the following
optimization of polynomials problem.

*

K :PvRGrﬂglg}weR
subject to
—P(a) * « .
o fine wffi) - R
0 B (a) o < 710 o 1 ol <O
0 [Ci(e)  Dra(a)] [ZEZH Dis(a) 0 000 I
for all a € Q. (73)

In Problem (73), if @ = Al as defined in (12), then we can apply Polya’ theorem
(Theorem 3.1) as in the algorithm in Case 1 of Section 3.2 to find a v < 4* and P
and R which satisfy the inequality in (73). Suppose P, A, By, Ba,C1, D11 and Dio
are homogeneous polynomials. If any of these polynomials is not homogeneous, use
the procedure in Case 1 of Section 3.2 to homogenize it. Let

—P(a) * * *
P(a) T AT (a)
0 [A(a) Ba(a)] o +HP(a) R"(a)]| or o * *
F(P@),R@) = | {R< )JB{(Q) L%( )} -
0 [Cl(a) Dl?(a)} {ZEZ;} D11(0¢) 0

and denote the degree of F' by dy. Given v € R, the inequality in (73) holds if there
exist e > 0 such that all of the coefficients in

e 000 0] 4
<Za> F(P(a).R@) =7 | o 0 o (Za) (74)
= 000 1]

are negative-definite. Let P and R be of the forms

Pla) = Z Pyl a P, € S" and R(a) = Z Rpalt - al R), € R™™,
heldp heIdT
(75)
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where I, and Iy, are defined as in (34). By combining (75) with (74) it follows
from Theorem (3.1) that for a given +, the inequality in (73) holds, if there exist
e > 0 such that

> (MEPu+ PuMyg)+ > (N R + RuNpg) <0 for all g € Iy, e, (76)
helq, h€ly,.

where we define M}, o € R"*™ as the coefficient of Pya{" ---of* after combining (75)
with (74). Likewise, Nj 4 € R™*™ is the coefficient of Ryaf'---af' after combin-
ing (75) with (74). For given v > 0, if there exist e > 0 such that the LMI (76) has
a solution, say Py, h € Iy, and Ry, g € Ig,, then

-1

K(a) = g Pyalt ..ol E Ryaf' - o'
hEIdp geldr

is a feedback gain for an H..-suboptimal static state-feedback controller for Sys-
tem (71). By performing bisection on v and solving (76) form each « in the bisection,
one may find an H..-optimal controller for System (71).

In Problem (73), if Q@ = ®' as defined in (15), then by applying the algorithm in
Case 2 of section 3.2 to Problem (73), we can find a solution P, @, to (73), where
v < v*. See Case 3 of Section 4.1 and Section 4.2.2 for similar applications of this
theorem.

If Q = I'! as defined in (57), then we can use Handelman’s theorem (Theorem 2.4)
as in the algorithm in Case 3 of section 3.2 to find a solution to Problem (73). We
have provided a similar application of Handelman’s theorem in Section 4.2.1.

If @ is a compact semi-algebraic set, then for given d € N, one can apply the
Positivstellensatz results in Case 4 of Section 3.2 to the inequality in (73) to obtain
a SOS program of the Form (22). A solution to the SOS program yields a solution
to Problem (73).

5. Conclusion. SOS programming, moment’s approach and their applications in
polynomial optimization have been well-served in the literature. To promote di-
versity in commonly used algorithms for polynomial optimization, we dedicated
this paper to some of the alternatives to SOS programming. In particular, we
focused on the algorithms defined by Polya’s theorem, Bernstein’s theorem and
Handelman’s theorem. We discussed how these algorithms apply to polynomial op-
timization problems with decision variables on simplices, hypercubes and arbitrary
convex polytopes. Moreover, we demonstrated some of the applications of Polya’s
and Handelman’s algorithms in stability analysis of nonlinear systems and stability
analysis and H,, control of systems with parametric uncertainty. For most of these
applications, we have provided numerical examples to compare the conservativeness
of Polya’s and Handelman’s algorithms with other algorithms in the literature such
as SOS programming.
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