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Abstract— In this paper, we propose a formal duality and In 1996, it was established that the question of stability
operator-based framework for controller synthesis of infirite-  of systems with multiple non-commensurate delays is NP-
dimensional systems using convex optimization. Specifitgal we hard [5]. This result, indicating that LMI-based methods

propose a class of what we call Linear Operator Inequalities il ield d fficient stabilit
(LOIs) and give conditions under which LOIs are solvable and W' NEVEr yi€ld a necessary and suflicient stability con-

under which they can be used for controller synthesis. Witmi  dition, prompted a retrenchment and reformulation of re-
this LOI framework, the first technical contribution of the  search on computational methods for analysis and control

paper is a new dual stability condition under which we can of systems with delay. Specifically, starting with the work
reformulate the controller synthesis problem as an LOI. The in [6], research began to focus on algorithms which are

second technical contribution is LOIs for both primal and dual toticall te. That is. th lqorith h
stability of systems with multiple delays. The third techntcal asymptoucally accurate. at 1S, these aigorithms have a

contribution is to show that both these LOIs are solvable. form of scalable computational complexity consisting of
Finally, we use an LMI-based framework to solve these LOIs sequential instances indexed by some parameter such &s leve

and demonstrate numerically that the primal and dual stabiity  of discretization, polynomial degree, etc. For each instan
conditions are functionally equivalent for MIMO systems with the algorithm gives a sufficient condition for stability tvit
multiple delays. associated polynomial-time complexity, finite-dimensibn
LMI, and degree of conservatism. However, as the sequence
) _of instances progresses, the complexity increases, thes LMI

Research on controller synthesis for MIMO systems withyecome larger, and the conservatism decreases to the fimit o
multiple delays is underdeveloped. As is typical for cony pecessary and sufficient condition. This reformulation of
troller synthesis problems, the fundamental problem is onge stability problem as the limit of a sequence of algorithm
of bilinearity. Specifically, all controller synthesis [lems 45 adapted to the polynomial optimization framework (us-
(even for ODESs) are bilinear. Th_a_t is, for a given f_eedbachr,g Sum-of-Squares (SOS)) in 2004 [7], an approach which
controller, the search for a stability proof (e.g. using L1yag|iows us to include nonlinearities, uncertainties in tietag,
punov functions) is co.nvex_and relatively tractable (etg t time-varying delays [8], and Sampled-Data Systems [9]].[10
set of Lyapunov functions is a convex cone). Furthermoresnis sequential approach has since been adopted a number of
given a fixed Lyapunov function, the search for a controber igther authors including, e.g. the delay-partitioning aggh
likewise tractable. However, if we are looking for both a €on ¢ [11], the Wirtinger-based method of [12], and the matrix
troller an_d a_§tability proof, then the resulting optimiat_ dilation approach of [13]. All these approaches appear to
problem is bilinear and non-convex. Some papers use 'teréonverge numerically and the SOS approach, in particular,
tive methods to overcome this bilinearity by alternatelyi-op has peen applied to MIMO systems with 100+ states. Indeed,
mizing the Lyapunov functional and controller as in [1] o} [2 the quality of these algorithms is such that we may consider
(via a “tuning parameter”). However, this iterative apmioa the problem of computational stability analysis of linear
is not guaranteed to converge. Meanwhile, approaches ba?ﬁﬁe-delay systems to be solved. Unfortunately, howeves, d
on frequency-domain methods, discrete approximation, @ bilinearity, all attempts to develop asymptotic algomits
Smith predictors result in controllers which are not prdyab oy control of delayed systems have failed.
stable or are sensitive to variations in system parameters 0 | this paper, we propose a formal framework for the use
in delay. Another alternative for both PDE [3] and time-gela of asymptotic algorithms in control of infinite-dimensiéna
systems [4] is backstepping, which avoids the bilinearity bsystems in general and MIMO systems with multiple delays
choosing a target system and using an analytic constructigN particular. This framework differs from classical resul
of the controller which transforms the closed-loop system toy control of infinite-dimensional systems in that it is not
thaF s_tablle target system - thereby avoiding the NON-CONV@Xsed on an ODE representation, such in POD [14] and
optimization problem. However, these methods are typicallgajerkin projection [15], or any other finite-dimensional
difficult to generalize, can be conservative, and cannot Bgqyction [16]. Rather, the method is based on feasibility o
adapted to robust or optimal control. Linear Operator Inequalities (LOIs), which we will formall

M. Peet is with the School for the Engineering of Matter, Bort .deﬁne in Section Ill. Within this framewor.k-, we define what
and Energy, Arizona State University, Tempe, AZ, 85298 UsAnail. it means for an LOI to be solvable - conditions based largely
npeet @su. edu on reduction of the LOI to an equivalent LOI which has
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already been shown to be solvable. For a set of solvabléhenV (z) = (x,Px), is the standard complete-quadratic
LOIs, we refer primarily to [17]. Having given conditions Lyapunov functional (See Eqn. (2)) afid = (Az,Pz) +
under which LOls are solvable, in Section IV we define théPz, Az) is the time-derivative of this functional. We con-
conditions under which controller synthesis of an infiniteclude that, in this case, testing an LOI is equivalent tarigst
dimensional system can be represented as an LOI feasibilipysitivity or negativity of a Lyapunov functional. In the
problem. Among these conditions, the most technically-chafollowing section, we propose a formalization of the cortcep

lenging is the existence of a dual stability condition. of LOI and conditions under which they can be solved.
Having described the LOI framework for controller syn- I1l. A FORMAL DEFINITION OF AN LOI AND
thesis, we may now define the technical contribution of the CONDITIONS FORSOLVABILITY

paper, which is a set of dual LOI stability conditions which  Now that we have motivated the use of LOIs. we give a

relies on the formal LOI definition and applies to all suitabl t5rmal definition of an LOI and the necessary steps to be
well-posed infinite dimensional systems. Having defined thgy|e to solve one.

conditions under which the dual LOI implies feasibility of .

the primal, we propose a mathematical for MIMO multiple-A' Definition of an LOI .
delay systems under which the LOIs for both primal and A solvable LOI is deflned by a tup-le. 9f the forr( 7,
dual stability are well-defined. Specifically, we first fortate  ©» X and Z). The LOLis then a feasibility problem of the
the standard Lyapunov Krasovskii stability conditions as gorm_Hng(HPg) >0 whereP € Pis the variable. The
primal LOI with a suitably defined Hilbert space, state spacé‘oI is feasible if there exists some € P such that

and parameterized set of operators. We then show that this P9, I>_Z + <x,HPQm>Z 20 forallz e X CZ

LOI is solvable. We then repeat this procedure for the dudfote that this form can include any number of coupled LOI
stability condition, adding additional linear constrairan ~Cconstraints. Furthermore, to be well-defined, the tupleq,
the class of operators in order to satisfy the conditions & X, andZ) must have the following elements .

the duality theorem. Finally, we obtain a solvable dual LOR- Inner Product SpaceZ is an inner-product space (defines
and use numerical computation to show that there is little ¢ meaning of> 0).

any conservatism in the dual LOI stability conditions. 2. State SpaceX C Z quantifies “for allz € X”.
3. Variables The operatorP may represent a single or

Il. SEMIGROUPS ANDLINEAR OPERATORINEQUALITIES  multiple operator variables and is constrained to lie in set

Semigroup theory is a well-developed, mathematically rigt» Which is typically a subset of bounded linear operators.
orous, state-space theory for what are knownliagibuted- Additionally, the setP may be used to define equality
parameter systemsvith time-delay systems being a speciaconstraints orv.
case. Seminal references are given by [18], [19] and [20f: Data# andg are operators and may be unbounded.

Consider the general form of infinite-dimensional system °- Well-posednessFor given# and g, the inner product
@(t) = Ax(t) + Bu(t) (x, HPGx), must be well-defined for alP € P andz € X.

. . The well-posedness constraint often requires constraimts
where A : X — ZandB : U — X. Z is an inner e set of operator® and a careful choice of inner-product
product space and C Z is the space wherein the solutionspacez and, more significantly, choice of state-spage,
map is a “strongly continuous semigrougs(t) : X — X Note that implicit in this definition is the assumption that
which satisfiesg; S(t)¢ = AS(t)¢ + Bu(t) andS(0)¢ = ¢. X is an infinite-dimensional set. If this were not the case, the
X' is the “domain” of the infinitesimal generatad, and | O] would reduce to an LMI. By definition, then, feasibility
characterizes properties of the state. or solvability of an LOI precludes discretization &f. That
Within the semigroup framework is an operator-basef (3pgz, z), + (z, HPGx), > 0 must hold for all X
version of Lyapunov theory for linear systems. In particula ang not some finite-dimensional subset. Having now given a

we have that ifA is linear andS(t) is exponentially stable, gefinition for an LOI, we give the necessary conditions for
then there exists a positive operat®r,: Z — Z, such that gn LOI to be solvable.

(Az,Pz) + (Pz,Az) = — (z,z) for all z € X [18]. As an
operator inequality, we represent this&sP+P.A < 0. The
guestion of stability, then, is equivalent to the searchdor
positive operatorP, which satisfies this Lyapunov inequality.

Linear Operator Inequalities (LOIs) likd*P + P.A < 0,
as applied to time-delay systems, are simply a shortha
representation of Lyapunov-Krasovskii stability conafits.
For example, if we parameterize

B. Sufficient Conditions for an LOI to be solvable

Recall that an LOI is an inequality defined on an infinite-
dimensional setX. Therefore, any feasible solution must
simultaneously satisfy an infinite nhumber of constraints -
rr]ndaking computation a seemingly intractable problem. How-
ever, we propose in this paper a standardized approach for
generating a sequence of computationally tractable serffici
conditions with the additional condition that the sequence

z asymptotically approach necessity. This standardized ap-

(73 Lﬁz]) (s) = proach requires four elements.

1) A formal definition of the LOI.

2) An embedding of® C R™.

[ P+ YK, ffﬂ. Qi(s)pi(s)ds
3) A Class of LOIs which are solvable.

7 Qi(5) 2 +7x Si(8)9i(s)+ 05, [7 Rij(5,0);(6) db.



4) An Equivalent Representation as a Solvable LOI. IV. CONTROLLERSYNTHESIS USINGLOIS

Even the simplest form of controller synthesis is a bi-
. ] linear operator inequalityP A + PBI < 0 with variables
LA Defmgm(;ld_of the LOI.mS.eehabove. ¢ {P,K} € P. To solve controller synthesis problems in the
2. A_n_ embedding PCR : The set o o_perators must | o framework, we propose the following steps.
be finite-dimensional. Practically, we require a map from 1) Formulate the full-state feedback synthesis problem
R™ to a suitably rich subset of the operators defined®in 2) Formulate a Dual LOIP > 0 and AP + (AP)* < 0.
In this paper, we use the SOS approach, wheRihpa- 3y conyexification via variable substitution.
rameterizes the coefficients of polynomials; the polyndsia 4) Include closed-loop gain metrics (if desired).
then parameterize multipliers and kernels; the multiplaard 5) Solve the LOI.

kernels then parameterize multiplier and integral opesato 6) Invert the operator to obtain the controller

Constraints on the operators must then be translated 1§ jjjystrate, we briefly describe each step. Note that we do
constraints on the parametersif*. For example, lefZ () not consider observer-based controllers.

be the vector of monomials for degrekor less. Then if o ylating the Control Problem Full-state feedback has
X =Ly, wecan map € R™ orcy e R™ toP € P as the form:
0 &= Az + Bu u=Kz, z€X, KeK
(Pz)(s) = i Za(s)x(s) or (Pz)(s) :CzT/ Za(s,0)x(0)dd A ell-posed synthesis problem specifiés, Z, K and
- operators3 and.4 such that the closed loop is well-defined
Here,c{ Z4(s) is a multiplier andc Z4(s,6) is a kernel. for any K € K and generates solutiongt) € X to the
Now suppose we want to constrgih= D where(Dzx)(s) =  system whenz(0) € X.
D(s)z(s). Then any polynomiaD can be written a®)(s) =  Formulate a Dual LOI This step is the focus of the paper
d*'Z4(s) and so we simply constraie; = 0 andc; = d.  and gives conditions o, Z, andP under which feasibility
Other constraints involving substitution and integrat@an of P > 0 and AP + (AP)* < 0 implies feasibility of? > 0
be likewise treated. andPA+ (PA)* <0.
3. A Class of LOIs which are solvableTo solve an LOI, Convexification Given a valid dual LOI, an LOI for full-
we typically reduce the LOI to a special case of a knowRtate feedback controller synthesis{i®,Z} € P, P > 0
class of LOI for which asymptotic algorithms already existand
A summary of several such classes can be found in [17]. For AP +BZ + (AP +BZ)" <0
example, in this paper, we will use the known clags (§, Where we recover the controller &5= ZP~L. If we require
P, X, andZ), whereZ := Li™™, X := {R" x LY}, Pis K € K, then we must add constraints dh for which
the set of multiplier and integral operators with piecewise{P, Z} € P implies ZP~' € K.
continuous kernels, an{, G € P. Closed-Loop L, Gain Metrics Lo-gain metrics can be
4. An Equivalent Representation as a Solvable LOIIf —added as in [21].
the LOI is not already in a solvable class, then the next stdpverting the Operator, P To recover the controllekC =
is to construct a new, well-defined LOI in a solvable clas€P ' it must be possible to construct the inverse op-
whose feasibility is equivalent to feasibility of the origi erator P~!. For single-delay systems such a closed-form
LOI. Furthermore, if the solution to the original LOI is exists [22]. When closed-form formulae for the inverse
required (e.g. if we need the stabilizing controller) theist do not exist, one may use a power series expansion, a
conversion must be reversible. One approach to reversabilfinite truncation of which will yield an approximate inverse
is to retain the original parameterss R™ — P in the new operator (See [23], [24], [25]).
LOI. For example, consider the multiplier operator diseass ~ Having now given our general methodology for controller
above and letX = W,, H = I andG = d,. Then we have synthesis via LOIs (the key to which is a duality theorem),
0 we proceed to give the main duality result and then apply it
(x, HPGzx) , = / x(s)c! Zy(s)i(s)ds. to systems with multiple delays.
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We briefly explain each of these four elements.

V. ADUAL STABILITY THEOREM FOR
INFINITE-DIMENSIONAL SYSTEMS
We next present a general class of dual stability LOI as
0 . . motivated in the preceding section.
(@ HPGz), = /4 z(s)e” Za(s)a(s)ds = Theorem 1:Suppose thatl generates a strongly continu-
. [ (0) }T |:LCTZd(0) 0 0 ] [ 2(0) } ous semigroup on Hilbert space with domain X. Further
/ )

To enforce this LOI, we may form an equivalent LOI on
X' =R?x Ly, Z = L3 as

0 T Zy(—1) 0 suppose there exists an> 0 and a bounded, coercive linear
0 0 T Z4(s) operatorP : X — X with P(X) = X and which is self-
adjoint with respect to th& inner product and satisfies

. | . (APz,z), + (2, APz); < —¢ 2]
Since the operatd? € P’ is a bounded multiplier operator, ] .
as per [17] the new LOI is solvable ands also feasible for forallz € X. Then:(t) = Ax(t) generates an exponentially
the original LOL. stable semigroup.

— (&', DaY,



Proof: BecauseP is coercive and bounded thereof the Form (1), the system has a unique solution for any
exist v,0 > 0 such that(z, Pz) > ~|z|* and |Pz| < ¢ € C|-7k,0] and global, local, asymptotic and exponential
d ||z||. By the Lax-Milgren theorem [26], its inverse existsstability are all equivalent.
and is bounded an®(X) = X implies P! : X — Stability of Egn. (1) may be certified through the use
X. The inverse is self-adjoint sinc® is self-adjoint and of Lyapunov-Krasovskii functionals. In particular, it has
hence(P~'z,y) = (P 'z, PP~'y) = (x, P 'y). Since been shown [27] that stability of Eqn. (1) is equivalent to

[P]

sup. P2l — 5 < oo inf —nf, 2l — 15 the existence of a positive, decreasing Lyapunov-Krasovsk
Pz =1 L L functional of the form

and hgnce(y,P y) = (PP Yy, P y) > v [P~ Yyl > V(6 = (T PAO) Z ¢ \b(s)ds

% |ly|I°. HenceP~! is coercive. K K .

Define the Lyapunov functional

T 0)d T
Viy) = (P 'y) = 5 Lyl i KZ/j Jhs KZ/J?

If y(t) satisfiesy(t) = Ay(t), thenV has time derivative + Z / / #(s)T Ri;(s,0)6(0)do, )
7, 1
—V(y(t) = <y(t)7p*1y(t)> + <y(t),p*1y(t)> where the fuéctloni)“ S; and R;; may be assumed
dt 1 1 continuous on their respective domains of definition. This
= (Ay(t), P~ y(1)) + (y(t), P~ Ay(t)) stability condition may now be formulated as a solvable
= (Ay(t), P y(t)) + (P y(t), Ay(t)) . LOI using the following mathematical framework. L&t=
Now definez(t) = P~'y(t) € X for all t > 0. Theny(t) = Zmonpc = AR™ X Ly[=m, 0] x - x Lil=mic, 0]} and
Pz(t) and sinceP is bounded and~! is coercive, Logtza{tﬁ;r(lbl’ 9K} € Zna, W define the shorthand
V() = (Ay(), P~1y() + (P~ y(0), Ay(®)) )= o o)
= (AP2(1),2(t)) + (=(t), AP=(t)) _ co _
5 € which allows us to define the inner product @nas
< —elle@ < =5 (2(1), P2(?))
€ _ € Yy T T
=—={y(t), P y(t)) < ——Z (). <[¢] : [qu =Ty’ T+ Z )" ¢i(s)ds
6 i v Zm,n, K _T7

Negativity of the derivative of the Lyapunov function imgdi  \vpen m = n, we simplify the notation usingZ, x :=

exponential stability in the square norm of the state byZ 5. We may now conveniently write the state-space as
e.g. [18] or by the invariance principle.

|
The constraintP(X) = X ensuresP~! : X — X and is X = { [CC} € Z, j o $iEWsI=ri0land }
satisfied if X is a closed subspace & or if X is itself i T @i(0)=a for all i€[K]

a Hilbert space contained i@ and 7 is coercive on the \hich is a subspace &, x. We now define the infinitesimal
space X. For the case of time-delay system¥, is not generatorA, of Eqgn. (1) as

a closed subspace and we do not wish to constfito

be coercive onX, since this space uses the Sobolev inner ik Aoz + Zz 1 Aigi(—7) 3
product. Therefore, we will need to prove that that for our [sz} (s 9251'( ) . ©
class of operators?(X) = X. _ o _

A natural ques“on is whether the Constram@:X) X USII’Ig these definitions Qﬂ Z a.ndX for matrix P and
is conservative (Non-conservatism of other constraints ®ufficiently smooth functions);, S;, R;;, we define a class
implied in proof o Thm. 5.1.3 in [18]). In the case whenOf operatorsPp . s, r,;} € PP of the “complete-quadratic”
X is a closed subspace ¢, then a projection argument tyPe as
can be applied. However, wheXi is not a closed subspace, T
the degree of conservatism is unclear. ( {P,Q:,Si,Ri;} {@]) (s) =

(4)
VI. STABILITY OF TIME-DELAY SYSTEMS AS ANLOI

P i d
In this section, we pose an LOI for primal stability of [ T x; Zl 1f Q 9i(s)ds 0) 1
linear discrete-delay systems of the form TKQi(s)" T+ T Si(s)¢i +Za 1f— HRij(s,0)0;(0) b

Then the complete-quadratic functional in Eqn. (2) is simpl

L(t) = Agz(t) ZASCt—TZ) forall ¢ >0,
= V(e) = <{¢(0)} PironSik) V(O)D
z(t) = ¢(t) for all ¢ e [—mx,0] (1) o | PpQusea) | g0 ])

WhereAl- e R"*", ¢ € C[-7k,0], and for convenience The LOI corresponding to the time-derivative of the
1 < T2 < -+ < Tg. We associate with any solutionand complete-quadratic functional id*P + P.A < 0. However,
any timet¢ > 0, the ‘state’ of System (1) € C[-7x,0], since A is an unbounded operator, we must reformulate
wherexz:(s) = z(t + s). For linear discrete-delay systemsthis second condition as a solvable LOI by noting that



forz € X, (x,PAz) + (PAz,x), = (¢,D¢),,, Where
RS ARES Zn(KJrl),n,K and

D= P{D17W7S17Gij}

where
A Ay Ag
AT Si(-m) 0 0
D1 = . )
: 0 " 0
A% O 0 SK(—TK)
K
Ao = PAy+ AT P+ Qr(0) + Qr(0)" + Sk(0)
k=1
Aj=PA; - Qj(-m) jel-- K
Vl(S) = [H07i(S)T Hl,i(S)T HKJ'(S)T]T
K
Io;(s) = AT Q;(s) + Y Rl(s,0) — Q;(s)
k=1
Ii;(s) = AT Q;(s) — Rfi(s,—7), i,jel, -, K
o0 0
Gij(S, 9) = —&Rij(s, 9) — %Rij(s, 9)

Thus the LOI for stability is the coupled LOIB > el on
Znx andD < 0 ONn Z,(k11)n,x- AS We will see, LOIs

on Z,, » k are solvable and hence the stability problem is
a solvable LOI. In the following sections, we see the dual

stability condition is also a solvable LOI.

VII. A CLASS OFOPERATORS P, WHICH SATISFY THE
DUALITY THEOREM

In this section, we add constaints on the operators
Eqn. (4) in order to satisfy the conditions of Thm. 1.

Lemma 2:Suppose thatS; € W3 "[—7;,0], R;; €
W2n><n [[—TZ,O] X [—Tj,O]] andSl(S) = Si(S)T, Rij (8,9) =
Rji(0,5)", P = mxQi(0)" + 7x5;(0) and Q;(s) =
R;;(0,s) for all i,j. Then P(pq, s, r,; as defined in
Eqn. (4) is a bounded linear operator, maps— X, and is
self-adjoint onZ,, k.

Proof: To simplify the presentation, letP

P(p,q,,s:,Ri;}- We first establish thaP : X — X. If

Yl ex, then¢; € C[—7;,0] and¢;(0) = . Now if

R PN

then sinceP = 7 Q;(0)T 47, S;(0) andQ; (s) = R;;(0, s),
we have that

3(0)
= 71 Qi(0) " + 7 S: (0)1(0 +Z[ Rij(0,0)0,(6)d6
:<TKQL() —I—TKS CC-l—Z/ RZJ 09¢J )

—Px+z/ Q1 ()65(s)ds = y.

—7;

Further smceS‘ € Wy, Ry; € Wy, and¢; € W, we

have € X and concludeP : X — X. Boundedness of

)

Q;, S; and R;; implies boundedness of the linear operator
P. Now, to prove that the operatd? is self-adjoint with
respect to the inner produ¢t -) , ., we show

= <731j, x>Zn,K

for any z,y € X. Using the properties;(s) =
Ri;(s,0) = Rj;(0,s)T, we have the following.

<m P L;CD — <Px—|— }2/0 Qi(9)¢i(9)d9>

+Z/ bi(s

—7;

<y7 PI>ZWK

and

Sl(S)T

(m@xs)waKsi(s)@(s)
+Z/4 Ri;(s,0);( )d@)
— 7 <Py+§j/ Qu(s)y(s

" i) -
+Z/

(m@ Ty b e Si(s) ()

+2/ R;i(0,5) w]()de) $i(s) ds

—7;

-l L., _

Finally, we show that for this class of operators, if
®p.q,.s.,R,,} IS COErcive with respect to the, norm, then
Pir.qi,si ki (X) = X,

Lemma 3:Suppose that”?, @;, S; and R;; sat|sfy the
conditions of Lemma 2. If{z, Pz), = > e|lz||* for all
reX. ThenP{RQi’Si,Rw}(X) =

Proof: By Lemma 2, P is self-adjoint and maps
X — X. SinceP is coercive, bounded and self-adjoint,
its inverse is coercive, bounded and self adjoint. To show
P(X) = X, we need only show that = Pz € X implies

thatx € X. First, we show that ify = Lﬁ%@)] € X, then

X = = P~ly satisfiesr = ¢(0). We proceed by

Lbj@ )

contradiction. Suppose — ¢;(0) # 0 for some:. Then we

have
Z

Now, sincey € X, y = ¢,;(0) and hence

K 0
y = P¢i(0)+2/ R;j(0,0)0;(0) o
i=17 -

which implies P(z — ¢;(0)) = 0. Now, (z,Pxz), >
¢|lz|? implies P > eI. Hencez — ¢(0) # 0 implies
P(z — ¢(0)) # 0, which is a contradiction. We conclude
thatz = ¢;(0).

Next, we provep; € Wy

this, we differentiate); to obtain

= P(¢i(0) + 2 — ¢(0 i(s)ds

< oo. For
2



Ui(s) = T Qi(8) T+ Tr Si(8)di(8) +Tr Si(8) bi(s) is coercive by assumption, this implies by Theorem 1 the
K .0 system is exponentially stable if
+Z/ OsRij(s,0)0;(0) db

| ae i o)l ear [5]) <12
which we reverse to obtain < Lbj [¢i bi ¢ bi ®i

i Si(8)di(s) = hi(s) — TKQz‘( V' a— 1 Si(8)bi(s)

—Z 8R”59¢J()

— [wy(s)}, where
which is Ls-bounded smce/;z,qsl,Ql € Ly, and S; and ‘

05 R;_; are continuous and thus bounded[en;, 0]. Now, for
x =0 andg; = 0 for j # i, the constrain{z, Pz), > Y~ AoPz + Z/ AoQi(s)¢i(s)ds

2 B
ellz|, implies

2

for all [(ﬂ € X. We begin by constructingdP {;] =

TKSi(8)di(s) + /0 Rii(s,0)p:(0) o + ZA <TKQ (—70) &+ Tr Si(—73) i (—T2)
is coercive. Thus, since intggTFal operators cannot be n@erc
for Lo-bounded kernels?;;, we have thatS;(s) > nl for + Z/ Rij(—7:,0)¢; (0 )d@)
somen > 0. Therefore, for each, we conclud(-:-H@HL2 < —Tj
= |1S:(s)di(s)|| < oo. Hencex € X. We conclude that

7773(X) - X. u Yi(s) = TKQz‘(S)TfF + TKSi(S)¢i(S) + TKSi(S)éi(S)

VIIl. REFORMULATION AS A SOLVABLE LOI
Now that we have given conditions under which the +Z/

operatorP satisfies the duality theorem, we have thg® +

PA* < 0 implies stability whereA is as defined in (3). Thus

However, A contains differential operators and hence (as

was done for the primal case) in the following theorem <[¢} AP [¢Z}>

we reformulate this as a solvable LOI with multiplier and

integral operators O,k 41),n,x - Examining these terms separately and using ¢;(0), we
Theorem 4:Suppose that there exisP, @;, S; and have .

R;; which satisfy the condmons of Lemma 2. If ; T o L

(2, Prp.oisiRi)T) 5 2 € |z for all z € X and Y= Aon+;LTi " AoQi(s)gi(s)ds

_— y+2/ 61(5)Ti(5)ds

—T;

1 581 2 - T T . T
< ||, D | |22 > < - [C;l} +ZTKSC A;Qi(—Ti) $+ZTK$ A;Si(—7i)pi(—74)
(bi (bq, P T Zn,K 1=1 =1
n(K+1),n,K
for all Lfl] € Zn(k+1,n,x) (herez; € R") where +Z/Tl;l’ AjRji(—7;,0)¢i(0)do
D= P{DuwsmGu} Next, we examine the second term and use integration by
where parts to eliminatep.
Co —|—TC§ Ch e Ch K .0 K 0
C —Si(— 0 0 T _ T/ T
Dy = .1 1(—71) . 7 ;171 ?i(s) wi(s)dsfzn(/ 0i(s)” Qi(s) zds
C];T 8 O- —Sk(O—TK) X 0 T
X +ZTK ;MS) d8+ZTK S oi( (s)¢i(s)ds

Co:= AOP+TKZ(AiQi(_Ti)T+ %Si(o))7

= +2/ /4 Bis RU 5,0)6;(0) ds b

Ci =T AiSi(—7),

R T K
Vi(s) := [Bi(s)" 0 1{ :ZTK/ $i(5)T0(s)T ds+—Z/ ¢z $i(s)a(s)ds
Bi(s) = A0Qi(s) + Qi(s) + > Rji(~7,5), I
5 6. +%’%TZS :c——qu (—7)s(—:)
Gij(s,0) := %Rij(879) + %Rji(S,O) ,
then the system defined by Eqn. (1) is exponentially stable. + Z/ /ﬂ $i(s)" 5-Rij(s,0)¢;(6) ds db.

Proof: Define the operatorsd and P as above. By
Lemma 2,P is self-adjoint and mapsX — X. SinceP Combining both terms,



(la) AP[@DZKTKWZl/f e , :
) (o] Pinavsn o]},

m,n,K

=z (rKAOPJr;TKAQ 72{;52 i
+712<§:$TAi5i(—Ti)¢i(—Tz‘)—TTK;@(—n)TSi(_n)@(_n) - / { ] { ()} o

—TK
i=1 0 ~ ~
p " / | 6N s 00ds)asdo
+TKZ/ AOQ Qi(s) +ZAjRji(—Tj,S))¢i(S)d8 —TR Y =TK , ,
-7 J=1 x x x
={|:]Pun|; >all|x
L SF R P | et |4
P [ o Suon()ds & & i
=17 where
8 M) = 4 g, (2ETimr P
+Z/ / 01(s)" 55 Fis (5,0)0,(0) ds df o) = {0552 s € oy n
—Ti Y —Tj e n(K+1) n . . . _
Combmmg this term W|th its adjoint, we recover Solvaplhty of .LC_)Is onR x Lg with plecewise
polynomial multipliers and kernels was established in [17]
T using LMIs. Specifically, in [17]= was used to denote the
<A73 {@] [¢J> <[¢J AP [¢J> piecewise-continuous multiplier and kernel pairs saiigfy
I Zn,x¢ the LMI conditions of Theorem 8 in [17]. For convenience
z z and due to space limitations, we do not repeat that result
¢1(=71) ¢1(=71) 2 verbatim, simply adopting the notation
= : D : < — € M and N satisfy the conditions of
. ’ . - o Bdomon (= {(M’ N) . Thm. 8in [17] with Z1 = Z1pc
o (—TK) o (—TK) Z T and Z> = Zap. of degreed.
) ) X. DUAL STABILITY OF MULTI-DELAY SYSTEMS
Pi Pi P

In this section, we summarize the main result as an LMI
We conclude that all conditions of Theorem 1 are satisfiedSing the notatione = to represent the LMI constraints
and hence System (1) is exponentially stable. m associated with Thm. 8 in [17].

Theorem 6:Suppose there exist € N, constante > 0,
IX. CONVERTINGLOISONZ,, .,k TOLOISONR™ x L%  matrix P € R™*™, polynomialsS;,Q; € W3*"[-7;,0]

. nxn . I
In this section, we construct an LOI @™ x L} whose Rij € W3 {173, 0] x [, O]] , such that

feasibility is equivalent to positivity o, ,, k. Specifically, {M —elon, N} € Zann
for an operator of the form of Eqn (4), we define a linear {—D —l, —E} € Egn(k+1)
transformation

{M,N} = £1(P.Q:. 5:, Ryj) where

R {MaN} = El(PaQia‘S’iaRij)a
where if we leta; = % then I = diag(l,,,0,(k), I) and
{D7E} = ‘Cl(Dlv‘/’ia S’ia G’Lj)

M(s) = {Mi(s) if s € [=m —7i1] where Dy, V;, andG,; are as defined in Thm. 4 and

N(S,e) = { [8 N 0 g ‘| if 506[[:;1"::?*]1]]7 P = TKQZ'(O)T + TKSZ'(O), Si(S) = Si(S)T,
.. VAl J—
i(5:0) Rij(s,0) = R;i(0,5)",  Qj(s) = Ri;(0,5)
P TK Q (SJFT'L 1 ) ] ) ]
M;(s) := - s+n . LOpap- Then the system defined by Eqgn. (1) is exponentially
Q)T ESi(TE) stable.
Nij(s,0) = Rij(s+Tz—1 ’ 0 +Tj—1) _ Proof: Consider tlle operatoP := Pipq, s Ri;}-
' ' a; a; Since{M — el>,, N} € E4,n,n, by Lemma 5, we have
Lemma 5:Let {M, N} := Ly (P, %21-, Si, Ri;) and (2, P(r.0u 5011 T) 5, 2 € (B
(Pu,vz) (s) == M(s)x(s) + N(s,0)z(0)d6. for all + € Z, k. Similarly, if we examine the operator
K D from Thm. 4, thenD = P, . ¢ q.,3- Now, since
If <x,7>M7Nx)L;n+n > a||x||2Lm+n for somea > 0 and all {D,E} := L£y(D1,V;,$;,G,;) and {—D — e, —E} c
r € R™ x Ly[=7x, 0], then (2, P(pq..s0.k}T) 5 2 Ean(kis)n We have by Lemma 5

allzly, . forallz € Zn . e Dr
Proof: The proof follows directly from the observation ’

X . [
that, for € X, we have x’P{Dl-,WSi-,Gij}@ = <x’ I$>
o Zn(K+1),n,K Zn(K+1),n,K

>Zn(K+1),n,K



forall x € Z,,(x41),n,x- We conclude that
2| |1 w
T ,Dll|x !

bi bi
forall [[z1 1] ¢:]" € X. SinceP(p g, 5. g, satisfies
the conditions of Lemmas 2 and 3, Thm. 4 proves exponen-
tial stability of Equation (1). [ |
XIl. NUMERICAL ANALYSIS

To briefly illustrate asymptotic accuracy of the dual LOI,
we solve this LOI using an associated Matlab toolbox which
can be found online ditt p: // control . asu. edu. We
consider only a single well-studied two-delay system with
71 = 72/2 and use bisection to search for the maximum
stablers,.

(31
]

D

2 [

IN

Zn,K [

[4)]

]

Zn(K+1),n,K

(7]

(8]

El

. 0 1 0 O 0 0
z(t) = {_1 .1] z(t)+ [_1 O} x(t—71/2)+ L O] z(t—7) [10]
d 1 2 3 4 true
Tmax 1.33( 1.371| 1.3717| 1.3718]| 1.372 [11]
CPU sec| 2.13| 6.29 | 24.45 79.0

This and all other examples tested indicate little, if an)ylz]
conservatism compared to the true maximum stable delay.
In addition, testing was conducted for non-trivial exansple [13]
solving a 20-state, single-delay problem in 951s.

XII. CONCLUSION

In this paper, we have presented a computational ang
mathematical framework for control of infinite-dimensibna
systems. Key aspects of this framework are a methodolo%]
for formulating and solving Linear Operator Inequalities
(LOIs) and a duality result allowing the controller syntises
problem to be formulated as an LOI. We have motivated thig”]
framework by showing that both primal and dual stability
can be tested in the the LOI framework using asymptotii8]
algorithms and appear to be equivalent from a numeric?llgl
standpoint. The LOI for controller synthesis of multi-dela
systems has not been included in this presentation, pri-
marily for lack of space, but also pending a closed fornf?0l
solution for positive operators of the forR p g, s, r,,}-  [21]
A Matlab toolbox for solving LOIs in the multi-delay
case has also been developed and can be found online[za}
http://control.asu. edu. Computational complexity
of the algorithms may be reduced by reformulation of the
delayed system as in the differential-difference framdvor (23]
as was done for the single delay case in [22]. Finally we note
that the dual stability conditions in Thm. 4 have a sparsi4]
structure as compared with the LOI for primal stability,
as can be seen in the functiob$. It is possible that this |25
sparsity may be exploited in the future to further reduce
computational complexity.
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