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Abstract— In this paper, we propose a new dual class of
stability condition for MIMO single-delay systems which is
based on the implicit existence of a Lyapunov-Krasovskii func-
tional but does not explicitly construct such a functional.This
new type of stability condition allows the controller synthesis
problem to be formulated as a convex optimization problem
with little or no conservatism using a variable transformation.
Furthermore, we show how to invert this variable transforma-
tion in order to obtain the stabilizing controller. The stability
and controller synthesis conditions are then enforced using
the SOS framework exploiting recent advances in this field.
Numerical testing verifies there is little to no conservatism
in either the “dual” stability test or the controller synthe sis
condition.

I. I NTRODUCTION

Systems with delay have been studied for some time [1],
[2], [3]. Recently, there have been many results on the use
of optimization and semidefinite programming for stability
of linear and nonlinear time-delay systems. Although the
computational question of stability of a linear state-delayed
system is believed to be NP-hard, several techniques have
been developed which use LMI methods [4] to construct
sequences of polynomial-time algorithms which provide
sufficient stability conditions and appear to converge to
necessity as the complexity of the algorithms increase. Ex-
amples of such sequential algorithms include the piecewise-
linear approach [2], the delay-partitioning approach [5],the
Wirtinger-based method [6] and the SOS approach [7]. In
addition, there are frequency-domain approaches such as [8],
[9]. These algorithms are sufficiently reliable so that for the
purposes of this paper, we consider the problem of stability
analysis of linear discrete-delay systems to be solved.

The purpose of this paper is to explore methods by which
the success in stability analysis of time-delay systems may
be used to attack what may be considered the relatively un-
derdeveloped field of robust and optimal controller synthesis.
Although there have been a number of results on controller
synthesis for time-delay systems [10], none of these results
has been able to resolve the fundamental bilinearity of the
synthesis problem. That is, controller synthesis requiresus to
find both a Lyapunov operatorP and a feedback operatorK.
Unfortunately, however, the bilinear, non-convex termPBK
appears in the synthesis conditions. Without convexity in the
decision variables, it is difficult to construct provably stabi-
lizing controllers without significant conservatism, muchless
address the problems of robust and quadratic stabilization.
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Some papers use iterative methods to alternately optimize
the Lyapunov operator and controller as in [11] or [12] (via
a “tuning parameter”). However, this iterative approach is
not guaranteed to converge. Meanwhile, approaches based on
frequency-domain methods, discrete approximation, or Smith
predictors result in controllers which are not provably stable
or are sensitive to variations in system parameters or in delay.
Finally, we mention that delays often occur in both state and
input and to date most methods do not provide a unifying
formulation of the controller synthesis problem with both
state and input delay.

This paper covers several significant results in a relatively
short conference format. As a result, discussion is often com-
pressed and the proofs are shortened, omitted, or referenced
to prior work. Full proofs and discussion will be treated in an
expanded future journal format. There are six main results we
must cover. First, we give a general dual stability condition
for a broad class of infinite-dimensional systems. Roughly
speaking, this result sayṡx = Ax is stable if there exists
a P > 0 such thatAP + PA∗ < 0 where if X is the set
of solutions,P(X) = X . We then apply this dual criterion
to single delay systems to get a dual version of Lyapunov-
Krasovskii theory. We then use LMIs to parameterize the set
of positive operators with polynomial multipliers and kernels
for which P > 0 andP(X) = X . We solve the resulting
LMIs numerically for several examples and demonstrate
that the results are not significantly conservative. We then
perform a variable substitution to get synthesis conditions of
the formAP + PA∗ + BZ + Z∗B∗ < 0 whereZ = KP .
We then parameterizeZ using polynomial multipliers and
kernels and solve the LMI as a test for stabilizability. We
propose a method for invertingP and use this to find the
controllerK = ZP−1. We then test the stabilizing controller
on a numerical example.
A. Notation

Notation includes the Hilbert spacesL2 of square inte-
grable functions andW2 := {x : x, ẋ ∈ L2} with domains
clear from context.C[X ] denotes the continuous functions on
X . Sn denotes the symmetric matrices of dimensionn× n.
In ∈ S

n denotes the identity matrix.
II. LYAPUNOV KRASOVSKII FUNCTIONALS

In this paper, we consider stability and control of linear
discrete-delay systems of the form

ẋ(t) = A0x(t) +A1x(t − τ) +Bu(t) for all t ≥ 0,

x(t) = φ(t) for all t ∈ [−τ, 0] (1)

where Ai ∈ Rn×n, B ∈ Rn×m and φ ∈ C[−τ, 0]. We
associate with any solutionx and any timet ≥ 0, the ‘state’



of System (1),xt ∈ C[−τ, 0], wherext(s) = x(t+s). When
u = 0, systems of the form (1) have a unique solution for any
φ ∈ C[−τ, 0] and global, local, asymptotic and exponential
stability are all equivalent.

Stability of Equations (1) may be certified through the
use of Lyapunov-Krasovskii functionals - an extension of
Lyapunov theory to systems with infinite-dimensional state-
space. In particular, it is known that stability of linear time-
delay systems isequivalentto the existence of a quadratic
Lyapunov-Krasovskii functional of the form

V (φ) =

∫ 0

−τ

[

φ(0)
φ(s)

]T

M(s)

[

φ(0)
φ(s)

]

ds

+

∫ 0

−τ

∫ 0

−τ

φ(s)TN(s, θ)φ(θ) ds dθ, (2)

where the Lie (upper-Dini) derivative of the functional is
negative along any solutionx of (1) and the unknown func-
tionsM andN are continuous in their respective arguments.
One may also assumeM = MT andN(s, θ) = N(θ, s)T .
Primal Lyapunov-Krasovskii Form: For reference, the
primal stability condition is

V (φ) =

∫ 0

−τ

[

φ(0)
φ(s)

]T [

M11 τM12(s)
τM21(s) τM22(s)

] [

φ(0)
φ(s)

]

ds

+ τ

∫ 0

−τ

∫ 0

−τ

φ(s)TN(s, θ)φ(θ)dθds

such thatV (φ) ≥ ‖φ(0)‖
2 and

VD(φ) =

0
∫

−τ





φ(0)
φ(−τ )
φ(s)





T




D11 +DT

11 D12 τD13(s)
DT

12 −M22(−τ ) τD23(s)
τD13(s)

T τD23(s)
T −τṀ22(s)









φ(0)
φ(−τ )
φ(s)



 ds

− τ

0
∫

−τ

0
∫

−τ

φ(s)T
(

d

ds
N(s, θ) +

d

dθ
N(s, θ)

)

φ(θ)dθds ≤ −ǫ ‖φ‖2

D11 = M11A0 +M12(0) +
1

2
M22(0),

D12 = M11A1 −M12(−τ ), D23 = A
T

1 M12(s)−N(−τ, s)

D13 = A
T

0 M12(s)− Ṁ12(s) +N(0, s).

The use of Lyapunov-Krasovskii functionals can be sim-
plified by considering stability in the semigroup framework
- a generalization of the concept of differential equations. A
‘strongly continuous semigroup’ is an operator,S(t) : Z →
Z, defined by the Hilbert spaceZ, which for any solution of
Eqn. (1),x, satisfiesxt+s = S(s)xt. Note that for a given
Z, the semigroup may not exist even if the solution exists
for any initial conditions inZ. Associated with a semigroup
on Z is an operatorA, called the ‘infinitesimal generator’
which satisfies d

dt
S(t)φ = AS(t)φ

for any φ ∈ X . The spaceX ⊂ Z is often referred to as
the domain of the generatorA, and is the space on which
the generator is defined and need not be a closed subspace
of Z. In this paper we will refer toX as the ‘state-space’.

For System (1), following the approach in [13], we define
Z := {Rn × L2} and

A

[

x1

x2

]

(s) :=

[

A0x1 +A1x2(−τ)
ẋ2(s)

]

.

The state-space isX := {
[

xT
1 xT

2

]T
∈ L2n

2 : x2 ∈
W2 andx2(0) = x1} which is not closed inZ. Using
these definitions ofA, Z andX , the “complete-quadratic”
Lyapunov functional (2) can be compactly represented as

V (φ) =

〈[

φ(0)
φ

]

,P{M,N}

[

φ(0)
φ

]〉

L2

where we define the notation

P{M,N}

[

x1

x2

]

:= M(s)

[

x1

x2(s)

]

+

∫ 0

−τ

N(s, θ)

[

x1

x2(θ)

]

dθ.

That is, the Lyapunov functional is defined by a multiplier
and integral operator whose multiplier and kernel are un-
known. Likewise, the derivative of the functional can be
represented as

V̇ (φ) =

〈[

φ(0)
φ

]

,PA

[

φ(0)
φ

]〉

L2

+

〈

A

[

φ(0)
φ

]

,P

[

φ(0)
φ

]〉

L2

.

In fact, it is known [13] that a strongly continuous semigroup
defined by a linear operatoṙx = Ax on Hilbert spaceX is
exponentially stable if and only if there exists a positive self-
adjoint operatorP such that

〈Ax,Px〉Z + 〈x,PAx〉Z ≤ −ǫ ‖x‖

for all x ∈ X and someǫ > 0.
III. A D UAL STABILITY CONDITION

In this section, we propose a general form of dual sta-
bility condition which relies on the implicit existence of a
Lyapunov-Krasovskii functional.

Theorem 1:Suppose thatA generates a strongly contin-
uous semigroup onL2 with domain X . Further suppose
there exists a linear bounded coercive operatorP with image
P (X) = X which is self-adjoint with respect to theL2 inner
product and

〈APx, x〉 + 〈x,APx〉 ≤ −ǫ 〈x, x〉

for all x ∈ X and someǫ > 0. Then the dynamical system
ẋ(t) = Ax generates an exponentially stable semigroup.

Proof: BecauseP is coercive, self-adjoint andP (X) =
X , the inverse exists, is coercive, bounded, self-adjoint and
P−1 : X → X . Define the Lyapunov function

V (y) =
〈

y, P−1y
〉

wherey ∈ X and with derivative
V̇ (y) =

〈

ẏ, P−1y
〉

+
〈

y, P−1ẏ
〉

=
〈

Ay, P−1y
〉

+
〈

P−1y,Ay
〉

.

Now definex = P−1y ∈ X . Theny = Px and
V̇ (y) =

〈

Ay, P−1y
〉

+
〈

P−1y,Ay
〉

= 〈APx, x〉+ 〈x,APx〉

≤ −ǫ 〈x, x〉 = −ǫ
〈

y, P−1P−1y
〉

≤ −α 〈y, y〉

where the last inequality holds for someα > 0 by bound-
edness ofP . Negativity of the derivative of the Lyapunov
function implies exponential stability in the square norm of
the state by, e.g. [13] or by the invariance principle.



IV. OPERATORS WITHP = P ∗ AND P (X) = X
In order to satisfy the dual stability condition, we must

restrict ourselves to a class of operators which are self-adjoint
with respect to the given inner-product and which preserve
the structure of the state-space (mapX to X). Note that the
constraintP (X) = X may add conservatism sinceX is not a
closed subspace ofZ. However,X is compactly embedded
in Z and it may be possible to use a density argument to
show this constraint is not conservative.

First recall that the state-space isX := {
[

xT
1 xT

2

]T
∈

L2n
2 : x2 ∈ W2 andx2(0) = x1} . To preserve this

structure, we consider operators of the form

(Px)(s) :=

[

y1
y2(s)

]

(3)

=

[

τ(R(0, 0) + S(0))x1 +
∫ 0

−τ
R(0, s)x2(s)ds

τR(s, 0)x2(0) + τS(s)x2(s) +
∫ 0

−τ
R(s, θ)x2(θ)dθ,

]

whereR andS are continuous. It is easy to show thatP is
a bounded linear operator andP : X → X . Furthermore,P
is self-adjoint, as indicated in the following lemma.

Lemma 2:Suppose thatR(s, θ) = R(θ, s)T andS(s) ∈
Sn. Then the operatorP , as defined in Equation (3), is self-
adjoint with respect to theL2 inner product.

Proof: The operatorP : X → X is self-adjoint with
respect to the inner product〈·, ·〉L2

if 〈y, Px〉L2
= 〈Py, x〉L2

for any x, y ∈ X . By exploiting the structure ofP andX ,
we have the following.

〈y, Px〉
L2

=

∫

0

−τ

[

y1
y2(s)

]T

·

[

τ (R(0, 0) + S(0))x1 +
∫

0

−τ
R(0, θ)x2(θ)dθ

τR(s,0)x2(0) + τS(s)x2(s) +
∫

0

−τ
R(s, θ)x2(θ)dθ

]

ds

=

∫

0

−τ

[

y1
y2(s)

]

T
[

τ (R(0, 0) + S(0)) τR(0, s)
τR(s, 0) τS(s)

] [

x1

x2(s)

]

ds

+

∫

0

−τ

∫

0

−τ

[

y1
y2(s)

]

T
[

0 0
0 R(s, θ)

] [

x1

x2(θ)

]

dsdθ

=

∫

0

−τ

(

[

τ (R(0, 0) + S(0)) τR(0, s)
τR(s, 0) τS(s)

]T [

y1
y2(s)

]

)T

·

[

x1

x2(s)

]

ds+

∫

0

−τ

∫

0

−τ

[

0
R(s, θ)T y2(s)

]T [

x1

x2(θ)

]

ds dθ

=

∫

0

−τ

[

(τR(0, 0) + S(0))y1 + τR(0, s)y2(s)

τR(s, 0)y1+τS(s)y2(s)+
∫

0

−τ
R(θ, s)T y2(θ)dθ

]T[

x1

x2(s)

]

ds

=

∫

0

−τ

[

τ (R(0, 0) + S(0))y1 +
∫

0

−τ
R(0, θ)y2(θ)dθ

τR(s, 0)y2(0) + τS(s)y2(s) +
∫

0

−τ
R(s, θ)y2(θ)dθ

]

T

·

[

x1

x2(s)

]

ds = 〈Py, x〉
L2

V. DUAL STABILITY CONDITIONS: SINGLE DELAY

In this section, we apply the structured operator in Sec-
tion IV to the dual stability condition in Thm. 1 to establish
conditions for stability in the single-delay case. Note that we
do not yet discuss how to enforce these conditions.

Theorem 3:Suppose there existǫ > 0 and functions
S ∈ Wn×n

2 [−τ, 0] andR ∈ Wn×n
2 [[−τ, 0]× [−τ, 0]] where

R(s, θ) = R(θ, s)T andS(s) ∈ S
n such that〈x,Px〉L2n

2
≥

ǫ ‖x‖
2 for all x ∈ X whereP is defined as in Eqn. (3) and

〈





x

φ(−τ)
φ



 ,D





x

φ(−τ)
φ





〉

L3n
2

≤ −ǫ

∥

∥

∥

∥

[

x

φ

]∥

∥

∥

∥

2

L2n
2

for all
[

xT φT
]T

∈ X and where



D





x
y
φ







 (s) =









D0

[

x
y

]

+
∫

0

−τ
V (s)φ(s)ds

τV (s)T
[

x
y

]

+ τ Ṡ(s)φ(s) +
0
∫

−τ

G(s, θ)φ(θ)dθ









where

D0 :=

[

C11 + CT
11 C12

CT
12 C22

]

, V (s) =

[

C13(s)
0

]

,

C11 := τA0(R(0, 0) + S(0)) + τA1R(−τ, 0) +
1

2
S(0),

C12 := τA1S(−τ), C22 := −S(−τ),

C13(s) := A0R(0, s) +A1R(−τ, s) + ∂sR(s, 0)T ,

G(s, θ) :=
d

ds
R(s, θ) +

d

dθ
R(s, θ).

Then the system defined by Eqn. (1) is exponentially stable.
Proof: Define the operatorsA and P as above. By

Lemma 2,P is self-adjoint andP : X → X . This, combined
with P coercive can be used to showP(X) = X . Then by
Theorem 1 the system is exponentially stable if
〈

AP

[

x

φ

]

,

[

x

φ

]〉

L2n
2

+

〈[

x

φ

]

,AP

[

x

φ

]〉

L2n
2

≤ −

∥

∥

∥

∥

[

x

φ

]∥

∥

∥

∥

L2n
2

for all

[

x

φ

]

∈ X . We begin by constructingAPx.
(

AP

[

x
φ

])

(s) :=

[

y1
y2(s)

]

, where

y1 = τA0(R(0, 0) + S(0))x+

∫

0

−τ

A0R(0, s)φ(s)ds

+ A1

(

τR(−τ,0)φ(0) + τS(−τ )φ(−τ ) +

∫

0

−τ

R(−τ, θ)φ(θ)dθ
)

y2(s) = τ
d

ds
R(s, 0)φ(0) + τ Ṡ(s)φ(s) + τS(s)φ̇(s)

+

∫

0

−τ

d

ds
R(s, θ)φ(θ)dθ.

Thus

〈[

x

φ

]

,AP

[

x

φ

]〉

:= τxT y1 +

∫ 0

−τ

φ(s)T y2(s)ds.

Examining these terms separately and usingx = φ(0), we
have
τx

T
y1 = τ

2
x
T
A0(R(0, 0) + S(0))x

+ τ

∫

0

−τ

x
T
A0R(0, s)φ(s)ds+ τx

T
A1τR(−τ,0)φ(0)

+ τ
2
x
T
A1S(−τ )φ(−τ ) + τ

∫

0

−τ

x
T
A1R(−τ, θ)φ(θ)dθ

=

∫

0

−τ

(

x
T
τA0(R(0, 0) + S(0))x+ τx

T
A0R(0, s)φ(s)

)

ds

+

∫

0

−τ

(xT
τA1R(−τ, 0)x+ x

T
τA1S(−τ )φ(−τ ))ds

+

∫

0

−τ

τx
T
A1R(−τ, s)φ(s)ds =

∫

0

−τ





x
x(−τ )
x(s)





T

·





τA0(R(0, 0) + S(0)) + τA1R(−τ, 0) ∗T ∗T
τ

2
S(−τ )TAT

1 0 ∗T
τ

2
R(0, s)TAT

0 + τ

2
R(−τ, s)TAT

1 0 0









x
x(−τ )
x(s)



 ds.



Examining the second term, we get
∫

−τ

φ(s)T y2(s)ds =

∫

−τ

φ(s)T τ
(

∂sR(s, 0)φ(0) + Ṡ(s)φ(s)
)

ds

+

∫

0

−τ

φ(s)T τS(s)φ̇(s)ds+

∫

0

−τ

∫

0

−τ

φ(s)T
d

ds
R(s, θ)φ(θ)dθds

=

∫

−τ

τφ(s)T
(

∂sR(s, 0)φ(0) + Ṡ(s)φ(s)
)

ds

+
τ

2
x
T
S(0)x−

τ

2
φ(−τ )TS(−τ )φ(−τ )

−
1

2

∫

0

−τ

τφ(s)T Ṡ(s)φ(s)ds

+

∫

0

−τ

∫

0

−τ

φ(s)T
d

ds
R(s, θ)φ(θ)dθds

=

∫

0

−τ





x
x(−τ )
x(s)





T



1

2
S(0) ∗T ∗T

0 − 1

2
S(−τ ) ∗T

τ

2
∂sR(s, 0) 0 τ

2
Ṡ(s)









x
x(−τ )
x(s)



 ds

+

∫

0

−τ

∫

0

−τ

φ(s)T
d

ds
R(s, θ)φ(θ)dθds.

Combining both terms, and using symmetry of the inner
product, we get
〈[

x

φ

]

,AP

[

x

φ

]〉

+

〈

AP

[

x

φ

]

,

[

x

φ

]〉

=

∫ 0

−τ





x

x(−τ)
x(s)





T 



C11 + CT
11 C12 τC13(s)

CT
12 C22 0n

τC13(s)
T 0n τṠ(s)









x

x(−τ)
x(s)



 ds

+

∫ 0

−τ

∫ 0

−τ

φ(s)T
(

d

ds
R(s, θ) +

d

dθ
R(s, θ)

)

φ(θ)dθds

=

〈





x

φ(−τ)
φ



 ,D





x

φ(−τ)
φ





〉

L3n
2

≤ −ǫ

∥

∥

∥

∥

[

x

φ

]
∥

∥

∥

∥

2

L2n
2

.

Therefore, we conclude that Thm. 1 is satisfied and hence
System (1) is exponentially stable.
Dual Lyapunov-Krasovskii Form: To summarize the re-
sults of Theorem 3 in a more traditional Lyapunov-
Krasovskii format, the system is stable if there exists a

V (φ)

=

∫ 0

−τ

[

φ(0)
φ(s)

]T [

τ(R(0, 0) + S(0)) τR(0, s)
τR(s, 0) τS(s)

] [

φ(0)
φ(s)

]

ds

+

∫ 0

−τ

∫ 0

−τ

φ(s)TR(s, θ)φ(θ)dθds

such thatV (φ) ≥

∥

∥

∥

∥

[

φ(0)
φ

]∥

∥

∥

∥

2

and

VD(φ)

=

∫

0

−τ





φ(0)
φ(−τ )
φ(s)





T 



C11 + CT

11 C12 τC13(s)
CT

12 C22 0n
τC13(s)

T 0n τ Ṡ(s)









φ(0)
φ(−τ )
φ(s)



 ds

+

∫

0

−τ

∫

0

−τ

φ(s)T
(

d

ds
R(s, θ) +

d

dθ
R(s, θ)

)

φ(θ)dθds

≤ −ǫ

∥

∥

∥

∥

[

φ(0)
φ

]
∥

∥

∥

∥

.

Note that unlike the standard Lyapunov-Krasovskii func-
tions, the derivative of the dual functional has tri-diagonal
structure.

VI. LMI CONDITIONS FORPOSITIVITY OF MULTIPLIER

AND INTEGRAL OPERATORS

In this Section, we define LMI-based conditions for posi-
tivity of operators of the form

(PM,Nx) (s) := M(s)x(s) +

∫ 0

−τ

N(s, θ)x(θ)dθ. (4)

where x ∈ Ln
2 [−τ, 0] and M and N are continuous.

Note that we initially consider positivity of the operator on
Lm+n
2 [−τK , 0] and not the subspaceRm × Ln

2 [−τK , 0].
To enforce positivity we use the result in [14] which is

based on the observation that a positive operator will always
have a square root.

Theorem 4:For any functionsY1 : [−τ, 0] → Rm1×n and
Y2 : [−τ, 0]×[−τ, 0] → Rm2×n, square integrable on[−τ, 0]
with g(s) ≥ 0 for s ∈ [−τ, 0], suppose that

M(s) = g(s)Y1(s)
TQ11Y1(s)

N(s, θ) = g(s)Y1(s)Q12Y2(s, θ) + g(θ)Y2(θ, s)
TQT

12Y1(θ)

+

∫ 0

−τK

g(ω)Y2(ω, s)
TQ22Y2(ω, θ) dω

whereQij ∈ R
mi×mj and

Q =

[

Q11 Q12

QT
12 Q22

]

≥ 0.

Then forPM,N as defined in Equation (4),〈x,PM,Nx〉
Ln

2

≥

0 for all x ∈ Ln
2 [−τ, 0].

The proof of Theorem 4 can be found in [14].
Thm. 4 gives a linear parametrization of a cone of positive

operators using positive semidefinite matrices. For this paper,
we chooseY1(s) := Zd(s)⊗In andY2(s, θ) := Zd(s, θ)⊗In
whereZd is the vector of monomials of degreed or less.
For the intervals ∈ [−τ, 0], we can chooseg1(s) = 1 or
g2 = −s(s + τ). Inclusion of g 6= 1 is a variation of the
classical Positivstellensatz approach to local positivity, as
can be found in, e.g. [15], [16], [17]. To improve accuracy,
we typically use a combination of both although we may
set Q12, Q21, Q22 = 0 for the latter to reduce the number
of variables. To simplify notation, throughout the paper, we
will use the notation{M,N} ∈ Ξd,n to denote the LMI
constraints on the coefficients of the polynomialsM,N

implied by the conditions of Thm. 4 using a combination
of g(s) = 1 andg = −s(s+ τ) as

Ξd,n :=

{

{M,N} :
M=M1+M2, N=N1+N2, where{M1, N1}
and{M2, N2} satisfy Thm. 4 withg1 = 1 and

g2 = −s(s + τ), respectively
andY1 = Zd ⊗ In, Y2 = Zd ⊗ In.

}

A. A Class of Spacing Functions

Thm. 4 enforces positivity overLn
2 . However, we only

need positivity on the subspacesRn×Ln
2 andRn×Rn×Ln

2 .
To this end, we introduce a set of free-variables we call
spacing functions which can be added to the multipliers and
kernels without changing the integral and which act as a
projection onto the lower-dimensional subspace.



Theorem 5:Suppose thatF andH are defined as

F (s) =











K(s) +
0
∫

−τ

0
∫

−τ

L11(ω,t)
τ

dωdt
0
∫

−τ

L12(ω, s)dω

0
∫

−τ

L21(s, ω)dω 0











H(s, θ) = −

[

L11(s, θ) L12(s, θ)
L21(s, θ) 0

]

for some square-integrable functionsK and Lij where
K(s) ∈ Rm×m, L11(s, θ) ∈ Rm×m, andL12(s, θ) ∈ Rm×n

such that
∫ 0

−τ
K(s)ds = 0. If

T z(s) := F (s)z(s) +

∫ 0

−τ

H(s, θ)z(θ) dθ

then for anyz ∈ Rm × Ln
2 ,

〈z, T z〉Lm+n
2

= 0.
Proof: The proof is straightforward.

For simplicity, we use{F,H} ∈ Θm,n to denote the
conditions of Thm. 5 which is a set of linear equality
constraints on the coefficients of the polynomials which
defineF andH .

Θm,n := {{F,H} : F,H satisfy the conditions of Thm. 5.}

VII. D UAL STABILITY USING SOS/LMIS

We now state an LMI representation of the dual stability
condition for a single delay system.

Theorem 6:Suppose there existd ∈ N, constantǫ > 0,
functionsS ∈ Wn×n

2 [−τ, 0], R ∈ Wn×n
2 [[−τ, 0]× [−τ, 0]],

{F1, H1} ∈ Θn,n, and{F2, H2} ∈ Θ2n,n whereR(s, θ) =
R(θ, s)T andS(s) ∈ Sn such that

{M,N} ∈ Ξd,2n and {−D,−E} ∈ Ξd,3n

where

M(s) =

[

τR(0, 0) + τS(0) τR(0, s)
τR(s, 0) τS(s)

]

+ F1(s)− ǫI2n,

N(s, θ) =

[

0n 0n
0n R(s, θ)

]

+H1(s, θ),

D(s) :=

[

D0 τV (s)

τV (s)T τṠ(s) + ǫIn

]

+ F2(s),

D0 :=

[

C11 + CT
11 + ǫIn C12

CT
12 C22

]

, V (s) =

[

C13(s)
0

]

,

C11 := τA0(R(0, 0) + S(0)) + τA1R(−τ, 0) +
1

2
S(0),

C12 := τA1S(−τ), C22 := −S(−τ),

C13(s) := A0R(0, s) +A1R(−τ, s) + ∂sR(s, 0)T ,

E(s, θ) :=

[

02n 02n,n
0n,2n G(s, θ)

]

+H2(s, θ)

G(s, θ) :=
d

ds
R(s, θ) +

d

dθ
R(s, θ).

Then the system defined by Eqn (1) is exponentially stable.
Proof: The proof follows immediately from Thms. 4

and 5 applied to Thm. 3

VIII. N UMERICAL TESTING OFDUAL STABILITY
In this section, we apply the dual stability condition to

two numerical examples in order to verify that the proposed
dual stability conditions are not significantly conservative. In
each case, we list the maximum provable stable value as a
function of degreed. The computation time is listed in CPU
seconds on an Intel i7-5960X 3.0GHz processor. This time
corresponds to the interior-point (IPM) iteration in SeDuMi
and does not account for preprocessing, postprocessing, or
for the time spent on polynomial manipulations formulating
the SDP using SOSTOOLS. Such polynomial manipulations
can significantly exceed SDP computation time.

a) Example A: First, we consider a scalar example
which is known to be stable forτ ≤ π

2 .

ẋ(t) = −x(t− τ)

d 1 2 3 4 analytic
τmax 1.408 1.5707 1.5707 1.5707 1.5707

CPU sec .18 .21 .25 .47

b) Example B: Next, we consider a well-studied 2-
state, single delay system.

ẋ(t) =

[

0 1
−2 .1

]

x(t) +

[

0 0
1 0

]

x(t− τ)

d 1 2 3 4 limit
τmax 1.6581 1.716 1.7178 1.7178 1.7178
τmin .10019 .10018 .10017 .10017 .10017

CPU sec .25 .344 .678 1.725

To illustrate computational scaling, tests were performedon
10-state and 20-state single delay systems using polynomial
degree 2. Computation times were 22s and 951s, respectively.

IX. FULL -STATE FEEDBACK
Given a dual stability condition, it is easy to construct a

synthesis condition for full-state feedback.
Corollary 7: Suppose thatA generates a strongly contin-

uous semigroup onL2 with domainX and B : U → X .
Further suppose there exists a bounded coercive operator
P : X → X which is self-adjoint with respect to theL2

inner product and an operatorZ : X → U such that

〈(AP +BZ)x, x〉 + 〈x, (AP + BZ)x〉 ≤ − 〈x, x〉

for all x ∈ X . Let K = ZP−1. Then the dynamical
system ẋ(t) = (A+BK)x generates an exponentially
stable semigroup.

Proof: The proof follows immediately from Theorem 1
with Z = KP .

X. EXISTENCE OF ASTABILIZING CONTROLLER

For time-delay systems, there are several different formu-
lations of the controller synthesis problem. Some of these
are not full-state feedback. For example, if we seek aK

such thatu(t) = Kx(t) is stabilizing, this is, in fact, output
feedback, as it only uses part of the statext. Others, such
as input delay are full-state feedback with a delay in the
input operatorB. In this paper, however, we will consider
the simplest form of state-feedback where

ẋ(t) = A0x(t) +A1x(t− τ) +B0u(t).

and we seek a mapu(t) = Kxt whereK : X → Rm. In



this case,B : Rm → X has the simple form

(Bu)(s) :=

[

B0u

0

]

.

In the following theorem, we suppose that variable operator
Z : X → Rm has the form

(Zx)(s) = Z0x1 + Z1x2(−τ) +

∫ 0

−τ

Z2(s)x2(s)ds.

Theorem 8:Suppose there existd ∈ N, constantǫ > 0,
matricesZ0 ∈ R

m×n, Z1 ∈ R
m×n and polynomialsZ2 ∈

Wm×n
2 [−τ, 0], S ∈ Wn×n

2 [−τ, 0], R ∈ Wn×n
2 [[−τ, 0] ×

[−τ, 0]], {F1, H1} ∈ Θn,n, and {F2, H2} ∈ Θ2n,n where
R(s, θ) = R(θ, s)T andS(s) ∈ Sn such that

{M,N} ∈ Ξd,2n and {−D − L,−E} ∈ Ξd,3n (5)

whereM,N,D,E are as defined in Thm. 6 and

L(s) :=





L11 + LT
11 ∗T ∗T

LT
12 0 ∗T

L13(s)
T 0 0





L11 = B0Z0, L12 = B0Z1, L13(s) = τB0Z2(s). (6)

Then the delayed System (1) is full-state feedback stabiliz-
able. Furthermore, let

(P−1
1 x)(s) = Y0(s)x1 + Y1(s)x2(s) +

∫ 0

−τ

Y2(s, θ)x(θ)dθ

be the inverse of

(P1x)(s)= τR(s,0)x2(0) + S(s)x2(s) +

∫ 0

−τ

R(s, θ)x2(θ)dθ

( Which can be found via Thm. 9). Then a stabilizing
controller is

u(t) = K0x(t) +K1x(t− τ) +

∫ 0

−τ

K2(s)x(t+ s)ds

where

K0 =Z0Y0(0)+Z1Y0(−τ)+

∫ 0

−τ

Z2(s)Y0(s)ds+Z0Y1(0)

K1 = Z1Y1(−τ)

K2(s) = Z0Y2(0, s) + Z1Y2(−τ, s) + Z2(s)Y1(s)

+

∫ 0

−τ

Z2(θ)Y2(θ, s)dθ.

Note on Inverse:The proof is stated using the decomposi-

tion of (Px)(x) =

[

(P1x)(0)
(P1x)(s)

]

whereP1 is as defined in the

theorem. This is because we have an analytic expression for
the inverse ofP1 (in Thm. 9). Recently, new expressions have
been proposed for the inverse ofP in [18], and the reader
may want to consider use of these expressions. Of course,

in this case, we still have(P−1x)(x) =

[

(P−1
1 x)(0)

(P−1
1 x)(s)

]

, and

one may therefore use the expression forP−1 to extract the
expression forP−1

1 .
Proof: Define the operatorsA, P,B andZ as above.

By Condition 5 and by Thms. 4 and 5, and sinceM,N are as

defined in Thm. 6 for the givenǫ, the operatorP is coercive.
This implies that by Cor. 7 for the inputu(t) = ZP−1xt,
the closed system is exponentially stable if

〈APx, x〉 + 〈x,APx〉 + 〈BZx, x〉+ 〈x,BZx〉 ≤ − 〈x, x〉 .

The APx terms have already been detailed in the proof of
Thm. 3. We now expand the remaining〈x,BZx〉 terms:

BZx =

[

B0Z0x1 +B0Z1x2(−τ) +
∫ 0

−τ
B0Z2(s)x2(s)ds

0

]

This yields

〈x,BZx〉

=

∫ 0

−τ

(

xT
1 B0Z0x1+ xT

1 B0Z1x2(−τ)+ τxT
1 B0Z2(s)x2(s)

)

ds

=

∫ 0

−τ





x1

x(−τ)
x(s)





T 



L11 ∗T ∗T
1
2L

T
21 0 ∗T

1
2L

T
31 0 0









x1

x(−τ)
x(s)



 ds.

Combining〈APx, x〉 and 〈x,BZx〉, by Condition 5, by
application of Thms. 4 and 5 and by Thm. 3, we have
stability of the closed-loop system. We now constructK

directly as

u = Kx = ZP−1x = Z

[

(P−1
1 x)(0)

(P−1
1 x)(s)

]

= Z

[

y1
y2

]

= Z0y1 + Z1y2(−τ) +

∫ 0

−τ

Z2(s)y2(s)ds

= Z0

(

Y0(0)x1 + Y1(0)x1 +

∫ 0

−τ

Y2(0, s)x2(s)ds

)

+ Z1

(

Y0(−τ)x1+Y1(−τ)x2(−τ)+

∫ 0

−τ

Y2(−τ, s)x2(s)ds

)

+

∫ 0

−τ

Z2(s)Y0(s)x1ds+

∫ 0

−τ

Z2(s)Y1(s)x2(s)ds

+

∫ 0

−τ

∫ 0

−τ

(Z2(s)Y2(s, θ)) x2(θ) ds dθ

=

(

Z0Y0(0)+Z1Y0(−τ)+

∫ 0

−τ

Z2(s)Y0(s)ds+Z0Y1(0)

)

x1

+ Z1Y1(−τ)x2(−τ)

+

∫ 0

−τ

(

Z0Y2(0, s) + Z1Y2(−τ, s) + Z2(s)Y1(s)

+

∫ 0

−τ

Z2(θ)Y2(θ, s)dθ

)

x2(s)ds

XI. I NVERTING THE POSITIVE OPERATOR

In order to construct the controller defined in Thm. 8, one
must obtain the inverse of the operator

(P1x)(s)= τR(s,0)x2(0) + τS(s)x2(s) +

∫ 0

−τ

R(s, θ)x2(θ)dθ

Since(Px)(s) =

[

(P1x2)(0)
(P1x2)(s)

]

, (P−1y)(s) =

[

(P̄−1y2)(0)
(P̄−1y2)(s)

]

and hence invertibility ofP is equivalent to invertibility of



P1 and sinceP is invertible,P1 is likewise. Moreover, it is
substantially simpler to invertP1 since this inversion is on the
spaceW2[−τ, 0] and not the mixed state-space. Moreover,
in [19], we gave an analytic formulation of the inverse of
operators of the form

M(s)x2(s) +

∫ 0

−τ

N(s, θ)x2(θ)dθ

whenM andN satisfy certain stronger positivity conditions.
For the weaker conditions defined by Thm. 4, the inverse was
constructed in, e.g. [20] using a power series expansion. We
quote the result in [19].

Theorem 9:Consider the linear operatorP defined by

Px(s) = M(s)x(s) +

∫

I

N(s, θ)x(θ)dθ,

whereM(s) > 0 for all s ∈ I andN has a representation
N(s, θ) = Z(s)TRZ(θ). Define the linear operator̂P by

P̂ x(s) = M(s)−1x(s) +

∫

I

N̂(s, θ)x(θ)dθ

Where

N̂(s, θ) = M(s)−1Z(s)TQZ(θ)M(θ)−1

Q = −R(S−1 +R)−1S−1

S =

∫

I

Z(s)M(s)−1Z(s)Tds.

Then P̂Px = PP̂x = x for any integrable functionx.

In this paper, we expand this inversion formula to cover
a broader class of operator which includes the term
τR(s,0)x2(0) and show that this inverse has the required
form. Specifically, we have the following.

Theorem 10:DefineL = L1 + L2, where

(L1x)(s) := K(s)x(0)

(L2x)(s) := M(s)x(s) +

∫

I

N(s, θ)x(θ) dθ.

Suppose thatL2 is invertible with

(L−1
2 x)(s) = Q(s)x(s) +

∫

I

R(s, θ)x(θ) dθ

and thatρ(J) < 1, where

J := Q(0)K(0) +

∫

I

R(0, s)K(s) ds.

Then

((L1 + L2)
−1x)(s) :=

Y0(s)x(0) + Y1(s)x(s) +

∫

I

Y2(s, θ)x(θ) dθ

where

Y0(s) = −H(s)(I + J)−1Q(0) Y1(s) = Q(s)

Y2(s, θ) = R(s, θ)−H(s)(I + J)−1R(0, θ)

H(s) = Q(s)K(s) +

∫

I

R(s, θ)K(θ) dθ.

Proof: The proof is a straightforward application of the
power series expansion of(L1 + L2)

−1.

(L1 + L2)
−1= L−1

2

∞
∑

i=0

(−L1L
−1
2 )i=

[

∞
∑

i=0

(−L−1
2 L1)

i

]

L−1
2

= L−1
2 − L−1

2 L1

[

∞
∑

i=0

(−L−1
2 L1)

i

]

L−1
2

which converges ifρ(L−1
2 L1) < 1. However, we have that

(L−1
2 L1x)(s) = Q(s)(L1x)(s) +

∫ 0

−τ

R(s, θ)(L1x)(θ) dθ

= Q(s)K(s)x(0) +

∫ 0

−τ

R(s, θ)K(θ)x(0) dθ

=

(

Q(s)K(s) +

∫ 0

−τ

R(s, θ)K(θ) dθ

)

x(0).

Repeating the operator yields

(L−1
2 L1(L

−1
2 L1x))(s)

=

(

Q(s)K(s) +

∫ 0

−τ

R(s, θ)K(θ) dθ

)

(L−1
2 L1x)(0).

However,

(L−1
2 L1x)(0) =

(

Q(0)K(0) +

∫ 0

−τ

R(0, θ)K(θ) dθ

)

x(0)

= Jx(0).

Therefore,

(L−1
2 L1(L

−1
2 L1x))(s)

=

(

Q(s)K(s) +

∫ 0

−τ

R(s, θ)K(θ) dθ

)

Jx(0).

By induction, we conclude

(L−1
2 L1(L

−1
2 L1)

kx)(s)

=

(

Q(s)K(s) +

∫

I

R(s, θ)K(θ) dθ

)

Jkx(0).

Including the summation, we get

L−1
2 L1

[

∞
∑

i=0

(−L−1
2 L1)

i

]

x

=

(

Q(s)K(s) +

∫

I

R(s, θ)K(θ) dθ

)

[

∞
∑

i=0

(−J)k

]

x(0)

= H(s)(I + J)−1x(0),

whereH(s) = Q(s)K(s) +
∫

I
R(s, θ)K(θ) dθ. Therefore,

simple substitution and algebraic manipulation yields
(

(L1 + L2)
−1x

)

(s) = Q(s)x(s) +

∫

I

R(s, θ)x(θ) dθ

−H(s)(I + J)−1

[

Q(0)x(0) +

∫

I

R(0, θ)x(θ) dθ

]

= −H(s)(I + J)−1Q(0)x(0) +Q(s)x(s)

+

∫

I

(

R(s, θ)−H(s)(I + J)−1R(0, θ)
)

x(θ) dθ

= Y0(s)x(0) + Y1(s)x(s) +

∫

I

Y2(s, θ)x(θ) dθ.
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Fig. 1. A Matlab DDE23 simulation of System (7) with Controller (8) and
delay τ = 5s.

XII. N UMERICAL RESULTS

c) Synthesis Condition:After a non-exhaustive search,
we have yet to find a result which cannot be replicated
using the method described here. However, this comparison
is somewhat unfair, as most “state-feedback” results in the
literature typically only usex(t) or x(t − τ) and hence are
working with more limited information. Often such results
are appropriately justified by a presumed lack of knowledge
of the delay. However, in such a case, the approach is not
truly state feedback and should rather be considered output
feedback, a topic we leave for future work. To illustrate our
approach, we consider the commonly referenced dynamical
system

ẋ(t) =

[

0 0
0 1

]

x(t) +

[

−2 −.5
0 −1

]

x(t− τ) +

[

0
1

]

u(t). (7)

This system was stabilized using non-convex itera-
tive/“tuning parameter” methods in e.g. [11] and [12] for
τ < 1 (using onlyx(t)). We applied the methods of this
paper for τ = 5 using simple degree 2 polynomials and
obtained the following exponentially stabilizing controller.

u(t) =

[

−3601
−944

]T

x(t) +

[

−.00891
.872

]T

x(t− τ) (8)

+

∫ 0

−5

[

52.1 + 6.98s+ .00839s2 − .0710s3

12.7 + 1.50s− .0407s2 − .0190s3

]T

x(t+ s)ds

These results were obtained using a combination of Mat-
lab, MuPad and SOSTOOLS to perform the optimization
and controller reconstruction. The polynomial inversion was
performed in MuPad and approximated using polynomial
functions to simplify presentation. Simulations for fixed ini-
tial conditions were performed and can be seen in Figure 1.

XIII. C ONCLUSION

In conclusion, we have proposed a new form of dual-
ity which allows us to convexify the controller synthesis
problem for infinite-dimensional systems. This dual principle

requires a Lyapunov operator which is positive, invertible,
self-adjoint and preserves the structure of the state-space. We
have used Sum-of-Squares to parameterize a class of such
operators. We applied these results to generate full-statefeed-
back controllers for single-delay systems. Numerical tests
indicate the algorithm compares favorably with results in the
literature, although this comparison is somewhat speciousas
we were unable to find any literature which uses true full-
state feedback for control. The contribution of the present
paper is not in the accuracy of the results, however. Rather
the contribution is in the convexification of the synthesis
problem which opens the door for dynamic output-feedback
H∞ synthesis for infinite-dimensional systems.
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