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Why do we have Boundary Conditions (BC's)??7?

Laplace Equation: Who Came up with BCs, anyway?

(&) () = 0
Heat Equation:
u(t, s) = (Au) (¢, s)

Boundary Conditions: . )
(t,s) =0 Vs e T Semigroup Correction:

u € D(A) :={u € H? : u(0) = 0,u(1) = 0}

Question: Why do we have BCs? Euler-Bernoulli Beam:

Answer: To make the solution unique.
: Are BCs part of the state?

No! —Ap (Ag=A1=0)
H Why do we need them? State Space: u € H22:

ur =

>OPODODO

: Otherwise solution not unique. 1 0 0 0 0 0 0 O] ][wu)
: Are all PDE solns sort of the same? 00 0 1 0 0 0 O ul)|_,
. No! 00 0 0 1 0 0 0| |us0)
' . 00 00 0 0 0 1f |us(L
: Can BCs change the dynamics? +(L)
: Yes! B
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Looking For A Universal Formulation

Dynamics are usually expressed in the _:

x, € L2 x H) x H? =X,

xl(t, 8) iL’l(t,S) g (t S)
xa(t,s)| = Ao(s) |x2(t,s) +A1(s)[ 2 } + Aa(s) [x3(t, )]
ws(ts)] 2ot 5) za(t )], "
—_—
Xp Euler-Bernoulli Beam:
0 —
Boundary Conditions: 08 = {1 oc} (e
z2(0) =Ay (Ag=A;=0)
xa(L) State Space: u € H?
25(0) 1 00 0 0 0 0 0][u
B 23() =0, rank(B)=n2+2n3 |0 0 0 1 0 0 0 0| ]|u(L) 0
00 0 0 1 0 0 0] |us(0)
1’39(()) 0 0 00 0 0 0 1| |us(L)
:ESS
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[llustration 1: The Euler-Bernoulli Beam

Consider a simple cantilevered E-B beam:
wpt (t,8) = —cussss(t, s), where  u(0) = us(0) = uss(L) = usss(L) =0

Step 1: Eliminate the u¢; term (let uq = wuy)
Step 2: Eliminate ussss (let us = ugs)

Ul = Utt = —CUssss = —CU2ss), U2 = Utss = Ulss-

Universal Formulation: 0 —c
Xt = [1 0 j| Xss
H,_/
where Ao = A1 = 0, ng = 2, and ny = ng = 0. A2
Boundary Conditions:
Uss(L) =ua(L) =0 and wugss(L) = uas(L) = 0.

Insufficient BCs! - rank(B) = 2. Differentiate BCs in time to get:
ut(0) = u1(0) =0 and s (0) = u1s(0) = 0.

This yields rank(B) = 4 uq(0)

ug(0)

2

ug _
uq4(0) =0.
u24(0)

uys (L)

ugs (L)

[=ReRal s
[eNeNelo]
[eNeNeNo]
o O~ O
o= oo
(=)l e)
(=i e)
— O 00

B

Conclusion: The E-B beam is exp. stable for any ¢ > 0 w/r to u; and uss.
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The BCs strongly influence the dynamics!
Extreme Example: D(A) = {u € H? : u(0) = w1 (t), us(0) = wa(t)}
ﬁ(ta S) = ll(t, S)a u(t7 0) = w1 (t)7 us(ta 0) = ’wz(t)

By the Fundamental Theorem of Calculus: .
Time-Delay System:

u(s) = su(0) + u,(0) + /0 (s = m)uss(m)dn

s i(t) = —=(t) + u(t, —7)
= swi(t) + wa(t) + /0 (s = muss(n)dn wi(t,s) = us(t,s), u(t,0)=ax(t)
or completely eliminate BCs:

E]

/ﬁs(t,n)dn = us(t,s)+/ us(t,n)dn
0

Now rewrite the dynamics in terms of ugg: ®

u(t, s) = swy(t) +wa(t) + /Os(s — n)uss(t,n)dn

What is the Fundamental State? (BCs force us to choose x; = u)
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Problems with the Primal State
Simplify the dynamics
X(t,8) = Ao(s)x + A1(8)xs + A2(8)Xss
Define a Lyapunov Function:
L
V(x) = / x(s)T M (s)x(s)ds
0

Then V(z) > 0 if M(s) > 0 for all s. However,

LT x Ao(s)TM(s) + M(s)Ao(s) M(s)A1(s) M(s)Aa(s) X
/ xs | (s)T A1(s)TM(s) 0 0 xs | (s)ds
o | Xss Aa(s)TM(s) 0 0

D(s)

Problem: D(s) # 0 for ANY choice of A;! [NNRYS

- X,Xgs,Xss are not independent states!

Old Solution: IBP, Poincaré, Bessel, Jensen, Wirtinger, Agmaon, Young, et c.
New Solution: Express the dynamics using the Fundamental State

The _ is the minimal part of x which is needed to define the dynamics
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Partial Integral Equations (PIEs)

How to write the dynamics w/o BCs?

Requirements: No Partial Derivatives!

Then What? . :1:1((t, s))
. x¢(t,s):= | was(t,s

P{G0=G1,G2}Xf(t) = P{Ho,Hl,H2}Xf(t) + P{J,O,O}w(t) ! T3e (t. S)
where 3ss(t; 8

s b
(PiNo, N1, N23X) (5) := No(s)x(s)ds —|—/ Ni(s,0)x(0)do —|—/ No(s,0)x(0)do

P(No,N.,N,) Operators Inherit the Properties of Matrices! Closed under:

e Composition, Addition, Scalar Multiplication, Transpose

Previous Example: u(t, s) = u(t, s)

/O (S_U)ﬁss(tvn)dn :/O (S_U)uss(tvn)dn+5(w1(t)_wl(t))+(w2(t)_w2(t))
Pio,s—n,0y(t) = Pio,s—nopult) + P 10,0} B;Eg _ Z;Eg}
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Why are PIEs better than PDEs?

The Ny, N1, N2 Algebra (Integration Behaves Better than Differentiation!!!)
Property 1: Composition

p{RO1R11R2} = P{BOuBl1B2}7){N07N11N2}
where
Rg(s) = Bo(s)No(s)
Ri(s,8) = Bo(s)N1 (s, 0) + B1 (s, 9)No(9)+/Bl<s N2 (€, 9)d5+/31(s N7 (€, e)de+/B2(e )N (€, 0)dé

Ro(s,6) = Bo(s)Na(s, 8) + Ba(s, 9)N0(9)+/31(6 £)Na (e, 9)d£+/32(5 E)Na(€, e>ds+/B2(b N1 (€, 0)de

{ROaRlaRZ} = {BU’BlaBQ} X {N()?NlaNQ}
Property 2: Transpose

<X’ P{No,Nl,NQ}y>L2 = <,P{N07N1,N2}X7y>L2
where
No(s) = No()T, Ny(s,m) = No(n, )T, Ra(s,n) = Ny(n, )T

{ROa R17E2} = {R07R17 RZ}*
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Conversion Between PIE and PDE States

For simplicity, only consider x3.
(0)

Xp(t,s) == [z(t, 9)}, xf(t,s) = [aﬁss(t,s)] €Ly, xpf= (L) ,  Ths = [w(O)]

zs(0) zs(0)
zs(L)
Question: How to Convert? First note that
S
2(5) = 2.0+ [ xeslm)dn — [0 1] wp+ Ppo,s.opxes
a
S
z(s) = x(0) + sz (0) + /0 (s = m)xss(n)dn =[I 8] @bs +Plo,s—n,0}Xss

This implies that ANY boundary condition can be represented as
Bays = B (Kaps + Plo,1, 1) Xss) =0
For some fixed T1,T>. Hence

BKzys = =BP{o,1y,1,}Xss
Hence we can solve for x4 in terms of xss

Tphs = _(BK)_lBP{O,Tl,TZ}xss

Conclusion: Given xss, we can reconstruct x!
X = P{0,G1,G2} Xss> Xs = P{o,G5,G4} Xss
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Conversion Between PDE and PIE

Converting from PDE state to PIE state

@3 (a)
z1(t, s) z1(t, s) 25 (b)
xp(t,s) = |z2(t,s)|, xf(t,s) == | was(t,s) |, ig%g)) =0
z3(t, s) Z3ss(t, S) z3s(a)
z35(b)

Part 1: Fundamental Theorem of Calculus in Selected BCs

z2(a)
xp(s) = K(s) | z3(a) | + (Pirg,0,,01%7)(8)-
z3s(a)
Part 2: Convert Given BCs to Selected BCs
z5(a)
zi(m z2(a) z2(a)
B|234) | = BT | 23(a) | + BP{o,q,qy%f =0 or |a3(a) | = —(BT) 'BPo,q.q} %
325,(([5)) z3s(a) x3s(a)

Part 3: Substitute Xp = PlGo .G} X

where
I 0 0 0 0 0
Go(s)=10 0 of, Gi(s,0)=]0 I 0 + Go(s,0), Go(s, 0) = —K(s)(BT) 'BQ(s, 0)
o 0 o 0 0 (s—6)I
I 0 0 0 0 0
I 0 0 0 I 0
0 0 0
0 I 0 0 0 0
T=lo 1 w-ar AO=l0 o <b—€>f"“”:[é 7ot ]
0 o0 T 0o o 0 (s —a)
0o 0 I 0o 0 I
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Converting a PDE to a PIE
We may now replace Bb,y = 0 and

= Ao, + Ai(9)| 2073 a0,
with the more fundamental version: z1(t, s) x1(t, s)
C1(L, S 1(by 2
Xp(t) = ,P{Ho,Hl,Hz}Xf(t) Xp (t7 ‘5) = |22 (tv S) vxf(tﬁ b) = '772“‘(7"7 S)
.’133(15, S) '7/‘355(757 5)

Where: Ag, A1, Ag and B come from problem definition and
Hq(s) = Ag(s)Go(s) + A1 (s)G3(s) + Aog(s)
Hiy(s,0) = Ag(s)G1(s,0) + A1(s)Gy(s,6),

Ho(s,0) = Ag(s)Ga(s,0) + A1(s)G5(s, 0), Agp(s) =10 0 Ag(s)]
Go(s) = Lo,  Gi(s,0) = L1(s,0) + Ga(s,0), Ga(s,0) = —K(s)(BT) ' BQ(s, 0)
where Ga(s) = Fo, = Ga(s,0) = F1 + L1(s,0) + Gy(s:0),  Cg(s,0) = —V(BT) 'BQ(s, 0)
0 0 ) 0 0
I 0 0 I 0
0 0 0 I
0 I 0 0 0 0
T = Ol eee = 20l K& =11 o o |, LO:|:O
A A IR S PN BN
0 0 I 0 0 I
[9) 0 0
_ o 1 o0 _fo o o _fo o o
Ll(s"’)‘[g é (5_09)1]’ FO_{O o 0}‘ Fl_{o 0 1}’ V—[o 0 1]
S
Recall Example: u(t, s) = swi(t) + wa(t) + / (s — n)uss(t,m)dn
0
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Lyapunov (Energy) Stability - Converting an LMI to a LOI
LMI Equivalent:z, = Ex

2, (t) = Az (t)

LOI Stability Condition:x,, = P{Go,Gl,Gz}X/'

xp(t) = P{HO,H1,H2}X,f'(t)
We now propose a Lyapunov function of the form

V(xp) = (Xp, P{No, N1, N2} Xp) V(z) = '731>TPE-77P

The time-derivative of the Lyapunov function is

V (x, (1)) = 2(xp, P, N0 N2} 5p) V(z,) =2z, Pi,
= 2(Xp, P{No,N1,No} P{Ho, Hy,Ha} X 1)
= 2(P1Go,G1.G2} X1 P{No,Nv,Na} P{Ho H1 Ha YK )
= 2051, Pio.Gr.G0) PiNo N1 NaY Pl Ho Hy H X F) = 2:T(ETPA)x
= (£, Pico, k1, Ka}X ) T (X5 Piico k61 K0} XF) = 2T(ETPA+ ATPE)a
Stability Condition: Py, v, n,} > 0 and
Piro i1, 11 + Plkokr sy <0 ETPA+ ATPE <0
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Enforcing Positivity in the Ny, Ny, No Framework

An LMI Condition

Theorem 1.
For any functions Z(s) and Z(s,0), and g(s) > 0 for all s € [a, b]
No(s) = 9()Z(s)T P11 2(5)
0
Ni(s,0) = Q(S)Z(S)TPmZ(Sv 0) +9(0)Z (0, S)TP31Z(9) +/ag(V)Z(V, S)TPSSZ(% 6)dv
El L
+/9g(1/)Z(V, T Py z(v, 0)dv -;-/S 9()Z (v, 5)T Pyg Z(v, 6)dv
No(s,8) = g()2(s)T P13 Z(s, 8) + 9(8)2(8, s)T Poy Z(8) + /;Z(WZ(V, )T P33 Z (v, 0)dv
9 L
+ [s0)20, T Pog 2, 0)dv + [7 92w, )T PagZ(v, 0)av,
where Py P2 Pi3

P=|Px P P3| >0,
P31 P32 Ps3

then PENO,Nl.Nz} = P{Ny,N1,No} and (X, P{ny, Ny, N2} X)Ly = 0 for all x € LaJa, b].

Proof: Let

V9(s)Zax(s)

{Zo,Z1,Z2} := ) \/@ZdQ(s’e) ’
V9(8) Zaa(s,0)
Then {(No, N1, Na} = {Zo, Z1, Z2}" x {P,0,0} x {Z0, Z1, Z2}
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Converting an LMI to an LOI:

The LMI to LOI conversion process:
Step 1: Write the dynamics

%x,(t) = Ax/(t) + Bw(t), y(t) = Cx;(t) + Dw(t), x,(t) = Hx;
where A, B,C are in the {Ny, N1, No} algebra.

Step 2: Replace Matrices with Operators

ATP4+PA PB COT w1T 7 =1 DT B*PH u
BTpP —I DT | <0 — | D —I c v | <0
c D —~I x;| |HPB Ccr APH+HPA| |x;

Why Does This Work?:
® The conversion between primal and fundamental state is a { No, N1, N2} operator.
® \We express the dynamics as a {No, N1, N2} operator.
® We express the Lyapunov Functions using a {No, N1, N2} operator.
® {No, N1, N2} operators are closed under composition, adjoint, and addition.
® We can parameterize {No, N1, N2} operators using real numbers
® We can enforce positivity of { Ny, N1, N2} operators.
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An LMI for Stability of PDEs

A Matlab Toolbox
Notations and associated Matlab Functions:

{No,Nl,Nz}G‘I'd — P{No,Nl,Nz} >0
[prog, NO, N1, N2]= sosjointpos_mat_ker_semisep(prog,n,d,d,s,th, [a,b])
{No, N1, N2} = {To, T1,T2} X {Ro, R1, R2} — P(ng,N;y,Na} = P{Ty.71.T2} P{Ro,R1,Ra}
[NO, N1, N2] = semisep_MN1N2_compose(TO,T1,T2,R0,R1,R2,s,th, [a,b])

{No, N1, No} = {T0, T1, T2} = Pino,ni,N2} = Plmp,11,1)
[NO, N1, N2] = semisep_MN1IN2_transpose(TO,T1,T2,s,th)

Almost Complete Matlab Code:

Stability Conditions:
pvar s th
[prog, GO, G1, G2]=...

[prog, HO, H1, H2]=...

{Np, N1, Na} € &4
prog = sosprogram([s th])

_ *

[prog, M, N1, N2]= sosjointpos.mat _ker_semisep(prog,n,d,d,s,th,II) {Kp, K1, Kz} ={Gg,G1,G2}

[J0, J1, J2] = semisepMN1N2_compose (M+ep*I,N1,N2,G0,G1,G2,s,th,II) x {Ng + eI, Ny, No} x {Hg, Hy, Ho}
[HOs, His, H2s] = semisep.MN1N2_transpose(HO,H1,H2,s,th)

[KO, K1, K2] = semisep MNiN2_compose(HOs,H1s,H2s,J0,J1,J2,s,th,II)

[KOs, Kis, K2s] = semisep_MN1N2_transpose(KO,K1,K2,s,th)

[prog, [1,Nle, N2el = sosjointpos mat_ker_semisep(prog,n,d+2,d+2,s,th,II)

[prog, [1,gNle, gN2e] = sosjointposmat_ker_semisep_psatz(prog,n,d+2,d+2,s,th,II)
[prog]l = sosmateq(prog,K1+Kis+Nieq+gNieq)

prog = sossolve(prog,pars)

M. Peet
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Verifying Inequalities

Poincare Inequality:

/O a2 < €2 / ()2
L

X -I 0 0 X
V(x):/ x, | ()T |0 CI 0| |xs]|(s)ds
2 % 0 0 0] [xu
D(s)

For u(0) =u(1) =0, Cppin, = 1/7
For u(0) = u5(0) = 0, Cyin = .6366

M. Peet
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Testing for Accuracy

Example 1: Adapted from Valmorbida, 2014:
z(t,s) = Ax(t, s) + xss(t, s) z(0) =xz(1) =0
Stable iff A < 72 22 9.8696. We prove stability for A = 9.8696.

Example 2: From Valmorbida, 2016,

&(t,s) = Ax(t, s) + zss(t, s) z(0) =0, z,(1)=0
Unstable for A > 2.467. We prove stability for A = 2.467.

Example 3: From Gahlawat, 2017:

@(t,s) = (—.55% + 1.357 — 1.5s + .7+ Na(t, s) + (357 — 28)z4(t, 8) + (s° — % + 2)waa(t, s)
with 2(0) = 0 and x,(1) = 0. Unstable for A\ > 4.65. For d = 1, we prove stability for A = 4.65.

Example 4: From Valmorbida,2014,

(t,s) = [é 1.'25] o(t,s) + B wau(t,s),  @(0) = (1) =0

With d = 1, we prove stability for R = 2.93 (improvement over R = 2.45).

Example 5: From Valmorbida,2016,

0 0 0
i(t,s) = [52 0 o} z(t,s) + R 'zss(t,s),  x(0) =xs(1) =0
s —s 0

Using d = 1, we prove stability for R = 21 (and greater) with a computation time of 4.06s.
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Testing for Computational Complexity

Consider a simple n-dimensional diffusion equation
x(t,s) = z(t,s) + xss(t, 9)
where z(t,s) € R™.

Computation Time:

n(#ofstates) | 1 | 5 [ 10 | 20
CPUsec | 54 | 37.4 | 745 | 31620
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[[lustration 2: The Timoschenko Beam

Consider a simple Timoschenko beam model:
W = Os(ws — ¢) = —¢s + Wss
b= ¢ss + (ws — @) =—¢+ ws + ¢as

with boundary conditions

#(0) =0, w(0)=0, ¢s(L)=0, ws(L)—¢(L)=0

Step 1: Eliminate wy; and ¢yt - u1 = wy and uz = ¢¢.
Step 2: Use BCs to pick the state - ux = ws — ¢ and ug = ¢s.

w1l 0 O 0 07 w1 0O 1 0 O u1
uz| _ |0 0 —1 0] |u2 + 1 0 0 Of [u2
ug| ~— [0 1 0 Of |us 0 0 0 1| |us
uwg], 0 0 o0 o lus 0 0 1 0] Lual,
—_— e —/—
Ag X9 A

where Az =[] and n; = n3 = 0 and ny = 4 - a purely “hyperbolic” form. We only need 4 BCs:

u1(0) =0, u3(0) =0, wa(L)=0, wu2(l)=0
This gives a B has row rank ny = 4: wp (0)
1 0 0 0 0 0 0 o07]%*2@
u3(0)
0.0 1 0 0 0 0 0f w0 _,
00 0 0 0 0 0 1| |w(@fT
00 0 0 0 1 0 of |25
13 (L)
ug (L)
B

Stable! However, not exponentially stable (V £ 0) in all the given states.
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[[lustration 2b: The Timoschenko Beam revisited

Consider a modification - naively choose u2 = ws and ug = ¢. This leads to

w1 0 0 0 O 751 0 1 0 -1 w1 0
uz|{ [0 0O O O ug | 1 0 0 O ug | 0 “
us| [0 1 0 -1 |us 00 0 0] ]|us 1| s
u4], 0 0 1 0O U4 0 0 0 O ug] 0
—_— —_—
Ag Ax Az
where n1 = 0, ng = 3, and ng = 1 and with 5 boundary conditions
u1(0)
10 0 0 OO O O O O Ziég;
0 01 0 0 0 0 0 0 0] [uw
0000000 1 0 0 0f][wnf]|=o0
0 0 00 0O0OO 0 01 w((g))
0 0001 0 0 -1 0 0l]uy©
ugs (L)
B
NOT Stable in the given states!
However: If we add a damping term —cu4¢ = —cug to 13, then the only change is
0 0 O 0
0 0 O 0
Ado=1g 1 —« 1

0 0 1 0
Now Stable for any ¢ > 0! Stability is sensitive to definition of states!
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lllustration 3: The Tip-Damped Wave Equation

The simplest tip-damped wave equation is
uge (t, 5) = uss(t, s) u(t,0) =0 us(t, L) = —ku(t, L).
Guided by the boundary conditions, we choose
up(t, s) = us(t, s)
us(t, s) = u(t, s)

This yields
U1 . 0 1 U7
u9 t 1 0 u9 s
—— ——
Al xro
where Ag =0, A; =[] n1 =n3 =0 and ny = 2. The BCs are now
u1(0)
0 1 0 0] |u(0) 0
0 0 k 1| [m@D)]| —
ua(L)

We prove exp. stability in the given states wu;, us for k& > 0.
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lllustration 4: Non-“Hyperbolic” Damped Wave Equation

Add u to the dynamics (stable for a, k # 0)

e (t, 8) = uss(t, 8) — 2au(t, s) — aQu(t, s) s €10,1]
BCs: u(t,0) =0, us(t,1) = —kuy(t, 1)

Must choose the variables u; = u; and us = u. Yields the diffusive form:

u| _ |—2a —a?| [ug n 1 "
up|, | 1 0 | |us 0] 252
—_— -~

T3
Ao Az

where A1 =0, n; =0, no =1, and n3 = 1. The BCs on u; make us consider

this a hyperbolic state!

ul(O)
0 01 0 00O Ul((L))

uz (0
1000 0 0 =] =0
0 kE 0 0 O 1| |u2s(0

'U.ZS(L)

Stable!, but not exponentially stable in the given state (confirmed analytically).
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Field Estimation and ODE/PDE Models (Fluid-Structure)

Distributed State Estimation:
&1 1 0.3] [21 1 0] [z1ss s — 82
) = o T[]+ o 8] (2] + [0 oo
b

o= o [ onso= [ Y [ oo

a a

o 5 0 15
Flgure: Time evolution of z¢ (t) and w ()
for X\ = 5, 10 where w(t) is generated by
damped sinusoidal functions.

1D Flexible Arm attached to Rigid Body
Position of Body: z(t) Deflection and Curvature: w(s,t), wss(s,t)
Disturbance: d(t),u(t) Output: ws(s,t)

Z(t) - *F'wsss(oat) + d(t)7
”lI)(S,t) = *%wssss(sat) + ’I_L(t),
w(0,1) = z(t), ws (0,¢) =0,

Wes(L,t) = 0, wsss(L,t) =0
Result: For %I = 10, we get ||z[|7, < .8936]ull7,.
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Other Algebras

ODEs Coupled with PDEs:
Algebra of Operators on R™ x L7*[a, b]

EENH)ICE

l Pz + ff Q1(s)x(s)ds .
Q2(s)x + S(s)x(s) + [ Ri(s,0)x(0)do + fsb Ro(s, 0)x(0)do

Positivity using

P>0 — {LZmz) <{wme<{4%%) -0

PDEs in 2 Spatial Dimensions:
Algebra of Operators on Lz[[a, b] X [c,d]]

(Pu) (s) :=

T y b d
NoGe,wpu(e) + [ [ Niwys.0uts,0)dsdd + [ [ NaGev.s,0)u(s.0)dsas.
a c x Y
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H,, Gain Analysis

Stable for \ < 4.65.

ue(s,t) = Ag(s)u(s,t) + A1(s)us(s,t) + Aa(s)uss(s,t) + w(t)
u(0,t) =0 us(1,t) =0

Ag(s) = (—0.553+1.35> = 1.55+0.74+N), A;(s) = (352—25), Aa(s) = (s°—s2+2)

16 250

gain
& =
L, gain
&

0
0 100 200 300 400 500 600 461 4615 462 4625 463 4635 464 4645 465 4655
n by

Figure: Comparison with Discretization Figure: Hoo Gain as a function of A (d = 1)
(d=1)
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Conclusion and Extensions (thanks to ONR #N000014-17-1-2117)

PiNo,N1,N,) Framework extends LMI techniques to PDEs.
e ATP + PA < 0 becomes

PEHoﬂHl,Hz} Ping, N1, N2} P{Go,GhG2}+PEG07G1,G2} Ping, N1 N2} Py, a1 H2} <0

AT P P A
Conclusions: Extensions:
PROs: ® Input-Output Properties (ACC, 2019)
® Computationally Efficient > Ho Gain
> L
® A more rational treatment of boundary RasSiuty
conditions. ® ODEs coupled with PDEs (CDPS, 2019)
® No Conservatism (Almost N+S) ® Optimal Estimator Synthesis
® Easily Extended to New Problems ¢ Optimal Controller Synthesis
> e.g. higher order derivatives Solvable (in order of difficulty)
» e.g. distributed dynamics ® Extension to 3D
CONs: ® Duality (Stability of A*)
° ReqL.Ji.res n2 + 2n3 BCs to be clearly ® Inversion of the Py, N, N,} Operator
specified

. » Want an Analytic Formula
® PDE Must be Stable in all States
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