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Control of Coupled Differential Difference Equations

Consider a MIMO Linear Differential-Difference Equation.

#(t) = Axz(t)+ By(t—r)+ Fu, ()

y(t) = Cxz(t)+ Dy(t

Stability Analysis of linear discrete-delay systems
is a
e Lets move on to optimal control.

We would like to use asymptotic algorithms to
design controllers for this system.
Recall:

e LMIls optimize positive matrices

e SOS optimizes positive polynomials
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Full-State Feedback Control of ODE Systems

Our Template is the LMI Framework

The goal is to find K € R™*™ such that
& = Ax + Bu, u=Kzx is Stable

Step 1: says the following are equivalent for fixed A, B, K:
1. 3P > 0 such that P(A+ BK) + (A+ BK)"P < 0.
2. 3Q > 0 such that (A + BK)Q + Q(A + BK)T <.

Step 2: Variable Substitution - Define variable Z = K Q. The Synthesis
condition becomes

AQ+BZ+QAT+7Z'BT <0 Q>0, ZeR™n

Step 3: Controller Reconstruction. Given solution ), Z, the controller is
K=2zQ!
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In this Paper:

A Linear Operator Inequality (LOI) Framework for Synthesis

MAIN IDEA: Replace the Word MATRIX with OPERATOR.
An Operator Differential Equation:

= Ax + Bu, u= Kz,
e A:W? - Ly and B: R™ — Ly, K: W? — R™ are OPERATORS.
~  ~~ ~ =~ ~ =~

X z U Z X U
e We CAN Optimize Operators - Linear Operator Inequalities (LOIs).

Primal Stability (No Feedback): A is exp. stable iff [Curtain, Zwart] there
exists a P > 0
(,PAz)z + (PAz,z)z <0 Ve e X

The : A is exp. stable if there exists a
Q : X — X such that @ > 0 and

(x, AQx) + (AQx,x) <0

e Solving LOIs with SDP
o Reconstructing /C (Inverting the Controller).
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The Duality Theorem

Formal Statement. Applies to any Strongly Continuous Semigroup

Theorem 1.

Suppose that A generates a strongly continuous semigroup on Hilbert space Z
with domain X . Further suppose there exists an € > 0 and a bounded, coercive
linear operator P : X — X with P(X) = X and which is self-adjoint with
respect to the Z inner product and satisfies

(APz,2)z + (2, AP2) 7 < —¢||z||%

for all z € X. Then x(t) = Ax(t) generates an exponentially stable semigroup.

Key Restriction: P : X — X. Not Conservative?
e When X is a Hilbert Subspace of Z.
e But this is not true for Delay systems.

So now we have 1
Find @, Z such that @ : X — X,

(AQ+ B2)x,x) + (x,(AQ+ BZ)x)z <0 Q>0, ZelL(X,U)

Question: How to Solve LOIs?7?7?
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What is an LOI

And How do | solve one?

First Rule of LOIs: NO DISCRETIZATION

Formal Definition:
An LOl is a TUPLE (Z, X, P, H, G) which defines the feasibility problem: Find
P € P such that

HPG + (HPG)* > 0, PeP

where the inequality is shorthand for
(HPGz,z) 7z + (x, HPGx)z >0  forallze X C Z

The key features of an LOI are

1. Inner Product Space Z is an inner-product space (the meaning of > 0).
2. State Space X C Z quantifies “for all z € X".

3. Variables The operator P is constrained to lie in set P.

4. Data H and G are operators and may be unbounded.

5. Well-posed Given H and G, the inner product (xz, HPGz), must be
well-defined for all P € P and z € X.
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Applying the LOI Framework to Delay Systems

Represent
& = Axz+ By(t—r)+ Fu(t),
y(t) = Cz(t)+ Dy(t —r).
as An Operator Differential Equation:

i = Ax + Bu, u = Kux,

In this case
Ax + By(t—r) Fu ]

A[Zt] = L) ] (Bu)(s) ::{ ;

Furthermore, we define the inner product and state spaces as

Z = Lt [—r, 0]

x o= {0 ] emmx 250 [é6) € £2,0(0) = 0w+ Do) |
Find 9, Z € P such that @ > 0 and
(AQ+ BZ2)x,x)p, + (z,(AQ+ BZ)x)r, <0 VreX
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Solving LOls

The Operators P: . Our Dual LOI uses operators P of the form
(p oo [ v D (s) = P+ [2, Q(s)9(s)ds
R rQ ()¢ + [°, R(s,0)6(0)d0 + S(s)é(s) |’

Where:
e Polynomials P, Q(s), S(s), R(s,0) parameterize the operator.
e Real numbers parameterize the polynomials if we restrict the degree to < d.

Steps To Solving an LOI:
1. Reduce your LOI to one which has already been solved.
2. Done

Question:
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We CAN solve LOls on X = Ly|—rg, 0] using SDP

We can solve tuples of the following form (Z, X, P, H, G)
1. Z = L,
2. X =Ly .
3. PeP:={P: (Punz)(s):=M(s)x(s) + N(s,0)x(0)d0.} where

—r

M, N are piecewise Polynomial
4. HGeP
Then HPG € P, and we can test whether Py, y > 0

Theorem 2.
For any functions Y1,Y>, let
M(s) = Yi(s)" QuYa(s)

0
N(s,0) = Y1(5)Q12Ya(s,0) + Ya(0, s)T Q1,1 (0) + Ya(w, 8)T Q22Y2(w, 6) dw

-

where @ = | 311 3
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We CAN solve LOIs on X = R™ x Li[—r, 0]

By reduction to an LOl on X = LY ™" [—r, 0]
Equivalence: (Lo, R™ x L%, P € P, P > 0) is feasible iff
(Lo, LY, (PP, T€T),P+T >0)
is feasible, where T := {7 : (z,Tz) =0, Vo € R™ x L}}.

T can be parameterized as:

T := {PRH : such that for some functions K, L1, L12, Lo,

00 0
Kis)+ [ [ dedt J Li2(w, s)dw

F(s) = O‘T‘r
f Lgl(s,w)dw 0
His o) [L1(s,6) Lis(s,6) ? Kls\s — 0
(s, )__[Lgl(s,a) 0 ] . (s)ds = }
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lllustration: Primal Stability of Time-Delay Systems

Theorem: Stability of
& = Az + By(t —r), y(t) = Cx(t) + Dy(t — r).

is equivalent to existence of P, @, S, R such that
P{P*EI,Q,S,R} >0 and P{Dl,V,—S,G} <0

where
L A0+€I
Dy "{ AT DTS(0 }

Ao=ATP+ PA+ Q0 )O+c Q )" +c"s(0)c,
A1 = PB+Q(0)D — Q(—r) + CTS(0)D
[ ATQ(s) — Q(s) + CTR"(s,0)
V(S) - |:BTQ(S) +DTRT(S,0) +RT(S,—’I’):| )
9

0
s 5 Rij(s,0).

G(379) = - 90

Rij(s,0) —
In Lyapunov Form: V = (x,P(p ¢ s,r}7)L, > 0 for all x € X and
V(z) = (2. P(py v,—g,c1 7). < 0 forall z € RT™ x L7
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How to ensure P(X) = X

Recall we have operators of the form

A -
(PRSE} | T rQs)Tx+rS(s)d(s)+ 7 R(s, 0)6(0) db.
with

oo ([ emwionn - R0 )
Lemma 3.

Suppose that S, R are polynomial ,

rQT(0) +rS(0)C = CP +rDQ™ (—r), (3)
R(0,s) = CQ(s) + DR(—r,s), Vs, (4)
DS(—r) =7r5(0)D. (5)

Then 'P{p)Q)S’R}(X) = X.
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Dual Stability Theorem for Time-Delay Systems

Theorem 4.

The system
&= Ax+ Byt —r), y(t) = Cx(t) + Dy(t —r)

is stable if there exist P,Q, S, R such that Pip g s.ry(X) = X and

P{P7Q7S,R} Z 0 and P{Dl,V,S,G} < O

Where
Dy D1 + DT D12
L DT, —S(—r)+DTS(0)D|’

Dy := AP +r(BQ(—r)" + %CTS(O)C), D1 :=rBS(—r)+CTS(0)D,

V(s) = [AQ(SHQ(S())*BR("’S)] L G(s,0) = %R(s,&) + %R(sﬂ)T.
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In Case you are NOT sold on LOls

A Dual Lyapunov-Krasovskii (Old-School) Formulation for Single Delay Case

&= Az + By(t —r), y(t) = Cx(t) + Dy(t — r) is stable if there exist
P,Q,R,S such that 'P{pvasz}(X) = X and

v - | 0 Lﬁ@r {TQP(S) Zg((j))] szs)] *

+f o) Rl 0)o(0)anas > | 3]

2

o
and o[ 2 17 [Du+DF Di2 rDis(s)] [ =
Vi (¢) :/ B(—r) DY, ~S(=r) + DTS(O)D 0, o(—r) | ds
- Lﬁ(s)] [rDls(s)T On rS(s) | [qﬁ(s)]
+ /i /i o(s)T (%R(s,@) + d%R@,@)) B(0)dods < —e m H .
where

Dy := AP +r(BQ(—r)" + %CTS(O)CL
Dy :=rBS(—r) 4+ CTS(0)D, Dq3(s) := AQ(s) + Q(s) + BR(-r,s).

IMPORTANT: Vp is NOT the derivative of V1l
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Compare with the Primal L-K Formulation
Note Reduced Sparsity

&= Az + By(t —r), y(t) = Cx(t) + Dy(t — r) is stable if there exist
P, Q,R,S such that

vior= [ (0] [etor w500) 8]

T 2
+r[r[r¢ R(s,0)6(0)d8ds > |[[4]|

énd 9T ¢(0) Dy + DT, D12 rDi3(s)][ #(0)
V(g) = / o(—r)| | DL DTSO)D - S(—r) rDas(s) || o(—r) | d
(s rDis(s = rDas(s )y —rS(s) || o(s)

_ //¢ ( )+ jgN(S 9)) #(0)dods < — || [6(0)] |-

—r—r

where

Dy; = PA+Q(0)C + %CTS(O)C, D1y = PB—Q(—r)+ Q(0)D + C*S(0)D,
D23 = BTQ(S) + DTR(07 5) + R(,r, 5)7 D13 = ATQ(S) - Q(S) + CTR(O7 5)'
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Complexity and Accuracy of Dual Stability Conditions

i(t) = —x(t — 1) i(t) = [_02 1] z(t)+ {0 0] ot )

1 10
d | 1 ] 2 | 3 | 4 | analytic d 1 2 3 4 limit
Tmax | 1408 | 15707 | 15707 | 15707 | 15707 Tmax 1.6581 1.716 17178 17178 17178
CPUsec | 18 | 22 | 5 | 47 | Tmin 10019 | 10018 | 10017 | .10017 | .10017
CPU sec 25 344 678 1725
sty = |0 e () = (A— BKC)z(t)+(A+BKC)a(t—7)

where K =1, 7=3

0 0 00 -
_ — 0 0 1 0 0 1
+ {_1 0 z(t—7/2) + 1 0 z(t—7) K o ! 0 R
=|-10 10 o o ["F= (11" |o
5 —-15 0 -—.25 0 0
d 1 2 3 4 Jimit d 1 2 | 3 | 4 |
Ea— 133 1371 13717 13718 1372 CPUsec | 145 [ 599 [ 2478 | 6321 |
CPUsec | 213 | 6290 24.45 79.0

Complexity Scaling Results: Single Delay Case
o 10 State Example (d=2): 22s
o 20 State Example (d=2): 951s

Further reduction possible using Differential-Difference Formulation.
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Now Recall Our ODE Roadmap

The goal is to find K € R™*" such that

& = Ax + Bu, u= Kz is Stable

Step 2: Variable Substitution - Define variable Z = K@Q. The Synthesis
condition becomes

AQ+BZ+QAT +7Z'BT <0 Q@ >0, ZeR™n

Step 3: Controller Reconstruction. Given solution @), Z, the controller is

K=2zQ!
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Recall the Controller Synthesis LOI

Find P, Z suchthat P(X)=X,P >0

(APz,z) + (x, APx) + (BKPx, x) + (x, BCPx)
= (2, Pp, v.5.c3%) + (BZw,z) + (x, B2Zx) <0
We already discussed (x, Dx). Now examine the new variable Z = KP.

e Since B is not differential, it helps to let K have the form
0

(] 5 ]) 0 =Ko+ ro-n)+ [ Kals)otspas.

—T

e Then if Z = KP, we can prove that Z has the form

< [ ; D () = Zoz + 2ngl=m) + / Zo(5)6(s)ds,
B is simply (Bu) (s)

(BZH [FZOJH—FZlgb (;rf L FZy(s)p(s)ds
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Full-State Feedback Controllers

Theorem 5.

The System
z(t) = Ax(t)+ Byt —r)+ Fu(t), (6)

y(t) = Cx(t) + Dy(t —r7), (7)

is full-state-feedback stabilizable if there exist P,Q, S, R, Zy, Z1 and Zs such
that

Pipqsry =20 and Py vyt Piry, .00 <0

where D1,V G are as previously defined and

_ [FZo+ (Fzo)" le} L= [TFZQ(S)]

I (FZ)T 0 0

As a Lyapunov function

Vb(z) = (APzx, z) + (x, APz) 1, + (BZz,z) + (z,BZx),

(@,P(p, v,8,63%) (2, P{L1,L4,0,0y )Ly

= (2, Pp, v.s.c3 ) T (2, P(r,,1,002) 2
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Again Recall Our ODE Roadmap

The goal is to find K € R™*" such that

& = Ax + Bu, u= Kz is Stable

Step 3: Controller Reconstruction. Given solution @), Z, the controller is

K=2zQ!

M. Peet Duality and Control with Delay: The LOI Framework 20/ 26



Analytic Formula for Operator Inversion [Significant!!!]

Suppose P > 0 where

61 _ Py + [, QO)0(6)
P4 ] [TQT () + [°, R(s,6) ¢<>d9+5<>¢(>]
R(s.0) = YTTY(®),  Qs)= HY(s),

Then the inverse P~! is given by

P = ari s s
¢ rQT (s)0 + 8(s)¢(s) + [, R(s,0)¢(0)dd |’

where R(s,0), Q(#) and S(s) are given as follows

R(S,@) = ?T(s)f‘Y(Q)7
Q) = HY(B), S(s)=5"(s), Y(s)=Y(s)S ()
H = —P'HT, P=[I+rP'*HTKHT|P,
I = [PTTH'P'H-T)I+KD)™Y, T=(+Kl—rKH'P'H)"}

where K = f_or Y (5)S~1(s)YT(s)ds,
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A Full-State Feedback Controller

Finally, we recover the controller as

0
u(t) = Koz(t) + Kiy(t —r) + Ky(s)y(t+ s)ds

-r

where
A~ A~ 0 ~
Ky, = ZOP+T21QT(—T)+T[ Z5(s)Q" (s)ds,
K1 = Zlg(—’l“),
0
Ky(s) = ZOQ(S)+Z1R(—T,s)+22(s)§(s)+/_ Z2(0)R(6, 5)d6.

Note: This is Full-State Feedback.
o Contrast with output feedback: u(t) = Kx(t) or u(t) = Ky(t —r).
Response: Design an Observer.

e Ongoing Research.
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Conclusion: YOU can do controller synthesis!!!

&= Az + By(t — r) + Fu(t), y(t) = Cx(t) + Dy(t — r) is stabilizable if there
exist P,Q, R, S, Zy, Z1, Z5 such that

[ :JS)HTQP@ 500 o) s [ [ ot Ris.poyinas 2.« ¥ 2

a':)d' z 17 D11+D1T1 Diz rD1s(s) T

LLe] Ly = ”of s ] liﬂ@?] "
/_T/_T¢ ( )+ ddoR(s 9)) #(0)dods < —e m H

where

Dyy := AP +r(BQ(—r)T + 1C’TS(O)C') + FZy,
Dig :=rBS(—r)+ CTS(0)D+ FZ,
Dis(s) == AQ(s) + Q(s) + BR(—r,s) + FZs(s),

rQT(0) +rS(0)C = CP +rDQ"(—r), R(0,s) = CQ(s) + DR(—r,s),
DS(—r)=rS(0)D.
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Full-state Feedback Controller: Numerical Example

Consider a numerical example.

0 05 0 0 0 0 05 0
05 -05 0 0 0 0 0 0
0 1 01 1 0 0 0 0
=1 0 -2 02 0o o |*TOF] o o ¥vE-T)
0 O 0 1 -2 0 0 0
0 O 0 0 0 -09 0 1
1
0
0 02 0 0 0 0 0
0
1

Results: Unstable without controller for any delay.
e Computation time 3s.

¢ No delay for which we cannot find a controller.
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Numerical Example

Using a value of » = 1.6s, we compute the following controller:

T
u(t) = [~1.874 2.232 —0.830 3.099 0.030 71.033}z(t)+[:8:§i§} y(t —1.6)

N /0 {—0.246 +0.221s + 0.1225% — 0.012s> — 0.032s*

T
0.238 — 0.398s + +0.007s% + 0.037s> + 0.01034] y(t+s)ds

—1.6

0 20 40 60 80 100
ts

Figure: Trajectory of a delayed system (r = 1.6s) with full-state feedback
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Conclusions:

e A Dual approach to controller synthesis o Practical Implications
» Convexifies the problem » First numerical solution to
» Can be applied to any Full-State Feedback of
Lyapunov-Krasovskii-based approach. multi-state delayed systems.
> . » No Analytic Solution to

operator inversion in
multi-delay case.

Numerical Code Produced:

e LOI Toolbox e Next Talk:
» Packaged as DelayTools » Observer-Based Controller
> But limited Functionality Synthesis
» Can declare Lo-positive operator » Preliminary Work by Guoying
variables.

Available for download at
http://control.asu.edu
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