Output Feedback Control of Inhomogeneous Parabolic PDEs il Point Actuation
and Point Measurement using SOS and Semi-Separable Kernels
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Abstract— In this paper we use SOS and SDP to design output
feedback controllers for a class of one-dimensional parablic partial
differential equations with point measurements and point &tuation.
Our approach is based on the use of SOS to search for positivaigdratic
Lyapunov functions, controllers and observers. These Lyapnov func-
tions, controllers and observers are parameterized by lingr operators
which are defined by SOS polynomials. The main result of the gaer is
the development of an improved class of observer-based caaliers
and evidence which indicates that when the system is conttable
and observable, these methods will find a observer-based dooller
for sufficiently high polynomial degree (similar to well-known results
from backstepping).

I. INTRODUCTION

Parabolic Partial Differential Equations (PDEs) are a <laé
system used to model processes such as diffusion, tranapdrt

reaction. Some examples of systems which have been modelled

using parabolic PDEs include plasma in a tokamak [22], hegi-p
agation, and spatial dynamics of population in an ecosy$iet

(also parameterized by SOS polynomials). This paper ingg@n
the work in [8] by a) Considering the larger class of inhomo-
geneous, possibly unstable parabolic PDEs b) By consigleain
larger class of Lyapunov functions defined by positive nplikr
and integral operators with semi-separable kernels andogjding
evidence (but not a proof) that this new class of operators ca
be used to design output-feedback based controllers wheties
system is observable and controllable. Specifically, trassclof
Lyapunov functions we use has the form

Vi) = [ seu@iae s [ [ wnouedds,

where
E<x

E>x

K(z,8) =

{Kmx,&)
KQ(xv €)

and wereM, K; and K, are polynomials andv represents the
spatially distributed state of the PDE. A kerngl of this form is

In this paper we consider a class of inhomogeneous linedarscareferred to asemi-separable

valued Parabolic PDEs. We assume that only boundary control One popular and relatively straightforward method for atitp
and sensing is available for the PDEs. The control is exeticis feedback boundary control of PDEs is backstepping [13].sThi
through a Dirichlet boundary condition and a Neumann bonnda method relies on constructing an invertible operator whiich

measurement of the state is available. The goal of thislaiscto
use this boundary measurement to construct a boundaryodentr

closed loop, maps the state of the system to the state of &mrhos
stable system for which a quadratic Lyapunov function exi€tur

which ensures that the state of the system remains boundé in approach varies in the fact that we search for both the cibetro

presence of an exogenous input (has fiditegain). We refer to
this as output feedback based boundary control.

and the quadratic Lyapunov function. Although our appro&ch
different, similar to backstepping, the numerical resinticate that

In order to design output feedback based boundary contsplle we can construct output feedback controllers for any cdiatyte
we design a Luenberger observer where the error dynamios haand observable system. Some other examples of work which use
finite Lo gain from disturbance to error. We then design a controlletyapunov functions for analysis and control of PDEs are [8],
for the system which utilizes the state of the observer armivsh An example of application of LMIs for the control of PDEs id [6
that for the resulting closed-loop system, there is a bound owhere the authors synthesize stabilizing boundary cdatsoffor
the L, gain from disturbance to output. Our approach is basedncertain semi-linear PDEs using quadratic Lyapunov fonst
on parameterizing the set of quadratic Lyapunov functiogs bparameterized by positive scalars. Early results on theott S0OS
the set positive operators, which in turn is parameterizgd bfor analysis and control of infinite-dimensional systems ¢z

polynomials and ultimately by Sum-of-Squares polynomiaisl
positive matrices - leading to a Linear Matrix InequalityMl). The

found in [17], [15]. Additional recent work on the applicati of
polynomials to infinite-dimensional systems can be foundhia

approach we take in this paper is akin to LMI methods for a@intr research done by our colleagues in [21] and [1].

of linear Ordinary Differential Equations (ODES) using ppysov
inequalities and a variable substitution trick. Howevergduse our
inequalities are expressed as operators in Hilbert spaeeefer to
our approach as a Linear Operator Inequality (LOI).

This article extends our work in [8] wherein we designed atitp
feedback boundary controllers for a one-dimensional he@nogs
heat equation by considering a simpler class of positiveaipes
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The paper is organized as follows: Section Ill outlines the
problem statement and presents background on SOS polylsomia
In Section IV we define the class of positive operators whieh w
utilize. Section V provides a controller synthesis cormgitiand
related inequalities which are later used to prove the meguilt.

In Sections VI we provide the main results wherein we comstru
output feedback controllers. Section VII provides the nricad
results for an example PDE.

I1. NOTATION

R™*™ denotes the set of reah-by-n matrices.S™ c R"*"
is the subspace of symmetric matricds. is the identity matrix
of dimensionn x n and we denotel = I, whenn is clear
from context. For any? C R, C™(Q) is the space ofn-times
continuously differentiable functions defined éh Similarly, for



any Q1,Q2 C R, C™"™(Q1 x 1) is the space of functions which
are m-times andn-times continuously differentiable of2; and
Q2 respectively. The shorthand, denotes the partial derivative
of u with respect to independent variahle We useL»(0,1) to
denote the Hilbert space of square integrable functions fig 1]

to R. Unless otherwise indicated;, -) denotes the inner product
on Ly(0,1) and || - || = || - ||,(0,1) denotes the norm induced
by the inner product. SimilarlyL2(0, c0; L2(0,1)) denotes the
Hilbert space of square integrable functions frfiio) to L2(0, 1)
equipped with the norm

1
S 2
1 £ 122 0,00522(0,1)) = </ ||f(~,t)||2dt) .
0

diy

H™(0,1) := {y € Ly : $¥ € L2(0,1),i = 1,---n} is
the Sobolev subspace equipped with inner produgty) . =

DD g%, ‘g:—y> For Hilbert spaces andY’, the setC(X,Y)
is the Banach space of bounded linear operators ffonto Y

endowed with the induced norrh - ||z. Z denotes the identity
operator. We definy(z) to be the column vector of all monomials
in variablesz of degreed or less. For brevity, we sometimes use
Za(x, &) = Za([z;€]).
I1l. PROBLEM STATEMENT
In this paper, we consider the following scalar parabolidcEPD

wi(z,t) = a(T)wza(x, t) + b(z)we (z, ) + c(x)w(z, t) + f(x,t),

wherex € [0,1], ¢ > 0, with mixed boundary conditions of the
form
Wz (07 t) = 07

w(l,t) = u(t), 2

Here a, b and ¢ are polynomials witha(z) > o > 0, for z €
[0, 1]. Additionally, f € L2 (0, 00; L2(0,1)) is theexogenous input
andu(t) is the control input The output of the system ig(¢) =
wz(1,t). Note that we have also considered several other types
observer-controller boundary conditions, which will betdid in the
section on numerical results. The first goal of the paper fintba
control operatotF € £ (H?(0,1), R) such that ifu(t) = Fw(-, t),
then the closed-loop PDE system is stable.

of determining if the polynomial is globally positivef(y) > 0
for all y € R™) is NP-hard [3]. To overcome this difficulty, there
are a number of sufficient conditions for polynomial pogtyivA
particularly important such condition is that the polynamip,
be a Sum-of-Squares (SOS), so thetr) = Zlegi(x)2, for
polynomialsg; and which is denoted € 3. The importance of the
SOS condition lies in the fact that it can be readily enforasihg
LMIs. This is due to the easily proven fact that for a polynami
p of degree2d, p € X, if and only if p = Z(2)T QZ(x) for some
Q > 0, where Z(z) is the vector of monomials of degre& or
less [16]. A recent survey for alternatives to SOS based woaisth
may be found in [10].

We can use SOS to construct positive operator€.efb, 1). For
example, define the operat@tz(xz) = M(z)z(z), z € L2(0,1),
where M is a polynomial. If, fore > 0, M (z) — € € 3, then the
operatorP is positive onLy(0,1). Therefore, we may conclude
that P is positive onLz(0, 1) if there exists aQ > 0 such that
M(z) — e = Z(z)TQZ(z). By equating the coefficients on the
left and right-hand sides, we obtain an LMI test for posiyivof
the operator. Of course, the operators considered in thisrpare
significantly more complicated thaRz.

IV. POSITIVE OPERATORS ON.2(0,1)

In this paper, our results are expressed as optimizationaget
of positive operators. To solve these optimization prolslewe use
positive matrices to parameterize a subset of positiveatpes on
L,(0,1) as described in [18]. Specifically, we consider operators
of the form

(P2)(@) = M@)x(a) + [ K@ 0x(6)de, = € La(0.1), ()
with semi-separable kernel

of Ki(z,§) £€<w

Kl = {Kz(w,ﬁ) £>a

where M : [0,1] — R and K1,K> : [0,1] x [0,1] — R are
polynomials. In [19], we gave necessary and sufficient doomh

Next, using the Luenberger framework, we assume our obser/iOr positivity of multiplier and integral operators of sitai form

has the form

Wi (x,t) =a(x)Wea(z,t) + b(x)Ws (2, t) + c(z)w(z, t)

+ O1(z) (4(t) —y(1)), ®3)
with boundary conditions
wz(0,8) =0, w(1,t) =u®)+ 02 (9(t) — y(t)), (4)

where the functiorO: (z) and scalalO, must be chosen such that
the dynamics of the erraf(z, t) = w(z,t)—w(x, t) are stable. The
second goal of the paper, then, is to find s@eh(z) and O» and
show that ifu(t) = Fw(-,t), then the coupled system of parabolic
PDEs is stable and satisfies

||w|\L2(o,oo;L2(0.,1)) < ’YHf”Lz(O,oo;Lz(O,l))-

for some~ > 0. Note that for the system and the observer,Zd (z
2

we assume the existence of classical solutions belonging

C*2 ((0,00) x [0,1]). This assumption can be validated using the

analysis presented in [2] and [6].
A. SOS and Operators

SOS is an approach to the optimization of positive polyndém
variables. Given a polynomigdl(y), y € R", the feasibility problem

using pointwise constraints on the functiodd, K; and Ko.

Recently, in [18], these conditions were sharpened - Seerehel.

The following theorem is an extension of this result.
Theorem 1:Let

M(z) =Z1(2)" U1 Z1 (),
Ki1(,8) =Z1(2) U122 (2, €) + Z2(&,3) " Us1 Z1(€)

13

-l-/ Za(n, ) Uss Z2(n, €)dn
OCL‘

-l-/ Zo(n, ) Usa Za(n, €)dn
3
1

+ Zo(n, ) Usa Za(n, €)dn,

where K> (z,€) = Ki(&,z), Zi(x) = Zg, (x) and Za(z,y) =
,y) and

to
U11 U12 U13 el 0 0
U= | Uz Ux Uz | >0 0 0f, (6)
Usi1 Usz Uss 0 0 O

Then the operatdP defined in Eqn. (5) is self-adjoint and satisfies

1a

e1]|z]|? < (Pz,2) < eal|z|?, forall z € La(0,1).



whereez = (01 + 02) Amax(U), Amax(U) is the maximum eigen-
value of U, and

91 = sup Zl(w)Tzl(.Z‘),

z€[0,1]
3 1
02 = sup / g(x7§777)dn+/ g(ﬂf,ém)dn‘,
(z,€)€(0,1]x[0,1] |Jo m
9(z,&,m) = Za(n,2)" Z2(n, ).

Proof: The proof is based on the result in [18] and is omitted

for brevity. |
For convenience, we define the set of multipliers and kenvaish
satisfy Theorem 1.

E{dl,d2,€1,€2} = {]\J7 K17K2 : ]\47 K1,K2 Satisfy
Theorem 1 ford,, d2, €1, €2.}

Of course, since such operators are positive definite anddsalion

L1(0,1), the inverse of these operators exist and are bounded [11].

However, as will become apparent in subsequent sectionseea a
method of constructing the inverse of operators defined éyents

Of Z{4,,ds,e1,¢,}- FOrtunately, such methods do exist in literature

and we use one such method. Using the terminology presenfét i
it can be shown that the operators defined &y, 4,.c, ..} are

the input-output maps of well-posed Linear Time Varying )T
systems. For this class of operators, the inverse can bergotesl

as explained in [9].

V. PRELIMNARY INEQUALITIES

In this section we provide a couple of inequalities which wi# w

use for the controller and observer synthesis. We begin byidg
the operatorA : H?(0,1) — L2(0,1) (infinitesimal genearator)
which defines the class of PDEs under consideration.

d2

A= al@) 20+ b(e) o+ ofa), ™

where recalk, b andc are polynomial functions angl(z) > « > 0,

for z € [0, 1]. Before presenting the inequalities, we define a pair of

mappings which relate the functiodd, K1, K> to the derivative of
the Lyapunov functior/ =
(APz, z) + (2, APz).

Definition 1: For scalare; > 0 and polynomials a, b

and ¢ which define the PDE under consideration, we say

{To,T1,T2,T3,T4,T5, T} = M, (M, K1, Ka) if

To(x) = (aza(x) — ba(x)) M (2) + b(z) Ma(z)
+ a(z) Mo (z) + 2¢(z)M(z) — %ael

+ a(x) 2% [Ki(z,&) — Ka(x,&)] ,
E=x
T1(2,€) =a(2) K1 e0(2,€) + b(2) K1,2(,€)
a(§) Kiee(z, &) +b() Ke(z,§)
+ (c(2) + ¢(§)) Ku(,€),
Ty(x, &) =T1(¢, ),
Ts = (a2 (0) — b(0)) M(0) + a(0)M(0) — %ael,

T( ) 2a(0) K2, (0, z) + m°ae,
= (b(1) — ax(1)) M(1) + a(1) Mz(1),
T6 =2a(1)M (1),
Kia(12) =K (2, 8)lo=1]e, -
The second mapping relates the functidds K, K> to the deriva-
tive of the dual functional (Aw, Sw) + (SAw, w).

(w, Pw). The first mapping considers

Definition 2: Given scalare; > 0 and polynomialsa, b
and ¢ which define the PDE under consideration we say
{Q0,Q1,Q2,Q3,Q4,Q5,Q6,Q7,Qs} = N, (N, P1, ) if the

following hold

Q) = | s a@N @) = )N (2)|
0
+ 2 | =— la(z) (Pi(z,&) — Pa(x,&
|3 e = )
+ 2N (z)c(z) — %ael,
@09 =3 | F-al@)Pr(@.9) - b))
oo
+ o | AOP @O - O P (0|
F (ela) +e(€) Pi(a, ).
Q2(z,§) =Q1 (¢, z),
Qs = (a2(0) = b(0)) N(0) +a(0) N2 (0) — T-aer,
Qu() =2 (a2 (0) — (0)) Po(0,) + 20(0) P (0, )
+7r e,
Qs =((1) ~ (N (1) — a1 Na(1),
Qs(x) =2(b(1) — ax(1))Pi(1,x) — 2a(1) P12 (1, ),

Q7 =2a(1)N(1),
Qs(z) =2a(1) P (1, z),
Pro(L ) =[Pre(@,8)lo=1]c_, -

The proofs of the following lemmas are largely algebraic and
can be found in an expanded version of this article in [7]. Tite
allows us to represerit = (APz, z) + (z, APz)

Lemma 1:For any{M, K1, K2} € E{4, dy,eq,e0}1 If

1
(Pw) (2) = 0+ [ K@ou©ds,  ®
0
then if {T(), T1, T2, T3, T4, T5, T6} = Mel (M, Kl, KQ), we have
(APz, z) + (z, APz)

1
<(T=zz)+ 2(0) (ng(O) —l—/ T4(a:)z(x)dx)
0
+2(1) (T52(1) 4+ Ts22(1)),
where
<
To(x,&) E€>ux
The second lemma allows us to represent the derivative of
(Aw, Sw) + (SAw, w).
Lemma 2:For any {N,P1,P.} € Eig, dpen,e0) 0 <

e < ez < oo, let {Qo,Q1,Q2,Q3,Q4,Q5,Q6,Q7,Qs} =
N, (N, P1, P,). Then, for anyz € L2(0, 1), if operatorS is given

by

(82) () = + / Pz, &)x(¢)dz,  (9)
with
_ P1(3,’,€) 6 <z
Ple.0) = {Pz(aa&) E>a’

and operatot4 is given by Equation (7), we have that
(Aw, Sw) + (SAw, w)
< (@) +0(0) (Qu0) + [ Qulautz)ir)



w(l) (st(l) + /01 Qs(.%‘)w(qj)dqj) rewrite this as

: 4V, il 1)
+ we (1 1)+ dz |,
wa( )(Q7w( ) /O Qs(z)w(x) a:) — (APP (), P (1)) + (PN ), AP (- )
for any w € H?(0,1) with w,(0) = 0 andw(1) = 0. Here we +2(01(, t)ex(1,t), P (-, 1))
define the operato@, for any z € L2(0,1), as Now definez — P14 then
) '
(Q2) (z) = Qo(w)z(l’ﬂ'/o Q(x,8§)2(§)d¢, %Vo(w(-,t)) — (AP2(, ), 2(-, ) + (3(, 1), AP3(-, 1))
with y +2(01(- D)ex(1, 1), 2(, 1)) -
Q(z,¢8) = {Ql(x,ﬁ) s v Now, applying Lemma 1 and using the facts tl&f < 0 and
Q2(2,§) £>w Ti(z) = 0 produces
VI. OUTPUT FEEDBACK CONTROLLER SYNTHESIS d
Our approach to design of output-feedback controllerssethan EVO(“’(” 8) <(T2C 1,205 1) + 2 {01 (- )ew (1, 1), 2, 1))
three steps. First, we designing the control oper&awhich maps + 2(1,t) (Ts2(1,t) + To2.(1,1)) . 12)

that state to the control input agt) = Fw. However, because . .
we cannot measure the state, we find functdn(z) and scalar Sincez =P~ @, w = PZ. Thus

O which define the observer which output an estimate of the stat R B R 1 R 1
. Finally, we prove that the controller coupled to the obseras w(1,8) = M(1)2(1L,¢) +/0 K1(1,2)2(z, t)de. (13)
u(t) = Fw produces a closed-loop system with boundedgain From the boundary condition in (11) we get

A. Control Design w(1,t) = u(t) + O2e5(1,t) =Fw(-,t) + Ozex(1,1)

from exogenous input to controlled output.
_ 1
We begin by designing the control operato& € =FPP (-, t) + Ozea(1,1)
£ (H?(0,1),R). Consider the following observer dynamics =Z3( 1) + Ozex(L,1).
Using the definition ofZ,

Wi (x,t) =a(x)Wea (2, t) + b(x)Ws (z,t) + c(z)w(z, t) 1
+O1(@)ea(1,1), (10) w(l,t) = Zlém(l,t)+/0 Za(w)2(x, t)dz + Ozes(1,1).
with boundary conditions Substituting into Equation (13) and using the definitin(z) =
Ki(1 t
Wz (0,8) =0, @(1,t) = u(t) + Ozex(1,1). (11) 1(1,@) we ge
. M), 02
The following lemma defines the . Za(1,1) = 7 2(1,t) — 7€ ex(1,t).

Lemma 3:Suppose there exi§tM, K1, K2} € Ea; ,dy,e;,¢, @and

T, such that{T, Tv, T, Ts, Ta, Ts, Ts} — M., (M, K1, Ks) and Substituting this expression into (12)

d N . R N
T3 <0, T4(.Z‘) =0. %VD(w(vt)) S<TZ(7t)7z(7t)>+2<01(7t)617(1 t) Z(vt)>
Let u(t) = F(-,t) where F = ZP~', P is as in Egn. (8) and + <T5 + M(l)) 3(1,6)% — Ts02 , 3(1,t)ex(1,1).
the operatorZ is defined as Z Zi
1 Now, sinceZ; < 0 is a scalar such thdts + TsM(1)/Z1 < 0,
(Z9) (%) := Z19.(1) +/ Ki(l,x there exists a scalgr > 0 such thatTs + TsM(1)/Z1 = —p.
Hence
Where Z1 is any scalar such thafs 7, > —TsM(1). Now, if d
= (w(-,t), P~ (-, t)) whereP is as in Equation (8). %Vo(ﬁ]('yt)) S(T2(t), 2(-, 1)) + 2(01(-)ex (1, 1), 2(-, 1))
Then for any solutlor’w of Eqns (20) and (11) with input, , we TsOs
have that —pz(1,t)" - —13(1715)%(1775)-
d N R N R
7V (@0, 0) <(T2(,1), 20, 1)) + 2{01(ex (1,1), 2(+,1)) u
. 2 T602
— AL )" - 7 &1 ea(1,1), B. Observer Design
for somey > 0 wherez = P~'4 and 7 is defined in Lemma 1. \ye now design the functio®,; () and scalailO, which define
Proof: We begin by taking the time derivative of the Lyapunovina observer. We begin by subtracting Equations (1)-(2nft8)-
function Vo (w(-,)) along the trajectories of (10)-(11) (4) to obtain the dynamics of the error variatle= & — w given
d N N N R b
Vot 1)) = (e, £), P, 8)) + (P (- 8), (-, 1)) y
— (A (1), P () + (73_1 b, 1), Aib(- 1)) et(z,1) =a(z)ezs(w,t) + b(z )ex(a% t) + c(z)e(z,t)

+2<01 (s t)ex(1,t), P~ 1’&](.’ )>’

where we use thaP~! is self-adjoint have simplified the derivative
using the definition of operatad provided in Equation (7). We ez(0,t) =0, e(l,t) = Ozex(1,1), (15)

with boundary conditions



where we have used the definition of the measuremgnt =
wz(1,t) andg(t) = wx(1,t). We present the following lemma.

Lemma 4:Suppose there exi§tN, P1, Po} € Zq; .dy,eq,e5, SUC
that

Q3 S 07 Q4(1’) = 07
Where{Q07Q17Q27Q37Q47Q57Q67Q77Q8} - Ml (N7 P17P2)

Substituting Eqgns. (19)-(20) into Egn. (18), we find
d

E‘/E(e('vt)) < <Q€(~, t)v 6('? t)) +2 <f(7 t)’Se('vt»

— Ce(1,t)2.

(See Defn. 2). LeS be defined as in Eqn. (9). Then choose a scald¢. Output Feedback Based Control

02 < 0 such that L
Qs + O—2Q7 <0,

and let Oi(x) (87'R:1) (z) where Ri(z)
—1(02Q¢(z) + Qs(x)). Define Ve(e) = (e,Se). Then for
any e, f which satisfies Eqgns. (14)-(15) wit®:(z) and O2 as
defined here, we have

iVe(e('vt)) < <Qe('7t)7 e('vt» +2 <f('7t)786('7t)>

dt
— Ce(1,1)?,

for some scalat > 0 whereQ is as defined in Lemma 2.

Proof: We begin by taking the time derivative of the Lyapunov

function V. (e(-, t)) along the trajectories of (14)-(15), yielding

%Ve(e('vt)) = <€t(',t),$€(',t)> + <€(',t)7861(~,t)>
= <A€(',t)),$€(',t)> + <€(',t)),$¢4€(',t)>
+2 <6('v t)v (501) (')el‘(lvt» +2 <f(’ t),56(~,t)> ) (16)

where we have again used the definition4ffrom Eqgn. (7) and
we have also usd the fact thétis self-adjoint. Now, since from the
theorem statement we have th@s < 0 and Q4(z) = 0, applying
Lemma 2 produces

%Ve(e(-,t)) <(Qe( 1), e(-, 1)) +2(f(- 1), Se(-, 1))
+e(1,t) (Q5e(1,t) + /0 Qs(w)e(x,t)dx)

el (Que0) + [ Qutaletantyin )
0
+2<6('vt)vR1(')eI(lvt)>7 (17)

where we have used the fact that sinde(z) = (S™'R1) (z),
Ri(z) = (SO1) (z). We have the boundary conditiof(1,t) =
O:2e.(1,t) and sinceD2 < 0, we have that,(1,t) = e(1,¢)/Ox.
Substituting in (17),

LYol 1))

< <Q€(-, t)v 6('3 t)) +2 <f(7 t)? Se('7 t))

+ (Q5 + O%@) e(1,1)?

+ell t)/1 (Q (@) + —Qs(z) + =R (x)) e(z,t)dz
5 o 6 02 8 02 1 5 .
(18)
SinceO2 < 0 is a scalar such tha®s + Q7/02 < 0, let
C=—(Qs+ 5-Q0) (19)

Then¢ > 0. Now, using the definition o?:(x) we get that

Qola) + 5-Qal0) +

05 Ri(z) =0.

(20)

We now have the following set of coupled parabolic PDEs.

wi(z,t) =a(x)wee(z,t) + b(z)ws(z,t) + c(x)w(z, t) + f(z, 1),

(21)
wi(z,t) =a(x)Wea(z,t) + b(2)Ws (z,t) + c(z)w(x,t)
+ 01 (2) (a (1,1) — wa(1,1)) | (22)
with boundary conditions
wz(0,t) =0, w(l,t)=Fw(,t), (23)

W (0,8) = 0, (1,t) = Fid(-,t) + Oz (a(1,£) — wa(1,1)).
(24)

We now prove that the previously designed controller and the
observer can be coupled such that norm of the system statengm
bounded in the presence of an exogenous input.

Theorem 2:Suppose there exist scalals< e1 < €2 < o0,
5,8 > 0 di,d2 € N and polynomials{ N, Pi, P>} € 24, dg,e1,e5
and{N, Pi, P} € 24, ,dy,e;,¢5, SUch that

{—T() — 25M, —T1 — 25K1, —Ty — 25K2} < Edl,dQ,O,,B,

{—QO — 20N, —Q1 —20P1, —Q2 — 25132} S Edl,d2,0,67
T5 <0, Ta(z)=0, Q3<0, Qui(z)=0,

where {To,Tl,TQ,T3,T4,T5,T6} Mel (M, K1,K2) and
{Qo0,Q1,Q2,Qs3,Q4,Q5,Q6, A7, Qs} = N, (N, Pr, P») as pro-
vided in Definitions 1 and 2 respectively. L&t be defined as in
Equation (8) andS as in Equation (9).

Then for any solutiof{w(z,t) @ (z,t)] of the coupled dynam-
ics (21)-(24), if F is given by Lemma 3 and:(z) and O, are
given by Lemma 4, there exists a scafar- 0 such that

1wl £a 0,00 L2(0,1)) < YN Fll22(0,00522(0,1)) 5

for any f € L2 (0, 00; L2(0, 1)).

Proof: For the Lyapunov function V,(w(-,t))
(w(-,t),P " w(-,t)), we have from Lemma 3 that there exists
scalary > 0 such that

d
dt

Vo(i(-; 1)) <(TZ2(,t), 2(, 1)) + 2(O1(-)ex (1, 1), 2(:, 1))

T602

— (1,4 — 2(1,t)ex(1,1).

1
We have from Lemma 4 that,(1,t) = e(1,t)/O2. Therefore
2
+ _

Vot 1)) < (T2, 1), 20,0 0, (O1()e(1, ), 2(, 1))

dt
— a2 — Tos, pe(1, p).
Z1

For the Lyapunov function(e(-,t)) = (e(-,t),Se(:,t)), we
have from Lemma 4 that there exists a scalar 0 such that
d
E‘/E(e(W t)) < <Q€(-, t)v 6('3 t)) +2 <f(7 t)v Se('7 t))
— Ce(1,t)°.

(25)

(26)



From Equations (25)-(26) we conclude that for aiy> 0 expression we have that

d N 1, . 1. . R R
71 Ve (51)) +Ad Ve(e(-, 1)) gHw('at)H? < (PR, t), @ (1)) = (2(, 1), PA(-, 1)) . (33)
< A(Qe(-t),e(+ 1)) + 2A(f(-, 1), Se(:, 1)) Substituting Equation (33) in Equation (31) and using (3@, get
01 [T 0 0 72 d 0, . A
+ < [2(Lt) N e 4 B ECN) > , (@27 V(O + 25|\w('7t)||2 + Aderle(- 1)]* < 62 — Gl
e(1,%) xox —AC] Le(Lt) Integrating in time fromd to some0 < 7" < oo, we get
where (Oy) (z) = 5;O01(z)y(x), for anyy € L2(0,1), and the
inner product is defined o2 (0,1) x L2(0,1) x La(0,1). Now, V(T) - +2—/ (-, £)]|*dt + A5€1/ lle(-, t)|*dt

SinCE{—To — 25M, -1 — 26K1, —T5 — 26K2} S Edl,d%o,g, we
have that7 4+ 267 < 0. Therefore, for any) < 6 < 4, it can be AQ / IlfC, || dt. (34)
established using Schur complement that for a large engugho,
Now, V( ) = Vo(w(-, T)) + AVe(e(-,T)) > 0. Additionally, if

T+20P 0 @) SN o
+* T | <o we assume zero initial conditions, than(0) = V,(w(-,0)) +
N *u _fé = AV.(e(-,0)) = 0. Therefore we conclude from Equation (34) that
T
Therefore [ rcorars [Cie o< 52 Mol
T 0 O —20P 0 0 0
* o =gl < % 0 0. where v = min 2%,14661}. Since f € L2(0,00; L2(0,1)),
*  *x —AC * * 0 taking the limitT — oo, we get
Substituting into Equation (27), we get ||,;U||2Lz(0 0oiLa(0,1)) + HeHiz (0,00:L2(0,1))
d R d Ae
EVO(W('J)) + AEVe(e('vt)) < _2||fHL2(O 00;L3(0,1))"
< A(Qe(,t),e(:,t)) + 2A(f(-, 1), Se(:, 1)) Hence, we conclude that
=20 (5(-,1), PA(, 1)) y
0 0} < . [e<H )
Let Va(i(- 1)) + AVe(e(-, 1)) = V(1) thus s 0 cestaomn <y g, I llao.ciza
d Aeo
V(0 +20(2(,£), (- 1)) SA(Qe(,1), e, 1)) lellzs 00220, <4/ 5, I lz2 (00022 0,1)-
+2A(f(-,t),Se(-, 1)) . Sincee = w — w, w = W — e. Therefore
Addlng Aé <S€(,t)),6(,t)> - ? <f(vt)78f(?t)> to both Sidesv ||wHL2(O,oo;L2(O,1)) S HHA}HLQ(O o0;L2(0,1)) + HeHLg(O,OO;LQ(O,l))
d . R Ae
ZV(0) +20 (5(,8), PE(, ) + A3 (Se(, 1)) e(- 1)) (28) <2/ S2 1S Lacitao)-
A
vy (fC 1), SFC0) (29) Settingy = 2 AE? completes the proof. ]
e(~,t)} {Q—&- s S ] {e(-,t)]>
<A , . 30 VIl. NUMERICAL RESULTS
% B R | 50

In this section we consider a couple of examples on which gfte te
the conditions of Theorem 2 using SOS and SDP. These nurherica
results are obtained using the Matlab toolbox SOSTOOLS. [20]

SinCE{—Qo — 25]\77 —Q1 — 25131, _QQ — 25132} S Edl_’dz_’o}g,
we have thatQ + 26S < 0. Hence, using Schur complement we
conclude that

Q+868 S We consider the following two PDEs. First consider the dtzds
{ * —%S] <0 heat equation with an unsteady source term.

Therefore, from Equation (30) we conclude that wi (2, 1) = Wes (2, t) + Aw(z,t) + f(z,1), (35)
d —V(t) +20 (2(-, 1), P2(:, 1)) + Ad (Se(-, 1)), e(-, 1)) Without feedback, this system is unstable for> 72 /4. Next, we
dt 4 consider a randomly generated PDE.
< 5 (f(, 1), Sf( 1)) (31) wi(z,t) = (x3 -z’ + 2) Wee(,t) + (31’2 — 2z) wa (z, )

Since the operata$ is defined using{N, P, P} € 24, dy.c; .05 + (=0.52° + 1.32% — 1.5z + 0.7z + \) w(z,t) + f(,t)

we have from Theorem 1 that, for ajle L2(0, 1), (36)

allgl? < (Sg,9) < eallgll. (32)  with boundary conditions

Similarly, sinceP is defined using{M, K1, Ko} € Za, .dy.c,.c0n we(0,t) =0, w(l,t) = ult), (37)

using Theorem 1 it can established that By using stability analysis and numerical simulation, restie that
1 e —1 12 PDE is unstable foi > 4.66.
Sl < (P™g,9) < —llgll*- : , : _—
€1 In these examples, we find the maximuxn using a bisection
since (2(-, t), PA(-, 1)) = (P~ (-, ), (- t)), from the previous search, for which we can construct stabilizing output-taseund-
ary feedback controllers. We test the conditions of Theo2ewith



TABLE I: Maximum X as a function of polynomial degre& =  TABLE lll: Maximum X as a function of polynomial degreé; =
d2 = d for which we can construct output feedback boundaryl, = d for PDE (35) for which we can construct controllers using

controllers for PDE (35). with K1 = Ko =P, =P, =0.
d="17 8 9 10 11 d=1 2 3 4...10
A=12.69 16.01 1796 17.96 21.97 A=391 4.78 4.88 4.88
TABLE II: Maximum X as a function of polynomial degre& =  TABLE IV: Maximum A as a function of polynomial degreé, =
d2 = d for which we can construct output feedback boundary;, = 4 for PDE (36) for which we can construct controllers using
controllers for PDE (36). with K1 = Ko = P, = P, = 0.
d=4 5 6 7 8 d=1 2 3 4...10
A=1875 28.78 32.03 32.03 39.16 A=351 547 6.64 6.64

e1 = 0.001, e2 = 1, 6 = 0.001 and increasing values ali |4 grder to do this, we check the conditions of Theorem 2 while
and d2. Table | presents the maximurh > 0 for which we can setting K1 = K» = P, = P, — 0 (similar to our previous

construct output feedback controllers as a function of tegree approach [8]) and applied these conditions to the examplEsPD

di = d2 = d of the polynomials which define the controller, tape 11| presents these results for PDE (35) and Table Ngmés

observer, and Lyapunov function. Table Il presents the ma®i .o its for PDE (36).

A >h0 for PDE (?6)' | hat i . h Comparing Tables IlI-IV with Tables I-1l we observe that the
The numerical results suggest that increasing the degree inclusion of kernelsK;, K>, P, and P allows the construction of

da = d of the polynomial representation leads to higher values 0cgutput feedback based controllers for significantly higheues of
A > 0. Moreover, the value oA > 0 does not appear to be upper Moreover, by settings; — K — P> — P» — 0, the numerical

bounded, which implies that the method is asymptoticallyuaate. results appear to show an upper bound to XHer which we can

Thatis given any > 0, we conjecture that we can construct OUtputdesign controllers without the use of these kernel funetioe
feedback controllers for a large enough degiee

Figures 1-2 represent the simulation of PDE (36) with= 39
subject to the output feedback based control in the presefce
exogenous inpuf(x,t) = e~ " cos(nt) (1 + sin(0.172)).

conjecture, therefore, that kernel functions are a necggsat of
any Lyapunov-based method for analysis and control of PDEs.

Finally, as we previously stated, the SOS conditions for the
design of output feedback controllers can be easily modifited
systems with other types of boundary conditions. To this, evel
provide the numerical results for controller synthesisR@Es (35)
and (36) with boundary conditions defined in Table V. Table VI
illustrates the maximum\ for which we can construct output
feedback controllers as a function éf = d> = d for PDE (35)
with boundary conditions and outputs given in Table V. Saniy,
Table VIl illustrates these results for PDE (36).

Finally, we note the backstepping method has been applied to
Example (35) and is also able to construct exponentiallil&tang

x time

Fig. 1: State of PDE (36) with point observation and pointiation. TABLE V: Alteative boundary conditions and outputs for

PDE (35)-(36).

0.1 Boundary Condition Outpug(t)
I 0,t) =0
005 Dirichlet w(0,1) we (1, 1)
0 w(l,t) = u(t)
= wz(0,t) =0
57008 Neumann (0. w(l,t)
& 01 wa(1,t) = u(t)
= . w(0,t) + wz(0,t) =0
57015 Robin (0,2) (0,2) w(l,t)
-0.2 w(l,t) + we(1,8) = u(t)
-0.25
035 + s : " 5 TABLE VI: Maximum X as a function of polynomial degreé, =
time d2 = d for PDE (35) with boundary conditions and outputs given
Fig. 2: Boundary control effortv(1,t) = u(t) for PDE (36). in Table V.
One of the key technical advances of this paper is the use of d=17 8 9 10 11
semi-separable kernels;, K>, P; and P, and this advance leads Dirichlet )\ = 14.25 17.96 17.96 2421 25.78
to significantly more complex stability conditions. Theref we Neumann 12.69 16.01 17.96 17.96 21.97
wish to establish if the inclusion of the variablds,, K2, Px Robin 11.71 14.45 16.40 17.96 18.84

and P, does, in fact, provide any significant performance gain.



TABLE VII: Maximum A as a function of polynomial degreé; = [9] I. Gohberg and M. A. Kaashoek. Time varying linear systewith

d» = d for PDE (36) with boundary conditions and outputs given boundary conditions and integral operators. |. The transfeerator

in Table V. and its propertiesintegral equations and Operator theqry(3):325—
391, 1984.

[10] R. Kamyar and M. Peet. Polynomial Optimization with Aipptions

_ d=4 5 6 7 8 to Stability Analysis and Control-Alternatives to Sum of uages.
Dirichlet A\ =21.87 33.59 36.71 36.71 44.53 arXiv:1408.5119 2014.
Neumann 18.75 29.78 32.03 32.03 39.16 [11] E. Kreyszig. _Introductory functional analysis with applications
Robin 14.16 26.66 28.90 28.90 30.46 volume 21. Wiley, 1989.

[12] M. Krstic and A. Smyshlyaev. Adaptive boundary contimi unstable
parabolic PDEs, Part I: Lyapunov designlEEE Transactions on
Automatic Contrgl 53(7):1575-1591, 2008.

. [13] M. Krstic and A. SmyshlyaevBoundary control of PDEs: A course on
output feedback boundary controllers for arbitrary- 0 (see [12]). backstepping designsolume 16. Society for Industrial Mathematics,

Therefore, while we cannot necessarily claim any improvenie 2008.

performance over this established methods, our approaathléast [14] J. D. Murray. Mathematical biologyvolume 2. Springer, 2002.
competitive and may have certain advantages such as eeteaise  [15] A. Papachristodoulou and M. M. Peet. On the analysis ystesns

of implementation (changing the systgm is a on_e-lir!e edit) the g%icfz:):r?ceb )(')rf Igsesc?:io?]f gsét'(a:log;f;fe;é%gggff;;‘g@ IEEE
fact that our approach does not require numerical integradf @  [16] p.A. Parrilo. Structured semidefinite programs and semialgebraic ge-
PDE. ometry methods in robustness and optimizatiehD thesis, California

Institute of Technology, 2000.
VIIl. CONCLUSIONS [17] M. Peet, A. Papachristodoulou, and S. Lall. Positiverfe and stability

In this paper we developed an algorithmic approach for aésig g;gngggttr'g? eé%%'g%az)sste&?_llg%thlIIEEEiE zco%rgerence on Decision

output feedback boundary controllers for a class of line@las 18] M. M. Peet. LMI parametrization of Lyapunov functionsrfinfinite-
valued inhomogeneous parabolic PDEs. Our approach is mased dimensional systems: A framework. American Control Conference
a parameterization of positive multiplier and integral igpers with (ACC), 2014 pages 359-366. IEEE, 2014. o
semi-separable kernels. We tested the approach on homngene[lg] M. M. Peet and A. Papachristodoulou. Using polynomiams

. - . separable kernels to construct infinite-dimensional Lyapufunc-
and inhomogeneous PDEs using several different types aidsou tions. In47th IEEE Conference on Decision and Control, 2008ges

ary feedback and several different types of point measumntne 847-852.
Furthermore, we tested our approach with and without kern¢®0] S. Prajna, A. Papachristodoulou, and P. A. Parrilo. romfticing
functions to determine if kernel functions are a necessary of SOSTOOLS: A general purpose sum of squares programmingrsolv

. - In Proceedings of the 41st IEEE Conference on Decision andr@lpnt
Lyapunov theory for PDEs. Our numerical results indicatat th 2002 volume 1, pages 741-746.

kernel functions are a necessary part of Lyapunov functions [21] G. valmorbida, M. Ahmadi, and A. Papachristodouloun®efinite

PDEs. Further, our numerical results indicate there itelitt no Programming and Functional Inequalities for Distributearémeter
conservativity in the method and that our approach is coitiyeet Systems. Irb3rd Conference on Decision and Control (CDGZEE,
with well-established approaches such as backsteppinte that 2014

[22] E. Witrant, E. Joffrin, S. Brémond, G. Giruzzi, D. MagdO. Barana,

as yet, the observer-based controllers in this paper areptohal and P. Moreau. A control-oriented model of the current peoiil
in any norm. Therefore, an obvious future direction of thizrkvis tokamak plasmaPlasma Physics and Controlled Fusjo#9(7):1075,
to extend our approach tH..-optimal control. 2007.
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