Chapter 1

Inversion of Separable Kernel Operator and Its
Application in Control Synthesis

Guoying Miao, Matthew M. Peet, Keqgin Gu

Abstract In this chapter, we show how the problem of controller sysithean be

posed as a form of convex optimization in an operator-thedramework. Further-

more, we show how to: a) Parameterize the integral and nlialtipperator-valued

decision variables using finite-dimensional vectors; bjfyend enforce positivity

and negativity of multiplier and integral operators usimgitive matrices; ¢) Invert
positive integral and multiplier operators through the afsg new formula based on
algebraic manipulation. Finally, we show how these 3 patstze combined into a
computational procedure for finding a stabilizing statedteack controller for sys-
tems defined by differential-difference equations - a algsish includes differential

systems with discrete delays. Finally, a numerical exanglesed to illustrate the
form of the resulting stabilizing controller.

1.1 Introduction

A necessary and sufficient condition for stability of couptifferential-difference
equations (of which delay-differential equations is a slerase) is the existence
of a so-called “complete quadratic” Lyapunov-Krasovskinétional. Such func-
tionals have the fornv = (x, #2x) where & is defined by a combination of mul-
tiplier and integral operators, the inner product is defioed.,, and the state,
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x € R"x Ly[—1,0]™ is a combination of the present state and memory of certain
delayed channels. The first numerical algorithm to use SpRAtameterize and op-
timize over the set of complete-quadratic functionals asdiscretized Lyapunov-
Krasovskii functional method in [1], later refined in [2], etein the multiplier and
kernel of the Lyapunov-Krasovskii functional was assuntebé piecewise linear.
A more recent SDP-based approach to parameterizing anchiajtg there func-
tionals is the Sum-Of-Squares (SOS) method presented inn[#&e SOS method,
the multiplier and kernel are parameterized by polynomials

In this chapter, we focus on the problem of full-state feettlmontroller synthe-
sis for differential-difference equations of the form

X = Ax+ Byt —r) +Fu(t),
y(t) = Cx(t) + Dy(t—r),

whereAc R™" Be R™M Ce R™" F ¢ R™P, D e R™Mandr > 0 is the delay.
For most practical systems, the number of delayed chamnsignificantly smaller
than the total number of state variables< < n). For such systems, the complexity
of the complete-quadratic functional associated with ifferéntial-difference form
is significantly lower than that associated with the deldfecential framework.
By exploiting this reduced functional, the complexity ofmerical algorithms such
as the discretized and SOS approaches can be significadtiged—resulting in
more efficient and accurate tests for stability. Such rednstwere explored and
documented for the discretized Lyapunov-Krasovskii fior@l approach in [4], [5]
and [12], and for the SOS formulation in [6].

(t)

Full-state feedback controller synthesis meanstigt= .7 Xy
t

the history ofy(t) on the intervalt —r,t] and.#" : R" x Ly[—r,0]™ — RP. That is, the
feedback controller uses knowledge of the entire statetgraening the input. This
is in contrast to most work on controller synthesis for tideday systems which only
use more directly measurable parts of the state suglt a® determine the control
input. The use of subsets of the state for controller syigte®e best classified as
output feedback. However, the use of state-estimation étayed systems in the
output-feedback framework has not hitherto been explored.

More generally, conditions for control synthesis of dethggstems based on the
complete quadratic Lyapunov-Krasovskii functional idl stire. An early example
is [8], in which a more limited class of Lyapunov-Krasovdkinctional is used, and
some parameter constraints are imposed. Recently, a sygtiesed on the inverse
of kernel operator associated with the Lyapunov-Krasavskictional for time-
delay systems of retarded type in the SOS formulation wasldped in [9] and
[10]. This chapter extends this method to coupled difféadifitinctional equations.
The inverse operator is derived using a direct algebraicagmh rather than the
series expansion approach in [9] and [10]. The basic ideaidt synthesis is
outlined as follows.

Consider the coupled differential functional equatiortiesi in closed-loop or
autonomous form:

wherey; is
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MU:AKU+&M—0+/?waa+md& (1.1)
y(t) = Cx(t) + Dy(t —r), 1.2)

where A € R™" B € R™™M C e R™" H(6) € R™™ D e R™™ andr > 0.
Egns. (1.1)-(1.2) have a unique solutip«t), y(t)) for any initial condition

X0 =¢eR", yt)=0¢t) vte[-r,0] @=pecPE(r,m).

Here 2% (r,m) represents the set of piecewise continuous functions frenD]
to R™. For any piecewise-continuous functigtt) andt € R", we definey; €
PE(r,m) byy(0)=y(t+6),-r <6<0.Let

Z:=R"x 2€(r,m). (1.3)

Then any initial condition(, ) € Z uniquely defines a solution, which may be
represented by a strongly continuous semigr@igpsemigroup)?” : Z — Z,

Z(t) =S (t—1)z(1). (1.4)
Solutions of System (1.1)-(1.2) satisfy an abstract défftial equation oz,
=12 (1.5)

where4 is the infinitesimal generator of th&-semigroup? .
Stability of solutions of the system defined by Eqns. (1112 is equivalent to
the existence of a quadratic Lyapunov-Krasovskii funciiaf the form

V(z2) =<z, Pz>, (1.6)

whereZ is a self-adjoint operator, ar{d -) represents the inner product bs[13].
The system is stable #2 is coercive, and its derivative along the system trajectory

V(2) =< z,(PA + A*P)z>,

is negative definite in the sense that?.«/ — «&7* & is coercive, wherer ™ is the
adjoint operator ofZ. Stability analysis is therefore equivalent to the existeaf
an operator”? which satisfies the above conditions. Then, by using pesitiatri-
ces to parameterize a suitably rich cone of positive opesaés described in [11]
or [2], and by observing that the operatét appears linearly iV (z) andV(z), the
problem of stability analysis can be reduced to a semi-defpriogramming prob-
lem. Specifically, the methods defined in [11] consider treeaghere the operators
are the combination of multiplier and integral operatorghgiolynomial multipliers
and kernels. The approach in [2] uses piecewise linear phielts and kernels.

For the problem of controller synthesis, however, we arecbéag for both a
Lyapunov operator”? and a feedback operatof”. This poses a challenge in that,
while we can parameterize both operators, the resultingesspn fof(/(z) is bilin-
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ear in.z” andZ and is hence non-convex. To illustrate this, consider aegystith
inputu(t) described by the abstract differential equation

=7+ Fu. a.7)
If we want to design a linear feedback control in the form of
u= .7z (1.8)

such that the closed-loop system is stable, and use the hgapgrasovskii func-
tional given in (1.6), then its derivative becomes

V(2) =< 2,(PA + A" P+ PFH +(PFH))2>. (1.9)

Because we need to determine the feedback géirn addition to the operator
2,V (z) becomes a bilinear function of the variables which definegtmperators.
Since no reliable and efficient numerical method to solve&dr matrix inequali-
ties is currently available, we conclude that any solutmthe controller synthesis
problem must involve a reformulation or change of variables

The approach we describe in this chapter is to use the tnanafmn of variables

2= (1.10)
H =P (1.11)

Clearly, given coercive? > 0 and.# , and a procedure for finding the inve@efl,
we can recover the original operato#$ and 7" as & = 2 vand¥ =4 2.
Now, by examination o andV and by defining the transformed state 7z, we
obtain

V(2) = (2,22), (1.12)
V(2) = @ (A2+ 2+ FH + 4 F*)2), (1.13)

which are linear with respect to the new operator—variat@esnd;i}. Therefore,
if & :Z — Z and we can parameterize operators which are positiv&, ¢imen the
controller synthesis problem can be represented as an SDP.

Critical to implementation of this approach, however, igtdorce the condition
& . Z — Z and the ability to invert the bounded linear operagrWhile inver-
sion of combined multiplier and integral operators is, imgel, difficult, in the
following sections we will show that it is possible to obtain analytic expression
for this inverse in the case whei2 is separable, similar to the case discussed in
[11]. Of course, numerical approximations to the inverseparssible through series
expansion methods, as described in [10]. However, theemdstof a closed-form
analytic expression eliminates the approximation errertdifinite truncation of the
series and significantly reduces the complexity of the tegpinverse operator.
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1.2 Preliminaries

Consider the coupled differential functional equationgegiin (1.1) and (1.2). If
p(D) < 1, stability of this system is equivalent to the existenceaatomplete
Lyapunov-Krasovskii functional of the following form,

0 0 (0
V(o) =1 Py 20" [ Qumeiman+ [ [ ¢T@RE me(mdEan

0 T
+ [ @' (msime(nydn. (1.14)
where
P=Pl e R™" Q(n) e R™™ (1.15)
RE.n) =R'(n,&)eR™™  S(n)=S"(n)es", (1.16)

whereS" c R™" represents the set of symmetric matrices. The use of coenplet
Lyapunov-Krasovskii functionals of this form was descdbie [4] and [12], and
these results imply the following lemma.

Lemma 1. System (1.1)-(1.2) witp(D) < 1 is exponentially stable if and only if
there exists a quadratic Lyapunov-Krasovskii functiorfathe Form (1.14)-(1.16),
such thate||y||> <V (@, @), and

t—0t+ t

satisfiesV (@, @) < —&||@||? for somee > 0, where(X(t, Y, @),y (W, @)) is the so-
lution of (1.1) and (1.2) with initial conditio(y, ¢).

Define inner product o defined in (1.3),

<Hﬂ ’ [q{ﬂ > :”’UlT"’ﬁ/_i(Pf(S)qoz(s)ds

For matrix P and matrix function®, R, S that satisfy (1.15)-(1.16), we define the
linear operator? : Z — Z as follows

Ylig = Py -+ [° Q(8)@(6)do
o {(P} &= [fQT(S)LIH-fOr R(S,Q)(p(G)dQ_FS(S)(p(S)} : (1.18)

Obviously, (1.15)-(1.16) implies tha¥® is a bounded and self-adjoint linear opera-
tor. The complete Lyapunov-Krasovskii functional may noevexpressed as

woo-([8].+[¢])



6 Guoying Miao, Matthew M. Peet, Keqgin Gu

System (1.1)-(1.2) defines a stron@ly-semigroup¥” : Z — Z that satisfies (1.4).
The corresponding abstract differential equation is (1.6} the domain of defini-
tion of o7 beX. Then X := { {ﬁ] € Z|¢(s) €€¢,90)=Cy+Dg(—r) } where
¢ represents the set of continuous functions. For contrsylethesis, we would like
to restrict#? so thatX is an invariant subspace o7,

PXeX. (1.19)

The conditions forZ to satisfy (1.19) are as follows, which is a generalizatibn o
Theorem 3in [7].

Lemma 2. &2, as defined ir{1.18) satisfies (1.19) if and only if the following con-
ditions are satisfied,

rQ" (0) + S(0)C = CP+rDQ' (—r) (1.20)
R(0,s) =CQ(s) + DR(-r,s), Vs, (1.21)
DS(—r) = S(0)D. (1.22)

Proof. Leth(s) = rQT ()@ + [° R(s, 8)(8)d6 + (s)¢(s) and
g=Py+ ff’r Q(s)p(s)ds Then,#X € X is equivalent to

h(0) = Cg-+ Dh(—r), (1.23)
for all ¢y and @ that satisfy
@(0) =Cy+Deo(—r). (1.24)
Using (1.24), we have
0
h(0) = rQT (0)¢ + S(0)(0) + g R(0,6)¢(6)d6
= 1QT(O)y + SO)CY+ [ R0,0)0(6)d6 + SI0)D(-1)
- (Q"(0)+ SO+ [ R(0.6)p(6)d0 + SO)DY(1), (129
Cg+Dh(—r)
—cPy+ [ CQEp(s)ds+DQT (- + [ DR(—r.)p(ds+DS(—1)o(~r)

— (CP+1DQT (1)) + DS(—1)p(—1) + /j (CQ(S) + DR(-1,9)p(9)ds  (1.26)

Then the right-hand sides of (1.25)-(1.26) are equal fatrary (¢ ande if and only
if (1.20)-(1.22) are satisfied.
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1.3 Inverting Separable Operators

In this section, we present an analytical expression foiirtherse of the operator
& when it is separable. Similar to [10], such an analytic eggien for the inverse
operator can be used to expedite the construction of thdisiiadp controller in the
controller synthesis problem.

Definition 1. An operator#?, as defined in (1.18), is said to be separable if
R(s68) =Z"(9rz(6),  Q(s)=HZ(s), (1.27)

for some constant matricés=I' T andH, and matrix-valued functio#(s). Note
that a sufficient condition fo” to be separable is th&andQ are polynomials.

Theorem 1.Assume? in (1.18) is separable. Then, provided that all the inverse
matrices below are well defined, its inverse may be exprezsed

Wi = Py + [°.Q(6)p(6)d6
o [(P](S)_LQT(S)LIIJré(S)(p(S)+f°rF“e(s,e)(p(e)d9’ (1.28)

R(s,8) = ZT(s) 2(8), (1.29)
Q6) =HZ(6), S9=S's, Z9H=2Z(9S 9, (1.30)

andH, P andrl" are given below,
A= _—PIHT, P=[+rPHTKHT|P1, (1.31)
F=0FTTHTP'H -1 +KM)™, T=(+KF—rkHTPH)! (1.32)

where K= [° 7(s)S1(s)Z" (s)ds, and | denotes the identity matrix with appropri-
ate dimension.

Proof. Let the operator defined by the right hand side of (1.28) betehas??,

then
1] N
#[o =[]
(PQ(6)+Q(6)S(6) + /% QEIR(E. 6)dE ) 9(8)d6

PP+ /% 1Q(8)Q" (6)d6 ) y.

Ao =1 (QT(9P+89QT(9)+ /% Ris. 6)QT (6)d8) Y+ S5)S(s)(9

+ 1% (rQT(9Q(8) + HIR(s. 6) + R(s 6)S(6)
+ % R(s, £)R(E,0)dE ) g(6)de.

Using (1.27) and (1.29)-(1.32), we obtain
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PQ(6) +Q(6)S(6) + [ Q(£)R(E, 8)dE
= (PH+H+HKF)Z(9)
= (I +rPHTKHT]P~H — PIHT — P~ HTKI) Z(0)
= [PIH+PHT(KHTP*H -1 —KIM)] Z(6)

= (P H-p- 1H)Z(9):0

P+1 /% Q(6)QT (6)d6

— BP+ rHKHT

_=[1+rP” 1H(I+KI’—rKHTP 1H)- 1KHT]—rP*1HTKHT:I

Q"(9P+89Q"(9) + /% R(s. 0)Q" (6)d6

=27 )(HTP+HT+FKHT)

~TTHTP P+ HT + [ TTHTPH —r](1+KIM)~IKHT}

=TT —rHTPIH(I+KIM)K) = (1 +KrM)K}HT

{1=TT0=rHTPHK (I +FK)™) = FK(I1 + FK)" 1} HT

| =TT+ TK=rHTPHK)(I1 + FK) "1 = FK(1 +rK)"1} HT
= ZT(9[l = (1 +TK) =K1 +TK)"HT =0

rQ"()Q(6) + S(s)R(s,6) +R(s.6)S(6) + [, R(s,§R(E,6)dE

=ZT(S)(rtHTH T +1 +KIM)Z(6)
=Z1(S) {~ITTHTPH+ T + [ TTHTPIH — (1 + KIM)~Y(1 +KI)} Z()
=Z7(s) (~ITTHTPIH 4+ +ITTHTPIH - ) Z(6) =0
Thus, we have shown
3@@[‘”]:{‘”}, (1.33)
@ @
for all [iﬂ € Z. Similarly, we can show
9@[‘”]:{‘”} (1.34)
@ @

From (1.33) and (1.34), we conclude thzt= 221,

Theorem 2.If the separable operator” satisfies#?X € X, Then, 21X € X
holds.

Proof. Let the linear operatof” satisfy X € X. By Lemma 2, this is equivalent
to (1.20)-(1.22), from which, we obtain

CP ! =rsY0)(DZ"(-r)-Z"(0)HTP 1+ SL(0)C, (1.35)
CH = (Z"(0)—DZ"(-r))r, (1.36)
S 10D = DS (). (1.37)

Applying (1.35)-(1.37) to the operateP ! defined in (1.28), after tedious calcula-
tions, we can obtain the following equation,
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rQT(0)w+80)9(0) + [% R(0,6)¢(6)d6 = C (Pu + [°, O(6) p(6)d6 )
+D (rQ" (—N) W+ 8—1)@(—1)+ % R(-1.0)9(6)d6)

from which, we conclude tha#?—1X e X.

1.4 Controller Synthesis

In this section, we consider a system with control input dsvis

X = Ax+ By(t—r) +Fu(t), (1.38)
y(t) = Cx(t) + Dy(t —r). (1.39)

For this system, let us define the infinitesimal generataas follows.

(L3])o=["gts ]

Likewise, we define the input operatér : R4 — X as

(Fu)(s) = [FO“] .

We define the controller synthesis problem as the search &bricasKy,K; and
matrix-valued functiorkK(s) such that if

u(t) = 4 {X(t)] , (1.40)
where we define# : X — RY% as

0
(Ji/ [;D (s) = Kox(t) + Kyt —r)+ | Ka(s)y(t+s)ds (1.41)
—r
then the closed-loop system described by the equation8)¢11340) is stable.
Before we give the main result of the chapter, we briefly as&l®0OS methods
for enforcing joint positivity of coupled multiplier andtiegral operators using pos-
itive matrices. These methods have been developed in & edpapers, a summary
of which can be found in the survey paper [11]. Specificatlyhatrix-valued func-
tionsM(s), N(s,8), we say thafM,N} € =, if M andN satisfy the conditions of
Theorem 8 in [11]. The constraigiM,N} € = can be cast as an LMI using SOS-
TOOLS as described in [11] and this constraint ensuresltleadperator”, defined
as
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1] _ Mllil-’-i-f?r M12(0)¢(8)d6
(9{¢])@>LML©w+ﬁ3N@9W@m9+Mn®¢© !

is positive onX. Furthermore, we note th&M,N} € = implies that?’ is separable
andP = [ Mji(s)dsandS= My, are invertible. We now state the main result.

Proposition 1. Suppose there exist matriceg, My, P = P, matrix-valued func-
tions Mb(s), Q(s), R(s,8), S(s) = ST(s) € S", and scalare > 0 such that (1.20)-
(1.22) are satisfied and the following conditions hold

{T,R}e =, (1.42)
{-U,-W}e =z, (1.43)
where

T(s) = [er(s) rg(s)] ¢l (1.44)

I +¢€l BS(—r)+FM; +1CTS0O)D Y
U(s) = [ * =1(g(-r)-D's(0)D) 0 |, (1.45)

* * S(s)

0 0

W(s,0) = %R(s, 0)+ %R(s, 0), (1.46)

wherex denotes entries in the matrix determined by symmetry,

I = AP+ PAT +1(BQ" (—r) + Q(~r)BT) + 1CTS(0)C+ FMo + MJF,

Y = r[Q(s) + BR(—r,5) + AQ(S) + FMa(s)].

Then System (1.38)-(1.39) is stabilizable with a contrglle40). In other words, let

u(t) = Kox(t) + Kay(t — 1) + /2, Ka(s)y(t + s)ds (1.47)

where
Ko = M0F3+rM1(§T(fr)+r/;o Ma(9)0" (s)ds (1.48)
Ky = Mi§(-r), (1.49)

Ko(s) = Moc‘g(s)+|\/|1F“e(_r,s)+|v|2(s)é(s)+/_0r Mo (8)R(8,5)d0, (1.50)

andP, Q, R andS are defined in Theorem 1. Then the closed-loop System{1.38)
(1.39) and (1.47) is stable.

Proof. Define < by (1.18). ThenZ? is bounded and self-adjoint. Per LemmaZ2,.

X — X. (1.43) implies? > €l. Per Theorem 1, the invers# ! can be expressed
as in (1.28) and is likewise bounded and coercive with® > ¢'l. Furthermore,
from Theorem 2,221 : X — X and 21 = 22~*, In other words, the Lyapunov-
Krasovskii functional satisfies
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o~([8].o[3]) =

for someg’ > 0 and all[z] € X. Furthermore,

522 1)+ {e[3] - ]
g (2] oo ()

Next, we note that if we defingg” as in (1.41) and# as follows

2

v

1.51
o (1.51)

(/// Lﬂ) = Mox(t) +May(t —r) + [°. Ma(s)y(t +s)ds

Then (1.48)-(1.50) implies? := .# 2~X. Now we define a new stat lﬂ =
=]
Vi |’

P-1 [""] € X. Continuing, ifu = ¢ {X] —H PP {
Q@ Vi Vi

then the closed-loop system is stabl¥ ik 0, where

o= {[8) o[£+ (+=[8] 2]
K HRHECIHN
To show thaV < 0, we examine7 % and.Z.# separately. First, we have

o[t [ )

] =P

where

W = APQ + [° AQ(S)@(s)ds+ BrQT (—1) @+ BS(—1)@(—1) + [° BR(—1,0)9(6)d8,
®(s) = Q" ()P + S(9)P(s) + S)P(s) + [ LR(s,0)P(6)d6.
Then,

i} @
<M A M>
= % @TwWds+ [° ¢ (9P(s)ds
=r@TAPP+r1 [°, TAQS)@(9)ds+r T BrQT (—r) +rTBS(—r)p(—r)
+1 /% QTBR(—1,0)p(6)d6 + [°, 19T (9)Q" (5)@ds+ [ @' (9)S(s)@(s)ds
+ 1% 1% 0T (9 &R(s.0)9(8)dsdd + [°, ¢T (9)S(s)@(s)ds
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AP+rBQT rBS—-r) © 1]
ff 0 o(—r)
[ ] [ rQT (s) 0 S(s) (ﬁ(s ]
+1° 0% qo (5)%R(s, (

s)S(s)@(s)ds

@(6)dsdd+ [°, @"

o

where © = r(AQ(s) + BR(—T,s)). Since [‘2’(5)

] € X, we have(0) = C{ +
D@(—r). Then,

N FCTs0)C L(CTs0)D) o[ @
=1/5 (—r) [%(DTS(O)C)—%(S(—r)—DTS(O)D) 0 ][g—r)]ds

(s 0 0 —S(s)| | (s
Thus,

—r)+FM;+ £(CTS(0)D) Y @
f‘%[@g—r)] ~1(s(-1)-D'S(0)D) _o”l(—w]ds
®(s) * * Ss)] L os
1% 1% 07 (9) (R(.0) + FR(s.0)) §(O)dsch,

From conditions (1.43), (1.45) and (1.46), we h&ve 0, which, along with (1.51)
means that the closed-loop system defined by (1.38)-(1r2B}j1a47) is stable.

Remark 1WhenD = 0, System (1.38)-(1.39) may be written in the standard delay
differential framework studied in [7] and [10]:

X(t) = AgX(t) + Ax(t —r1) + Fu(t)
X(t) = o(t).

The primary computational advantage of the differentiffedence framework over
control of System (1.38)-(1.39) is that we can replage R™" with BCwhereB e
R™MandC € R™" andmiis typically strictly less tham. Because the dimension
of the decision variables in the optimization problem defiirethis paper scale as
n+2m as opposed torBusing the framework in [7] and [10], the complexity of
the resulting algorithm is significantly reduced.

Remark 2 Although not explicitly stated, in order to use SOS to endotttze con-
ditions of Theorem 1 and Proposition 1, we choose our detisariables to
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be polynomial and use SOSTOOLS and the Positivstellensagnfiorce positiv-
ity/negativity on the interval—r,0]. This approach is described in more detail in
[7]1 and [10].

In the following, we present a numerical example to illutgrthe controller ob-
tained from the condition in Proposition 1. We consider tiéfving system with
a feedback controller as follows

0O 05 0 0 0 O
-05-050 0 0 O
. 0O 1 0110 O
X(t) = 0 0 -2020 0 X(t) +By(t—r)+Fu(t), (1.53)
0 0 0 1-2 0
-0.

0O 0O 0 0 0-09

[-0.200000

y(t) = 0 0000 J X(t), (1.54)

N
0500000 T . .
wherer = 1.6s,B= | " 00001] ,F=[100001.By using Proposition

1, together with the tools of MuPad, Matlab, SOSTOOLS angmpaials with
degree 2, we obtain the controller

_ T 0
(t) = Kox(t) + [géig} ye-n+ [ Kytsds  (L59)

Ko = [—1.874 2232-0.830 3099 0030 -1.033],

K, _ | —0.246+02215+0.1222-0.01%°~ 0.03%" |
2~ 10.238—0.3985+ +0.007*+ 0.0373+ 0.010,

Using Controller (1.55) coupled with System (1.53)-(1.84)simulate the closed-
loop system, which is illustrated in Fig.1.

0 20 40 60 80 100
Time (s)

Fig. 1.1 States of System (1.53)-(1.54) coupled with stabilizingn@aller from Prop. 1
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1.5 CONCLUSIONS

In this chapter, we have obtained an analytic formulatiarttie inverse of jointly
positive multiplier and integral operators as defined in THis formulation has the
advantage that it eliminates the need for either indivighasitivity of the multiplier
and integral operators or the need to use a series expandiod the inverse. This
inversion formulais applied to controller synthesis of plewl differential-difference
equations. The use of the differential-difference formialahas the advantage that
the size of the resulting decision variables is reducedgetheallowing for control
of systems with larger numbers of states. These methodLestedted by designing
a stabilizing controller for a system with 6 states and aretisional delay channel.
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