
Chapter 1
Inversion of Separable Kernel Operator and Its
Application in Control Synthesis

Guoying Miao, Matthew M. Peet, Keqin Gu

Abstract In this chapter, we show how the problem of controller synthesis can be
posed as a form of convex optimization in an operator-theoretic framework. Further-
more, we show how to: a) Parameterize the integral and multiplier operator-valued
decision variables using finite-dimensional vectors; b) Verify and enforce positivity
and negativity of multiplier and integral operators using positive matrices; c) Invert
positive integral and multiplier operators through the useof a new formula based on
algebraic manipulation. Finally, we show how these 3 parts can be combined into a
computational procedure for finding a stabilizing state-feedback controller for sys-
tems defined by differential-differenceequations - a classwhich includes differential
systems with discrete delays. Finally, a numerical exampleis used to illustrate the
form of the resulting stabilizing controller.

1.1 Introduction

A necessary and sufficient condition for stability of coupled differential-difference
equations (of which delay-differential equations is a special case) is the existence
of a so-called “complete quadratic” Lyapunov-Krasovskii functional. Such func-
tionals have the formV = 〈x,Px〉 whereP is defined by a combination of mul-
tiplier and integral operators, the inner product is definedon L2, and the state,
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x ∈ R
n × L2[−τ,0]m is a combination of the present state and memory of certain

delayed channels. The first numerical algorithm to use SDP toparameterize and op-
timize over the set of complete-quadratic functionals was the discretized Lyapunov-
Krasovskii functional method in [1], later refined in [2], wherein the multiplier and
kernel of the Lyapunov-Krasovskii functional was assumed to be piecewise linear.
A more recent SDP-based approach to parameterizing and optimizing there func-
tionals is the Sum-Of-Squares (SOS) method presented in [3]. In the SOS method,
the multiplier and kernel are parameterized by polynomials.

In this chapter, we focus on the problem of full-state feedback controller synthe-
sis for differential-difference equations of the form

ẋ = Ax+By(t− r)+Fu(t),

y(t) = Cx(t)+Dy(t− r),

whereA∈R
n×n, B∈R

n×m, C∈R
m×n, F ∈R

n×p, D∈R
m×m andr > 0 is the delay.

For most practical systems, the number of delayed channels is significantly smaller
than the total number of state variables (m<< n). For such systems, the complexity
of the complete-quadratic functional associated with the differential-difference form
is significantly lower than that associated with the delay-differential framework.
By exploiting this reduced functional, the complexity of numerical algorithms such
as the discretized and SOS approaches can be significantly reduced—resulting in
more efficient and accurate tests for stability. Such reductions were explored and
documented for the discretized Lyapunov-Krasovskii functional approach in [4], [5]
and [12], and for the SOS formulation in [6].

Full-state feedback controller synthesis means thatu(t) = K

[

x(t)
yt

]

whereyt is

the history ofy(t) on the interval[t− r, t] andK :Rn×L2[−r,0]m→R
p. That is, the

feedback controller uses knowledge of the entire state in determining the input. This
is in contrast to most work on controller synthesis for time-delay systems which only
use more directly measurable parts of the state such asx(t) to determine the control
input. The use of subsets of the state for controller synthesis are best classified as
output feedback. However, the use of state-estimation for delayed systems in the
output-feedback framework has not hitherto been explored.

More generally, conditions for control synthesis of delayed systems based on the
complete quadratic Lyapunov-Krasovskii functional is still rare. An early example
is [8], in which a more limited class of Lyapunov-Krasovskiifunctional is used, and
some parameter constraints are imposed. Recently, a synthesis based on the inverse
of kernel operator associated with the Lyapunov-Krasovskii functional for time-
delay systems of retarded type in the SOS formulation was developed in [9] and
[10]. This chapter extends this method to coupled differential-functional equations.
The inverse operator is derived using a direct algebraic approach rather than the
series expansion approach in [9] and [10]. The basic idea of such synthesis is
outlined as follows.

Consider the coupled differential functional equations either in closed-loop or
autonomous form:
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ẋ(t) = Ax(t)+By(t− r)+
∫ 0

−r
H(θ )y(t +θ )dθ , (1.1)

y(t) = Cx(t)+Dy(t− r), (1.2)

where A ∈ R
n×n, B ∈ R

n×m, C ∈ R
m×n, H(θ ) ∈ R

n×m, D ∈ R
m×m and r > 0.

Eqns. (1.1)-(1.2) have a unique solution(x(t),y(t)) for any initial condition

x(0) = ψ ∈ R
n, y(t) = φ(t) ∀t ∈ [−r,0] φ = φ ∈ PC (r,m).

HerePC (r,m) represents the set of piecewise continuous functions from[−r,0]
to R

m. For any piecewise-continuous functiony(t) and τ ∈ R
+, we defineyτ ∈

PC (r,m) by yτ(θ ) = y(τ +θ ), −r ≤ θ ≤ 0. Let

Z := R
n×PC (r,m). (1.3)

Then any initial condition(ψ ,φ) ∈ Z uniquely defines a solution, which may be
represented by a strongly continuous semigroup (C0-semigroup)S : Z → Z,

z(t) = S (t − τ)z(τ). (1.4)

Solutions of System (1.1)-(1.2) satisfy an abstract differential equation onZ,

ż= A z, (1.5)

whereA is the infinitesimal generator of theC0-semigroupS .
Stability of solutions of the system defined by Eqns. (1.1)-(1.2) is equivalent to

the existence of a quadratic Lyapunov-Krasovskii functional of the form

V(z) =< z,Pz>, (1.6)

whereP is a self-adjoint operator, and〈·, ·〉 represents the inner product onL2 [13].
The system is stable ifP is coercive, and its derivative along the system trajectory

V̇(z) =< z,(PA +A
∗
P)z>,

is negative definite in the sense that−PA −A ∗P is coercive, whereA ∗ is the
adjoint operator ofA . Stability analysis is therefore equivalent to the existence of
an operatorP which satisfies the above conditions. Then, by using positive matri-
ces to parameterize a suitably rich cone of positive operators, as described in [11]
or [2], and by observing that the operatorP appears linearly inV(z) andV̇(z), the
problem of stability analysis can be reduced to a semi-definite programming prob-
lem. Specifically, the methods defined in [11] consider the case where the operators
are the combination of multiplier and integral operators with polynomial multipliers
and kernels. The approach in [2] uses piecewise linear multipliers and kernels.

For the problem of controller synthesis, however, we are searching for both a
Lyapunov operatorP and a feedback operatorK . This poses a challenge in that,
while we can parameterize both operators, the resulting expression forV̇(z) is bilin-
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ear inK andP and is hence non-convex. To illustrate this, consider a system with
inputu(t) described by the abstract differential equation

ż= A z+Fu. (1.7)

If we want to design a linear feedback control in the form of

u= K z, (1.8)

such that the closed-loop system is stable, and use the Lyapunov-Krasovskii func-
tional given in (1.6), then its derivative becomes

V̇(z) =< z,(PA +A
∗
P +PFK +(PFK )∗)z> . (1.9)

Because we need to determine the feedback gainK in addition to the operator
P, V̇(z) becomes a bilinear function of the variables which define these operators.
Since no reliable and efficient numerical method to solve bilinear matrix inequali-
ties is currently available, we conclude that any solution to the controller synthesis
problem must involve a reformulation or change of variables.

The approach we describe in this chapter is to use the transformation of variables

Q = P
−1
, (1.10)

ˆK = K P
−1
. (1.11)

Clearly, given coerciveQ > 0 and ˆK , and a procedure for finding the inverseQ−1,
we can recover the original operatorsP andK asP = Q−1 andK = ˆK P.
Now, by examination ofV andV̇ and by defining the transformed state ˆz= Pz, we
obtain

V(z) = 〈ẑ,Qẑ〉, (1.12)

V̇(z) = 〈ẑ,(A Q+QA
∗+F ˆK + ˆK

∗
F

∗)ẑ〉, (1.13)

which are linear with respect to the new operator-variablesQ and ˆK . Therefore,
if P : Z → Z and we can parameterize operators which are positive onZ, then the
controller synthesis problem can be represented as an SDP.

Critical to implementation of this approach, however, is toenforce the condition
P : Z → Z and the ability to invert the bounded linear operatorQ. While inver-
sion of combined multiplier and integral operators is, in general, difficult, in the
following sections we will show that it is possible to obtainan analytic expression
for this inverse in the case whereQ is separable, similar to the case discussed in
[11]. Of course, numerical approximations to the inverse are possible through series
expansion methods, as described in [10]. However, the existence of a closed-form
analytic expression eliminates the approximation error due to finite truncation of the
series and significantly reduces the complexity of the resulting inverse operator.
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1.2 Preliminaries

Consider the coupled differential functional equations given in (1.1) and (1.2). If
ρ(D) < 1, stability of this system is equivalent to the existence ofa complete
Lyapunov-Krasovskii functional of the following form,

V(ψ ,φ) = rψTPψ +2rψT
∫ 0

−r
Q(η)φ(η)dη +

∫ 0

−r

∫ 0

−r
φT(ξ )R(ξ ,η)φ(η)dξ dη

+

∫ 0

−r
φT(η)S(η)φ(η)dη , (1.14)

where

P = PT ∈ R
n×n

, Q(η) ∈R
n×m

, (1.15)

R(ξ ,η) = RT(η ,ξ ) ∈ R
m×m

, S(η) = ST(η) ∈ S
n
, (1.16)

whereSn ⊂ R
n×n represents the set of symmetric matrices. The use of complete

Lyapunov-Krasovskii functionals of this form was described in [4] and [12], and
these results imply the following lemma.

Lemma 1. System (1.1)-(1.2) withρ(D) < 1 is exponentially stable if and only if
there exists a quadratic Lyapunov-Krasovskii functional of the Form (1.14)-(1.16),
such thatε||ψ ||2 ≤V(ψ ,φ), and

V̇(ψ ,φ), limsup
t→0+

V(x(t,ψ ,φ),yt (ψ ,φ))−V(ψ ,φ)
t

(1.17)

satisfiesV̇(ψ ,φ) ≤ −ε||ψ ||2 for someε > 0, where(x(t,ψ ,φ),yt (ψ ,φ)) is the so-
lution of (1.1) and (1.2) with initial condition(ψ ,φ).

Define inner product onZ defined in (1.3),
〈[

ψ1

φ1

]

,

[

ψ2

φ2

]〉

= rψT
1 ψ2+

∫ 0

−r
φT

1 (s)φ2(s)ds.

For matrixP and matrix functionsQ,R,S that satisfy (1.15)-(1.16), we define the
linear operatorP : Z → Z as follows

P

[

ψ
φ

]

(s) =

[

Pψ +
∫ 0
−r Q(θ )φ(θ )dθ

rQT(s)ψ +
∫ 0
−r R(s,θ )φ(θ )dθ +S(s)φ(s)

]

. (1.18)

Obviously, (1.15)-(1.16) implies thatP is a bounded and self-adjoint linear opera-
tor. The complete Lyapunov-Krasovskii functional may now be expressed as

V(ψ ,φ) =
〈[

ψ
φ

]

,P

[

ψ
φ

]〉

.
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System (1.1)-(1.2) defines a stronglyC0-semigroupS : Z→Z that satisfies (1.4).
The corresponding abstract differential equation is (1.5). Let the domain of defini-

tion of A beX. Then,X :=

{[

ψ
φ

]

∈ Z
∣

∣φ̇(s) ∈ C ,φ(0) =Cψ +Dφ(−r)

}

, where

C represents the set of continuous functions. For controllersynthesis, we would like
to restrictP so thatX is an invariant subspace ofP,

PX ∈ X. (1.19)

The conditions forP to satisfy (1.19) are as follows, which is a generalization of
Theorem 3 in [7].

Lemma 2.P, as defined in(1.18), satisfies (1.19) if and only if the following con-
ditions are satisfied,

rQT(0)+S(0)C=CP+ rDQT(−r) (1.20)

R(0,s) =CQ(s)+DR(−r,s), ∀s, (1.21)

DS(−r) = S(0)D. (1.22)

Proof. Let h(s) = rQT(s)ψ +
∫ 0
−r R(s,θ )φ(θ )dθ +S(s)φ(s) and

g= Pψ +
∫ 0
−r Q(s)φ(s)ds. Then,PX ∈ X is equivalent to

h(0) = Cg+Dh(−r), (1.23)

for all ψ andφ that satisfy

φ(0) = Cψ +Dφ(−r). (1.24)

Using (1.24), we have

h(0) = rQT(0)ψ +S(0)φ(0)+
∫ 0

−r
R(0,θ )φ(θ )dθ

= rQT(0)ψ +S(0)Cψ +

∫ 0

−r
R(0,θ )φ(θ )dθ +S(0)Dφ(−r)

= (rQT(0)+S(0)C)ψ +
∫ 0

−r
R(0,θ )φ(θ )dθ +S(0)Dφ(−r), (1.25)

Cg+Dh(−r)

= CPψ +
∫ 0

−r
CQ(s)φ(s)ds+ rDQT(−r)ψ +

∫ 0

−r
DR(−r,s)φ(s)ds+DS(−r)φ(−r)

= (CP+ rDQT(−r))ψ +DS(−r)φ(−r)+
∫ 0

−r
(CQ(s)+DR(−r,s))φ(s)ds. (1.26)

Then the right-hand sides of (1.25)-(1.26) are equal for arbitraryψ andφ if and only
if (1.20)-(1.22) are satisfied.
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1.3 Inverting Separable Operators

In this section, we present an analytical expression for theinverse of the operator
P when it is separable. Similar to [10], such an analytic expression for the inverse
operator can be used to expedite the construction of the stabilizing controller in the
controller synthesis problem.

Definition 1. An operatorP, as defined in (1.18), is said to be separable if

R(s,θ ) = ZT(s)Γ Z(θ ), Q(s) = HZ(s), (1.27)

for some constant matricesΓ = Γ T andH, and matrix-valued functionZ(s). Note
that a sufficient condition forP to be separable is thatR andQ are polynomials.

Theorem 1.AssumeP in (1.18) is separable. Then, provided that all the inverse
matrices below are well defined, its inverse may be expressedas

P
−1

[

ψ
φ

]

(s) =

[

P̂ψ +
∫ 0
−r Q̂(θ )φ(θ )dθ

rQ̂T(s)ψ + Ŝ(s)φ(s)+
∫ 0
−r R̂(s,θ )φ(θ )dθ

]

, (1.28)

whereR̂(s,θ ), Q̂(θ ) andŜ(s) are given as follows

R̂(s,θ ) = ẐT(s)Γ̂ Ẑ(θ ), (1.29)

Q̂(θ ) = ĤẐ(θ ), Ŝ(s) = S−1(s), Ẑ(s) = Z(s)S−1(s), (1.30)

andĤ, P̂ andΓ̂ are given below,

Ĥ = −P−1HT, P̂= [I + rP−1HTKHT ]P−1
, (1.31)

Γ̂ = [rT THTP−1H −Γ ](I +KΓ )−1
, T = (I +KΓ − rKH TP−1H)−1

, (1.32)

where K=
∫ 0
−r Z(s)S−1(s)ZT(s)ds, and I denotes the identity matrix with appropri-

ate dimension.

Proof. Let the operator defined by the right hand side of (1.28) be denoted asP̂,
then

P̂P

[

ψ
φ

]

(s) =

[

Λ1

Λ2

]

,

Λ1 =
∫ 0
−r

(

P̂Q(θ )+ Q̂(θ )S(θ )+
∫ 0
−r Q̂(ξ )R(ξ ,θ )dξ

)

φ(θ )dθ

+
(

P̂P+
∫ 0
−r rQ̂(θ )QT(θ )dθ

)

ψ ,

Λ2 = r
(

Q̂T(s)P+ Ŝ(s)QT(s)+
∫ 0
−r R̂(s,θ )QT(θ )dθ

)

ψ + Ŝ(s)S(s)φ(s)
+
∫ 0
−r

(

rQ̂T(s)Q(θ )+ Ŝ(s)R(s,θ )+ R̂(s,θ )S(θ )
+
∫ 0
−r R̂(s,ξ )R(ξ ,θ )dξ

)

φ(θ )dθ .

Using (1.27) and (1.29)-(1.32), we obtain
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P̂Q(θ )+ Q̂(θ )S(θ )+
∫ 0
−r Q̂(ξ )R(ξ ,θ )dξ

=
(

P̂H+ Ĥ+ ĤKΓ )Z(θ )
=

(

[I + rP−1HTKHT ]P−1H −P−1HT −P−1HTKΓ
)

Z(θ )
=

[

P−1H +P−1HT(rKH TP−1H − I −KΓ )
]

Z(θ )
=

(

P−1H −P−1H
)

Z(θ ) = 0
P̂P+ r

∫ 0
−r Q̂(θ )QT(θ )dθ

= P̂P+ rĤKHT

= [I + rP−1H(I +KΓ − rKH TP−1H)−1KHT ]− rP−1HTKHT = I
Q̂T(s)P+ Ŝ(s)QT(s)+

∫ 0
−r R̂(s,θ )QT(θ )dθ

= ẐT(s)(ĤTP+HT + Γ̂ KHT)
= ẐT(s)

{

−TTHTP−1P+HT +[rTTHTP−1H −Γ ](I +KΓ )−1KHT
}

= ẐT(s)
{

I −TT(I − rH TP−1H(I +KΓ )−1K)−Γ (I +KΓ )−1K
}

HT

= ẐT(s)
{

I −TT(I − rH TP−1HK(I +Γ K)−1)−Γ K(I +Γ K)−1
}

HT

= ẐT(s)
{

I −TT(I +Γ K− rH TP−1HK)(I +Γ K)−1−Γ K(I +Γ K)−1
}

HT

= ẐT(s)[I − (I +Γ K)−1−Γ K(I +Γ K)−1]HT = 0
rQ̂T(s)Q(θ )+ Ŝ(s)R(s,θ )+ R̂(s,θ )S(θ )+

∫ 0
−r R̂(s,ξ )R(ξ ,θ )dξ

= ẐT(s)(rĤTH +Γ + Γ̂ + Γ̂ KΓ )Z(θ )
= ẐT(s)

{

−rT THTP−1H +Γ +[rTTHTP−1H −Γ ](I +KΓ )−1(I +KΓ )
}

Z(θ )
= ẐT(s)

(

−rTTHTP−1H +Γ + rTTHTP−1H −Γ
)

Z(θ ) = 0

Thus, we have shown

P̂P

[

ψ
φ

]

=

[

ψ
φ

]

, (1.33)

for all

[

ψ
φ

]

∈ Z. Similarly, we can show

PP̂

[

ψ
φ

]

=

[

ψ
φ

]

. (1.34)

From (1.33) and (1.34), we conclude thatP̂ = P−1.

Theorem 2. If the separable operatorP satisfiesPX ∈ X, Then,P−1X ∈ X
holds.

Proof. Let the linear operatorP satisfyPX ∈ X. By Lemma 2, this is equivalent
to (1.20)-(1.22), from which, we obtain

CP−1 = rS−1(0)(DZT(−r)−ZT(0))HTP−1+S−1(0)C, (1.35)

CH = (ZT(0)−DZT(−r))Γ , (1.36)

S−1(0)D = DS−1(−r). (1.37)

Applying (1.35)-(1.37) to the operatorP−1 defined in (1.28), after tedious calcula-
tions, we can obtain the following equation,
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rQ̂T(0)ψ + Ŝ(0)φ(0)+
∫ 0
−r R̂(0,θ )φ(θ )dθ =C

(

P̂ψ +
∫ 0
−r Q̂(θ )φ(θ )dθ

)

+D
(

rQ̂T(−r)ψ + Ŝ(−r)φ(−r)+
∫ 0
−r R̂(−r,θ )φ(θ )dθ

)

,

from which, we conclude thatP−1X ∈ X.

1.4 Controller Synthesis

In this section, we consider a system with control input as follows

ẋ = Ax+By(t− r)+Fu(t), (1.38)

y(t) = Cx(t)+Dy(t− r). (1.39)

For this system, let us define the infinitesimal generatorA as follows.
(

A

[

x
yt

])

(s) =

[

Ax+By(t− r)
d
dsyt(s)

]

.

Likewise, we define the input operatorF : Rq → X as

(Fu)(s) :=

[

Fu
0

]

.

We define the controller synthesis problem as the search for matricesK0,K1 and
matrix-valued functionK2(s) such that if

u(t) = K

[

x(t)
yt

]

, (1.40)

where we defineK : X → R
q as

(

K

[

x
yt

])

(s) = K0x(t)+K1y(t − r)+
∫ 0

−r
K2(s)y(t + s)ds, (1.41)

then the closed-loop system described by the equations (1.38)-(1.40) is stable.
Before we give the main result of the chapter, we briefly address SOS methods

for enforcing joint positivity of coupled multiplier and integral operators using pos-
itive matrices. These methods have been developed in a series of papers, a summary
of which can be found in the survey paper [11]. Specifically, for matrix-valued func-
tions M(s), N(s,θ ), we say that{M,N} ∈ Ξ , if M andN satisfy the conditions of
Theorem 8 in [11]. The constraint{M,N} ∈ Ξ can be cast as an LMI using SOS-
TOOLS as described in [11] and this constraint ensures that the operatorP, defined
as
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(

P

[

ψ
φ

])

(s) =

[

M11ψ +
∫ 0
−r M12(θ )φ(θ )dθ

rMT
21(s)ψ +

∫ 0
−r N(s,θ )φ(θ )dθ +M22(s)φ(s)

]

,

is positive onX. Furthermore, we note that{M,N} ∈ Ξ implies thatP is separable
andP=

∫

M11(s)dsandS= M22 are invertible. We now state the main result.

Proposition 1. Suppose there exist matrices M0, M1, P= PT , matrix-valued func-
tions M2(s), Q(s), R(s,θ ), S(s) = ST(s) ∈ S

n, and scalarε > 0 such that (1.20)-
(1.22) are satisfied and the following conditions hold

{T,R} ∈ Ξ , (1.42)

{−U,−W} ∈ Ξ , (1.43)

where

T(s) =

[

P rQ(s)
rQT(s) S(s)

]

− εI , (1.44)

U(s) =





Γ + εI BS(−r)+FM1+
1
r C

TS(0)D ϒ
∗ −1

r (S(−r)−DTS(0)D) 0
∗ ∗ Ṡ(s)



 , (1.45)

W(s,θ ) =
∂
∂s

R(s,θ )+
∂

∂θ
R(s,θ ), (1.46)

where∗ denotes entries in the matrix determined by symmetry,

Γ = AP+PAT + r(BQT(−r)+Q(−r)BT)+ 1
r CTS(0)C+FM0+MT

0 F,
ϒ = r[Q̇(s)+BR(−r,s)+AQ(s)+FM2(s)].

Then System (1.38)-(1.39) is stabilizable with a controller (1.40). In other words, let

u(t) = K0x(t)+K1y(t − r)+
∫ 0
−r K2(s)y(t + s)ds, (1.47)

where

K0 = M0P̂+ rM1Q̂T(−r)+ r
∫ 0

−r
M2(s)Q̂

T(s)ds, (1.48)

K1 = M1Ŝ(−r), (1.49)

K2(s) = M0Q̂(s)+M1R̂(−r,s)+M2(s)Ŝ(s)+
∫ 0

−r
M2(θ )R̂(θ ,s)dθ , (1.50)

and P̂, Q̂, R̂ andŜ are defined in Theorem 1. Then the closed-loop System (1.38)-
(1.39) and (1.47) is stable.

Proof. DefineP by (1.18). ThenP is bounded and self-adjoint. Per Lemma 2,P :
X → X. (1.43) impliesP ≥ εI . Per Theorem 1, the inverseP−1 can be expressed
as in (1.28) and is likewise bounded and coercive withP−1 ≥ ε ′I . Furthermore,
from Theorem 2,P−1 : X → X andP−1 = P−∗. In other words, the Lyapunov-
Krasovskii functional satisfies
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V =

〈[

ψ
φ

]

,P−1

[

ψ
φ

]〉

≥ ε ′
∣

∣

∣

∣

∣

∣

∣

∣

ψ
φ

∣

∣

∣

∣

∣

∣

∣

∣

2

(1.51)

for someε ′ > 0 and all

[

ψ
φ

]

∈ X. Furthermore,

〈[

ψ
φ

]

,P−1A

[

ψ
φ

]〉

+

〈

A

[

ψ
φ

]

,P−1

[

ψ
φ

]〉

=

〈

P−1

[

ψ
φ

]

,A PP−1

[

ψ
φ

]〉

+

〈

A PP−1

[

ψ
φ

]

,P−1

[

ψ
φ

]〉

.

Next, we note that if we defineK as in (1.41) andM as follows
(

M

[

x
yt

])

= M0x(t)+M1y(t − r)+
∫ 0
−r M2(s)y(t + s)ds.

Then (1.48)-(1.50) impliesK := MP−1. Now we define a new state

[

ψ̂
φ̂

]

=

P−1

[

ψ
φ

]

∈ X. Continuing, if u = K

[

x
yt

]

= K PP−1

[

x
yt

]

= MP−1

[

x
yt

]

,

then the closed-loop system is stable ifV̇ < 0, where

V̇ =

〈[

ψ̂
φ̂

]

,A P

[

ψ̂
φ̂

]〉

+

〈

A P

[

ψ̂
φ̂

]

,

[

ψ̂
φ̂

]〉

+

〈

FM

[

ψ̂
φ̂

]

,

[

ψ̂
φ̂

]〉

+

〈[

ψ̂
φ̂

]

,FM

[

ψ̂
φ̂

]〉

.

To show thatV̇ < 0, we examineA P andFM separately. First, we have

A P

[

ψ̂
φ̂

]

(s) =

[

Ψ
Φ(s)

]

, (1.52)

where

Ψ = APψ̂ +
∫ 0
−r AQ(s)φ̂(s)ds+BrQT(−r)ψ̂ +BS(−r)φ̂(−r)+

∫ 0
−r BR(−r,θ )φ̂(θ )dθ ,

Φ(s) = rQ̇T(s)ψ̂ + Ṡ(s)φ̂ (s)+S(s) ˙̂φ(s)+
∫ 0
−r

d
dsR(s,θ )φ̂ (θ )dθ .

Then,
〈[

ψ̂
φ̂

]

,A P

[

ψ̂
φ̂

]〉

=
∫ 0
−r ψ̂TΨds+

∫ 0
−r φ̂T(s)Φ(s)ds

= rψ̂TAPψ̂ + r
∫ 0
−r ψ̂TAQ(s)φ̂(s)ds+ rψ̂TBrQT(−r)ψ̂ + rψ̂TBS(−r)φ̂(−r)

+r
∫ 0
−r ψ̂TBR(−r,θ )φ̂(θ )dθ +

∫ 0
−r rφ̂T(s)Q̇T(s)ψ̂ds+

∫ 0
−r φ̂T(s)Ṡ(s)φ̂ (s)ds

+
∫ 0
−r

∫ 0
−r φ̂T(s) d

dsR(s,θ )φ̂ (θ )dsdθ +
∫ 0
−r φ̂T(s)S(s) ˙̂φ(s)ds
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=
∫ 0
−r





ψ̂
φ̂(−r)
φ̂ (s)





T 



AP+ rBQT(−r) BS(−r) Θ
0 0 0

rQ̇T(s) 0 Ṡ(s)









ψ̂
φ̂ (−r)
φ̂ (s)



ds

+
∫ 0
−r

∫ 0
−r φ̂T(s) ∂

∂sR(s,θ )φ̂ (θ )dsdθ +
∫ 0
−r φ̂T(s)S(s) ˙̂φ(s)ds,

where Θ = r(AQ(s) + BR(−r,s)). Since

[

ψ̂
φ̂ (s)

]

∈ X, we haveφ̂ (0) = Cψ̂ +

Dφ̂ (−r). Then,

∫ 0
−r φ̂T(s)S(s) ˙̂φ(s)ds

= φ̂T(0)S(0)φ̂(0)− φ̂T(−r)S(−r)φ̂(−r)−
∫ 0
−r φ̂T(s)Ṡ(s)φ̂ (s)ds−

∫ 0
−r

˙̂φT(s)S(s)φ̂ (s)ds
= 1

2

(

φ̂T(0)S(0)φ̂(0)− φ̂T(−r)S(−r)φ̂(−r)
)

− 1
2

∫ 0
−r φ̂T(s)Ṡ(s)φ̂ (s)ds

= 1
2

∫ 0
−r





ψ̂
φ̂ (−r)
φ̂ (s)





T 



1
r CTS(0)C 1

r (C
TS(0)D) 0

1
r (D

TS(0)C) − 1
r (S(−r)−DTS(0)D) 0

0 0 −Ṡ(s)









ψ̂
φ̂ (−r)
φ̂(s)



ds.

Thus,

V̇ =

〈[

ψ̂
φ̂

]

,A P

[

ψ̂
φ̂

]〉

+

〈

A P

[

ψ̂
φ̂

]

,

[

ψ̂
φ̂

]〉

+

〈

FM

[

ψ̂
φ̂

]

,

[

ψ̂
φ̂

]〉

+

〈[

ψ̂
φ̂

]

,FM

[

ψ̂
φ̂

]〉

.

=
∫ 0
−r





ψ̂
φ̂(−r)
φ̂ (s)





T 



Γ BS(−r)+FM1+
1
r (C

TS(0)D) ϒ
∗ − 1

r (S(−r)−DTS(0)D) 0
∗ ∗ Ṡ(s)









ψ̂
φ̂ (−r)
φ̂ (s)



ds

+
∫ 0
−r

∫ 0
−r φ̂T(s)

(

∂
∂sR(s,θ )+

∂
∂θ R(s,θ )

)

φ̂(θ )dsdθ ,

From conditions (1.43), (1.45) and (1.46), we haveV̇ < 0, which, along with (1.51)
means that the closed-loop system defined by (1.38)-(1.39) and (1.47) is stable.

Remark 1.WhenD = 0, System (1.38)-(1.39) may be written in the standard delay-
differential framework studied in [7] and [10]:

ẋ(t) = A0x(t)+A1x(t − r1)+Fu(t)
x(t) = φ(t).

The primary computational advantage of the differential-difference framework over
control of System (1.38)-(1.39) is that we can replaceA1 ∈R

n×n with BCwhereB∈
R

n×m andC ∈ R
m×n andm is typically strictly less thann. Because the dimension

of the decision variables in the optimization problem defined in this paper scale as
n+2m as opposed to 3n using the framework in [7] and [10], the complexity of
the resulting algorithm is significantly reduced.

Remark 2.Although not explicitly stated, in order to use SOS to enforce the con-
ditions of Theorem 1 and Proposition 1, we choose our decision variables to
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be polynomial and use SOSTOOLS and the Positivstellensatz to enforce positiv-
ity/negativity on the interval[−r,0]. This approach is described in more detail in
[7] and [10].

In the following, we present a numerical example to illustrate the controller ob-
tained from the condition in Proposition 1. We consider the following system with
a feedback controller as follows

ẋ(t) =

















0 0.5 0 0 0 0
−0.5 −0.5 0 0 0 0

0 1 0.1 1 0 0
0 0 −2 0.2 0 0
0 0 0 1 −2 0
0 0 0 0 0 −0.9

















x(t)+By(t− r)+Fu(t), (1.53)

y(t) =

[

−0.2 0 0 0 0 0
0 0 0 0 0 1

]

x(t), (1.54)

wherer = 1.6s,B=

[

0.5 0 0 0 0 0
0 0 0 0 0 1

]T

, F =
[

1 0 0 0 0 1
]T

. By using Proposition

1, together with the tools of MuPad, Matlab, SOSTOOLS and polynomials with
degree 2, we obtain the controller

u(t) = K0x(t)+

[

−0.239
−0.343

]T

y(t − r)+
∫ 0

−1.6
K2y(t + s)ds, (1.55)

K0 =
[

−1.874 2.232−0.830 3.099 0.030−1.033
]

,

K2 =

[

−0.246+0.221s+0.122s2−0.012s3−0.032s4

0.238−0.398s++0.007s2+0.037s3+0.010s4,

]T

.

Using Controller (1.55) coupled with System (1.53)-(1.54)we simulate the closed-
loop system, which is illustrated in Fig.1.

0 20 40 60 80 100
−4

−3

−2

−1

0

1

2

3

Time (s)

x
(t
)

Fig. 1.1 States of System (1.53)-(1.54) coupled with stabilizing Controller from Prop. 1
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1.5 CONCLUSIONS

In this chapter, we have obtained an analytic formulation for the inverse of jointly
positive multiplier and integral operators as defined in [7]. This formulation has the
advantage that it eliminates the need for either individualpositivity of the multiplier
and integral operators or the need to use a series expansion to find the inverse. This
inversion formula is applied to controller synthesis of coupled differential-difference
equations. The use of the differential-difference formulation has the advantage that
the size of the resulting decision variables is reduced, thereby allowing for control
of systems with larger numbers of states. These methods are illustrated by designing
a stabilizing controller for a system with 6 states and a 2-dimensional delay channel.
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