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Abstract

Recently, it has been shown how stability analysis and control of coupled Partial Differential Equations (PDEs) in a single
spatial variable can be more conveniently performed using the Partial Integral Equation (PIE) representation. This PIE offers
an equivalent, state-space representation of the PDE on the Hilbert space L2, and is parameterized by an algebra of Partial
Integral (PI) operators, allowing e.g. stability to be analysed by solving a linear operator inequality on PI operator variables.
In this paper, we show how this PIE framework for univariate PDEs can be extended inductively to multivariate PDEs on a
hyper-rectangle. Specifically, assuming the boundary conditions defining the domain of the PDE to be decoupled along distinct
spatial directions, we propose a readily verifiable condition for existence of a bijection between the PDE domain and L2. We
derive an explicit expression for the map defining this bijection, and use this map to construct an equivalent PIE representation
for a broad class of linear multivariate PDEs. Next, we embed the parameters defining this PIE representation in a class of
multivariate PI operators, and prove that this class forms a ∗-algebra – allowing PI operator inequalities for stability analysis,
estimation, and control of univariate PDEs to be similarly formulated for multivariate PDEs. Finally, we show how such an
operator inequality for stability analysis of multivariate PDEs can be solved with semidefinite programming, using a positive
matrix parameterization of positive semidefinite multivariate PI operators. This framework for representation and stability
analysis of multivariate PDEs is incorporated in the PIETOOLS software, and applied to analyze stability of 2D heat, wave,
and plate equations, obtaining accurate bounds on the rate of decay.
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1 Introduction

Partial Differential Equations (PDEs) are frequently used
to model physical phenomena such as fluid flow (e.g. Navier-
Stokes), vibrations in flexible structures (e.g. Kirchoff-Love
plates), and population growth (e.g. Fisher’s equation).
Such PDE models provide a simplified representation of
the phenomena, which can then be used to analyse stability
properties or design a stabilizing controller. However, while
there exist well-defined state-space and transfer function
based algorithms for simulation, stability analysis and con-
trol of Ordinary Differential Equations (ODEs), applicable
for any suitably well-posed problem, these methods do not
readily generalize to PDEs. In particular, development of
similar universal tools for PDEs is complicated by the fact
that the state of the PDE is infinite-dimensional, and is
further required to satisfy a set of boundary conditions.
Moreover, PDEs can involve an arbitrary number of spatial
variables, and tools developed for univariate PDEs may
not readily extend to a multivariate setting. As such, most
work on analysis and control of (multivariate) PDEs is ad
hoc, tailoring results to a limited class of PDEs and bound-
ary conditions. An overview of such methods is as follows.

⋆ Acknowledgement: This work was supported by the Na-
tional Science Foundation grants 2337751 and 2429973.

Email addresses: djagt@asu.edu (Declan S. Jagt),
mpeet@asu.edu (Matthew M. Peet).

1.1 Methods of Analysis and Control of PDEs

Semi-group theory is a mathematical framework for anal-
ysis of PDEs, with associated notions of solution and well-
posedness being defined in terms of equivalence of a strongly
continuous semigroup [8,6]. In this framework, operator in-
equality conditions may be proposed for analysis and con-
trol purposes [26,25,32]. However, because the semigroup
framework does not provide explicit methods for finding a
solution or solving operator inequalities, PDE problems ex-
pressed in this framework are typically discretized through
projection of the state onto a finite set of basis functions.
Discretization of the dynamics is called “early-lumping” 1

and discretization of operator inequalities is termed “late-
lumping” 2 . However, in each case, care must be taken in
selecting a finite-dimensional basis to ensure compatibility
with boundary conditions. Furthermore, inferring proper-
ties of the PDE from properties of the discretization requires
extensive, ad hoc, analysis.

Another PDE framework is the backstepping methodol-
ogy [43], often used to design stabilizing boundary feed-
back controllers. The discretization step in this case lies
in numerically solving certain Volterra type integral equa-
tions for reconstruction of the backstepping state trans-
formation. The resulting kernel may then be used to de-

1 Examples of early-lumping can be found in [13,28,7,12].
2 Examples of late-lumping can be found in [34,38].
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fine an invertible state transformation and stabilizing con-
troller gain [24]. However, defining the backstepping trans-
formation for PDEs with multiple spatial variables requires
an extension of the Volterra framework, and integration of
function-valued boundary conditions. Consequently, such
multivariate methods typically require use of spatial invari-
ance or symmetry of solutions to reduce the dimensionality
of the problem [45,47,44].

Finally, spectral discretization by wave number can be
used in combination with transfer-function approaches
to perform energy gain analysis. This method has been
applied to linearized fluid flow in multiple spatial vari-
ables [20,27,19], yielding decomposition into streamwise
and spanwise components. This yields an operator-valued
transfer function which is then discretized.

Methods which avoid discretization are often based on
construction of a suitable metric – i.e. a Lyapunov func-
tional. The challenge in this case is parameterization of
quadratic Lyapunov functionals and verifying negativity of
the derivative along solutions to the PDE (often through
the use of LinearMatrix Inequalities (LMIs)). In most cases,
the Lyapunov functional is chosen to be the L2 norm of
the state, and negativity of the derivative of this function is
established using inequalities such as Poincare, Wirtinger,
Jensen, etc. – together with integration by parts. However,
restrictions on the structure of the Lyapunov functional and
the need for ad hoc analysis limits the scope of suchmethods
and implies conservatism in the resulting stability condi-
tions. This approach has been applied to design observers for
the 2D Navier-Stokes equations [22,49,51] and controllers
for the Kuramoto-Sivashinsky equation [21]. Works which
extend these approaches to Lyapunov functionals defined by
weighted L2 norms using Sum-of-Squares [37] for parabolic
PDEs include [36,33] (linear PDEs) and [42,3] (nonlinear
PDEs). Applications to fluid flow include [48,2]. Moment-
based dual approaches can be found in [31,23,16]. In all
cases, however, the need for ad hoc analysis and the use of
restricted classes of Lyapunov functionals limits accuracy
of the results [10].

While this brief survey on methods for analysis and con-
trol of multivariate PDEs is clearly incomplete, in each case
we find that the need for ad hoc analysis limits the accu-
racy, scope and reliability of the method. To address this
problem, we will examine the question of whether there ex-
ists some more fundamental state-space representation of
PDEs which allows for the design of universal tools for sim-
ulation, analysis and control, which would be applicable to
any PDE expressed in terms of this representation.

1.2 The PIE Representation for Stability Analysis and
Control of 1D PDEs

The need for universal simulation, analysis and control
methods for PDEs has motivated the development of a
state-space framework for representation of these systems.
Specifically, for PDEs in a single spatial variable, we have
the Partial Integral Equation (PIE) representation [39].
This PIE representation defines the fundamental (or PIE)
state as the highest-order spatial derivative (∂d

s ) of the
PDE state. This fundamental state lies in the Hilbert space
Ln
2 and does not admit boundary conditions or Sobolev

regularity constraints.

Because the PIE state is unconstrained, establishing
equivalence of PDE and PIE requires invertibility of
∂d
s : D → Ln

2 on the domain of the PDE, D, as specified
by the boundary conditions and regularity constraints.
For univariate coupled PDEs, necessary and sufficient
conditions for invertibility of ∂d

s : D → Ln
2 have been pro-

posed [14], and result in an analytic construction of this
inverse as defined by a Volterra type integral operator.
Specifically, this integral operator is of the form(

T v
)
(s) =

∫ s

a

T1(s, θ)v(θ) dθ +

∫ b

s

T2(s, θ)v(θ) dθ,

where T1,T2 are polynomials and can be computed ana-
lytically using the matrices which parameterize the bound-
ary conditions associated with D. Linear integral operators
of this form (denoted Partial Integral (PI) operators) are
bounded and form a ∗-algebra, where ∗ denotes the L2-
adjoint. This algebraic structure is significant in that it im-
plies that the evolution of the fundamental state may be
represented as a PIE of the form ∂tT v = Av where A is
likewise a PI operator albeit with inclusion of a multiplier
operator (inclusion of polynomial multipliers preserves the
∗-algebraic structure).

Once a PIE representation has been established, there
exists an array of algorithmic tools for simulation, analy-
sis, control and estimation, most of which have been incor-
porated in the PIETOOLS software package [40] (see also
literature on PIE methods in 1D).

When PDEs involve multiple spatial variables, establish-
ing an equivalent PIE representation raises new challenges.
In this case, the fundamental state is similarly defined as
the highest-order spatial derivative of the PDE state, e.g.
v = ∂d

x∂
d
yu, and the goal (for a given PDE domain D)

is to construct an inverse of ∂d
x∂

d
y : D → Ln

2 . The chal-
lenge lies in the boundary conditions which restrict the PDE
state u ∈ D. Specifically, if the PDE is defined on an N -
dimensional hyper-rectangle, the boundary conditions con-
strain the values of the PDE state on the 2N surfaces of
the hyper-rectangle, each of which is itself an (N − 1)-
dimensional hyper-rectangle. Furthermore, unlike in the 1D
case, the boundary values of the multivariate PDE state
are coupled in ways which create new questions of well-
posedness. For example, in the simplest case, the surfaces
of the hyper-rectangle intersect at the corners and hence
boundary conditions must be consistent at these corners
(e.g. the boundary conditions must not imply u(x, 0) ̸=
u(0, y) at (x, y) = (0, 0)). This question of consistency for
2D PDEs was explored in [17], wherein a consistent basis for
boundary conditions was proposed and it was shown that
projection of the boundary conditions onto this basis was
able to resolve the question of consistency. The disadvan-
tage of this approach, however, is the need for projection of
the boundary conditions and for inversion of multivariate
integral operators to obtain the PIE representation.

In contrast to [17], this paper considers a restricted set of
boundary conditions defined as the intersection of lifted 1D
domains – e.g. D := Dx ∩Dy where Dy := {u | Ayu(x, 0)+
Byu(x, 1) = 0} and Dx := {u | Axu(0, y) + Bxu(1, y) =
0}. This approach includes many commonly used bound-
ary conditions, and has the additional advantages that the
parameters defining the boundary conditions may be ex-
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pressed in a more intuitive manner; and it avoids the need
for inversion of multivariate operators. Moreover, using this
approach, consistency of the boundary conditions may be
readily expressed as a testable constraint on the parame-
ters, e.g. Ax, Ay, Bx and By, as will be shown in Section 4.
Assuming this constraint to be satisfied, the inverse to the
spatial differential operator may then be constructed induc-
tively as e.g. (∂x∂y)

−1 = (∂x)
−1(∂y)

−1 – reducing the need
for complicated multivariate notation and greatly simplify-
ing the construction of the PIE representation.

The construction of the PIE representation for a class of
linear, ND PDEs is presented in Section 4. In Section 5, in-
duction is then used to define a class of multivariate PI op-
erators, which parameterize the PIE representation of mul-
tivariate PDEs. Using these PI operators, linear PI operator
inequalities for e.g. stability analysis and optimal control
of univariate PDEs may then be generalized to the multi-
variate setting, and we present such an operator inequality
for stability analysis of multivariate PDEs in Section 6. Fi-
nally, we show how this operator inequality can be solved
using semidefinite programming, by parameterizing a class
of positive semidefinite multivariate PI operators by posi-
tive semidefinite matrices. In Section 7, we use this approach
to verify stability of 2D heat, wave, and plate equations. A
more detailed overview of the organization of the paper is
provided in Section 3.

2 Notation

Let N denote the natural numbers and N0 := N ∪ {0}.
For i, j ∈ N0, we denote a set of indices as {i : j} := {i, i+
1, . . . , j}. For N ∈ N and multi-indices α, β ∈ NN

0 , we write

α ≤ β if αi ≤ βi for all i ∈ {1 : n}. We denote 0⃗ :=

(0, . . . , 0) ∈ NN , and 2⃗ := (2, . . . , 2) ∈ NN .

Define Ω :=
∏N

i=1[ai, bi] := [a1, b1] × · · · × [aN , bN ] for
[ai, bi] ⊂ R. Denote by Rn[s] the space of Rn-valued poly-
nomials in variables s. Let Ln

2 [Ω] denote the Hilbert space
of real-valued, square-integrable functions on Ω, with stan-
dard inner product ⟨u,v⟩L2

:=
∫
Ω
u(s)Tv(s)ds. For suitably

differentiable u ∈ Ln
2 [Ω], define

∂k
zu :=

∂k

∂zk
u, Dαu := ∂α1

s1 · · · ∂αN
sN u,

where k ∈ N0 and α ∈ NN
0 . For sufficiently regular u ∈

Ln
2 [Ω], we denote limit values in one argument as u(θi) :=

u(s)|si=θi := u(s1, . . . , si−1, θi, si+1, . . . , sN ).

Let L(Ln
2 , L

m
2 ) denote the space of bounded linear oper-

ators from Ln
2 to Lm

2 , with induced operator norm ∥.∥op,
and let L(Ln

2 ) := L(Ln
2 , L

n
2 ). For K ∈ Lm×n

2 [Ω], de-
fine the multiplier operator M[K] ∈ L(Ln

2 [Ω], L
m
2 [Ω]) by

(M[K]u)(s) := K(s)u(s). We write In ∈ Rn×n for the
n × n identity matrix, and 0m×n ∈ Rm×n for a matrix of
all zeros. For A ∈ Rm×n, we let [A]i,j denote the element
in row i and column j of A.

2.1 Sobolev Space with Bounded Mixed Derivatives

Traditionally, solutions to PDEs in multiple spatial di-
mensions are allowed to lie in the Sobolev Hilbert spaces
W d

2 – implying Dαu(t) ∈ L2 for all α ∈ NN
0 such that

∥α∥1 :=
∑N

i=1 αi ≤ d. The disadvantage of this approach is

that solutions must be defined in the weak sense and that
the boundary conditions need to be defined using trace op-
erators. Recently, however, there has been a growing inter-
est in multivariate PDE solutions which are required to ex-
ist in more restrictive spaces, requiring Dαu(t) ∈ L2 for
all α such that ∥α∥∞ := maxNi=1 αi ≤ d. More generally,
for δ ∈ NN

0 , we define the Sobolev space with dominating
mixed smoothness of order δ on Ω as

Sδ,n
2 [Ω] :=

{
u ∈ Ln

2 [Ω] |Dαu ∈ Ln
2 [Ω], ∀α ∈ NN

0 : α ≤ δ
}
.

Spaces of this form have the advantage that if δi > 0 for all
i, then Sδ

2 can be embedded in a suitable space of Hölder
continuous functions [1] – implying weak and classical so-
lutions are equivalent and that boundary values are well-
defined without the need for trace operators. In particular,
for every α ≤ δ and i ∈ {1 : N}, if αi < δi, then Dαu|si=ai

and Dαu|si=bi are well-defined for any u ∈ Sδ
2 [Ω]. In addi-

tion, using Sδ
2 has the advantage that we may decompose

Sδ
2 [Ω] =

⋂N
i=1 S

δi·ei
2 [Ω], where ei ∈ RN is the ith standard

Euclidean basis vector. Based on this decomposition, we will

also consider PDE domains of the form D :=
⋂N

i=1 Di ⊆ Sδ
2 ,

where each Di ⊆ Sδi·ei
2 [Ω] is a lifted univariate domain.

Specifically, for Ω :=
∏N

i=1[ai, bi] and a univariate domain,

D⊆Sd,n
2 [ai,bi], we define the i

th lifting of that domain as

D̂[i] :=
{
u ∈ Sd·ei,n

2 [Ω] | ∀sj ∈ [aj , bj ], j ̸= i ,

u(s1, ..., si−1, • , si+1, ..., sN ) ∈ D
}
,

where for u ∈ Sd·ei,n
2 [Ω] and sj ∈ [aj , bj ], j ̸= i, v =

u(s1, . . . , si−1, • , si+1, . . . , sN ) means that v(si) = u(s) for

all si ∈ [ai, bi]. Then, for Di ⊆ Sδi,n
2 [ai, bi], through some

abuse of notation, we let
⋂N

i=1 Di :=
⋂N

i=1 D̂i[i].

Example 1 Consider the 2D PDE domain

D :=

{
u ∈ S

(2,2)
2 [[0, 1]2]

∣∣∣ u(0, y) = u(1, y) = 0
u(x, 0) = uy(x, 1) = 0

}
.

Then D = D̂1[1] ∩ D̂2[2], where

D1 := {u ∈ S2
2 [0, 1] | u(0) = u(1) = 0},

7→ D̂1[1] := {u ∈ S
(2,0)
2 [[0, 1]2] | u(0, y) = u(1, y) = 0},

D2 := {u ∈ S2
2 [0, 1] | u(0) = uy(1) = 0},

7→ D̂2[2] := {u ∈ S
(0,2)
2 [[0, 1]2] | u(x, 0) = uy(x, 1) = 0}.

3 Problem Definition and Organization

Consider the problem of representation and stability anal-
ysis of a class of autonomous linear PDEs of the form

∂tu(t, s) =
∑

0≤α≤δ

Aα(s)D
αu(t, s), t ≥ 0, s ∈ Ω, (1)

parameterized byAα ∈ Rn×n[s], with Ω :=
∏N

i=1[ai, bi]. We
suppose that the domain of the PDE may be decomposed
as u(t) ∈ D :=

⋂
i Di, where for each i,

Di :=

{
u ∈ Sδi·ei,n

2 [Ω]

∣∣∣∣ ∀j ∈ {0 : δi − 1}, (2)
δi−1∑
k=0

[
Bi

j,k(∂
k
siu)|si=ai

+ Ci
j,k(∂

k
siu)|si=bi

]
= 0

}
,
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with parameters Bi
j,k, C

i
j,k ∈ Rn×n. Note that this rep-

resentation assumes a hyperrectangular spatial geometry,

Ω =
∏N

i=1[ai, bi], in order for the PDE domain D to admit a
decomposition into univariate domains Di along each inter-
val [ai, bi]. This decomposition will simplify the construc-
tion of multivariate PIE representations by allowing for N
inductive incorporations of univariate domains, as shown
in Section 4. Furthermore, by requiring the parameters Aα

to be polynomial, the resulting PIE representation will be
defined by polynomial parameters. This use of polynomial
parameters will allow a stability test to be formulated as
a semidefinite program, as shown in Section 6. Although
a PIE representation can be constructed for PDEs with
non-polynomial parameters – thereby also supporting more
complex geometries through the use of e.g. spherical coor-
dinates – this complicates the formulation of an SDP-based
stability test, and hence will not be addressed in this paper.

Despite the aforementioned limitations, the proposed
class of PDEs and boundary conditions is quite general,
encompassing most commonly used PDEs, including 2nd-
order, 2D PDEs of the form 3

ut = A0u+A1

[
ux

uy

]
+A2

[
uxx

uyy

]
, u ∈ D = D1 ∩ D2,

with boundary conditions parameterized as

D1 :=

{
u

∣∣∣∣Bx

[
u(0,y)
ux(0,y)
u(1,y)
ux(1,y)

]
=0

}
, D2 :=

{
u

∣∣∣∣By

[
u(x,0)
uy(x,0)

u(x,1)
uy(x,1)

]
=0

}
,

This formulation includes heat and wave 4 equations with
Dirichlet, Robin, and mixed boundary conditions, such as
the following reaction-diffusion system.

Example 2 As an example of the proposed class of PDEs,
consider the following 2D reaction-diffusion equation,

ut(t, x, y)=uxx(t, x, y)+uyy(t, x, y)+ru(t, x, y),

u(t, 0, y) = u(t, 1, y) = 0, u(t, x, 0) = uy(t, x, 1) = 0,

where r ∈ R. We represent this system in the standardized
form in (1) using δ = (2, 2), A(2,0) = A(0,2) = 1, and

A(2,2) = r, and with D =
⋂2

i=1 Di as in Example 1.

Considering the class of PDEs in (1), our first goal is to
construct an equivalent PIE representation, exploiting the

decomposition of the PDE domain as D =
⋂N

i=1 Di.

3.1 PIE Representation and Fundamental State

Having proposed a general class of linear, ND PDEs, we
now seek to represent solutions to such PDEs using evolu-
tion equations of the form

∂tT v(t) = Av(t), v(t) ∈ Ln
2 [Ω], t ≥ 0, (3)

3 We may convert to the form in Eqn. (1) using A(0,0) = A0,
[A(1,0),A(0,1)] = A1 and [A(2,0),A(0,2)] = A2.
4 Let A0 = [ 0 0

1 0 ] and A2 = [ 0 1 0 1
0 0 0 0 ] and use u(t) =

[
u(t)
ut(t)

]
.

where T =
∏N

i=1 Ti and A =
∑M

j=1

∏N
i=1 Ai,j , for Ti and

Ai,j univariate integral operators of the form

(Rv)(s) := R0(si)v(s) (4)

+

∫ si

ai

R1(si, θi)v(θi)dθi +

∫ bi

si

R2(si, θi)v(θi)dθi,

for polynomials Rk. Operators of this form belong to the
algebra of Partial Integral (PI) operators defined formally
in Defn. 23, and evolution equations of the form in (3) are
referred to as Partial Integral Equations (PIEs). Solutions
to the PDE and PIE are then related through the maps
v(t) = Dδu(t) and u(t) = T v(t).

3.2 Equivalence of PDE and PIE – Overview of Section 4

While the map from PDE to PIE state, Dδ : D → Ln
2 , is

specified by the order δ of the PDE in (1), construction of
the map from PIE to PDE state, T := (Dδ)−1 : Ln

2 → D,
is non-trivial. Indeed, inversion of Dδ on the domain D is
the essential step in constructing the PIE representation
— establishing a bijection between Ln

2 and D. We per-
form this inversion in Section 4, exploiting the decompo-
sition of the PDE domain as D := D1 ∩ · · · ∩ DN to in-
ductively define (Dδ)−1 = (∂δN

sN )−1 · · · (∂δ1
s1 )

−1. In partic-
ular, in Subsection 4.1, we first recall that if each set Di

is defined by well-posed boundary conditions of the form
in (2), then ∂δi

si : Di → Ln
2 is invertible, and the inverse

Ti : Ln
2 → Di is of the form in (4), with R0 = 0 and where

the formulae for R1,R2 are given in [14]. It is then rela-
tively easy to show through induction that T := TN · · · T1
is both a left- and right-inverse of Dδ := ∂δ1

s1 · · · ∂
δN
sN —i.e.

DδT = In : Ln
2 → Ln

2 and T Dδ = In : D → D. The follow-
ing example illustrates this construction for a 2D domain
with mixed boundary conditions.

Example 3 To illustrate the construction of an inverse to
Dδ : D → L2, consider D = D1∩D2 as in Example 1. Then,
we can define T1 := (∂2

x)
−1 : L2[0, 1] → D1 as

(T1v)(x, y) :=
∫ x

0

θ(x− 1)v(θ)dθ +

∫ 1

x

x(θ − 1)v(θ, y)dθ.

and we can define T2 := (∂2
y)

−1 : L2[0, 1] → D2 as

(T2v)(y) := −
∫ y

0

ηv(η)dη −
∫ 1

y

yv(η)dη.

It follows that T D(2,2) = D(2,2)T = I, where

(T v)(x, y) =

∫ x

0

∫ y

0

θ(1− x)ηv(θ, η)dηdθ

+

∫ x

0

∫ 1

y

θ(1−x)yv(θ, η)dηdθ +

∫ 1

x

∫ y

0

x(1−θ)ηv(θ, η)dηdθ

+

∫ 1

x

∫ 1

y

x(1− θ)yv(θ, η)dηdθ

Given that T Dδ : D → D, it follows that if u(t) satisfies
the PDE in (1), then v(t) = Dδu(t) satisfies the PIE in (3)
(letting A =

∑
α≤δ M[Aα]D

α T ), so that stability of the
PIE implies stability of the PDE. However, to show that if
v(t) satisfies the PIE, then u(t) = T v(t) satisfies the PDE,
we must also show that T : Ln

2 → D – i.e. that T v satisfies
the boundary conditions defining D for all v ∈ Ln

2 .
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While for scalar-valued states (i.e. n = 1), the defini-
tion of T ensures T v ∈ D for all v ∈ L2, the extension
to vector-valued states requires an additional restriction on
the domains Di defining D. Specifically, in Subsection 4.2,
we show that even in the 2D case, D = D1 ∩ D2, there ex-
ist domains D1,D2 (each well-posed in the 1D sense) and
v ∈ Ln

2 [[0, 1]
2] such that T v /∈ D. This problemmanifests as

inconsistency of Di at the corners of the spatial domain. For
illustration, in Example 2, replacing u(0) = 0 by u(0) = 1
in the definition of D1, this would be incompatible with D2,
as u ∈ D1 ∩ D2 would then require both u(0, 0) = 0 and
u(0, 0) = 1. To avoid such incompatibility, we propose a
necessary and sufficient condition on the parameters Bi

j,k

and Ci
j,k which define the Di for these domains to be consis-

tent (Defn. 10). This consistency condition then guarantees
that T : Ln

2 → D – implying that any solution to the PIE
defines a solution to the PDE. This establishes that stabil-
ity of the PIE is equivalent to stability of the PDE.

Having established the main result, in Section 6, we then
propose a simple Lyapunov condition for stability of the
PIE (and hence PDE) in terms of a set of linear PI operator
inequalities. These operator inequalities can be tested using
semidefinite programming via software such as PIETOOLS
and a brief description of this software is provided in Sec-
tion 7, with application to several examples.

4 An Equivalent PIE Representation of Linear
Multivariate PDEs

In [39], it was shown how for a univariate domain D ⊆
Sd
2 [a, b] defined by a set of suitably admissible linear bound-

ary conditions, we can define a left- and right-inverse T :
L2[a, b] → D to ∂d

s : D → L2[a, b]. Using this relation, an
equivalent PIE representation can be derived for a broad
class of linear, univariate PDEs.

As discussed in Subsection 3.2, our approach to represen-
tation of multivariate PDEs is based on inductive applica-
tion of the univariate construction when the domain of the
ND PDE may be decomposed as D = D1∩ · · ·∩DN , where
each Di ⊆ Sδi

2 [Ω] is defined by boundary conditions only
with respect to the ith spatial variable (as in (2)). When
these domains are consistent, the map T : Ln

2 [Ω] → D
may then be constructed as T := T1 · · · TN , where Ti :=
(∂δi

si )
−1 : Ln

2 [Ω] → Di. To illustrate, consider the special
case of Dirichlet and Neumann boundary conditions, defin-
ing the following 1D domains:

DD := {u ∈ S2,n
2 [ai, bi] | u(ai) = u(bi) = 0}, (5)

DN1 := {u ∈ S2,n
2 [ai, bi] | u(ai) = us(bi) = 0},

DN2 := {u ∈ S2,n
2 [ai, bi] | us(ai) = u(bi) = 0}.

Defining the associated ND domain D =
⋂N

i=1 Di :=⋂N
i=1 D̂i[i] as in Subsection 2.1, we then have the following

result (a special case of the main result in Thm. 19).

Corollary 4 LetD =
⋂N

i=1 Di whereDi ∈ {DD,DN1,DN2}
for each i ∈ {1 : N}, for DD, DN1, DN2 as in (5). Then

u = T D2⃗u for all u ∈ D, and v = D2⃗T v and T v ∈ D for all
v ∈ Ln

2 , where (T v)(s) :=
∫
Ω
G(s, θ)v(θ)dθ with G(s, θ) :=∏N

i=1 Gi(si, θi) for Gi(x, y) :=
{
hi(x, y) + (x− y), y ≤ x,

hi(x, y), y > x,

where

hi(x, y) :=


−(x−ai)(bi−y)

bi−ai
, Di = DD,

ai − x, Di = DN1,

y − bi, Di = DN2,

x, y ∈ [ai, bi].

Moreover, u(t) ∈ D satisfies theND heat equation, ∂tu(t) =

∇2u(t) =
∑N

i=1 ∂
2
siu(t), if and only if v(t) = D2⃗u(t) ∈

Ln
2 satisfies the PIE ∂tT v(t) = Av(t), where Av(s) :=∑N
j=1

∏
i̸=j(

∫
[ai,bi]

Gi(si, θi))v(θ)dθ.

Note: For T as in Cor. 4, we have T = T1 · · · TN , where

(Tiv)(s) :=
∫ bi
ai

Gi(si, θ)u(s1, ..., si−1, θ, si+1, ..., sN )dθ.

To establish results of this form, in Subsection 4.1, we re-
call the construction of Ti and the 1D PIE representation.
Consistency of the domains, Di, will be addressed in Sub-
section 4.2. Finally, construction of T = T1 · · · TN and the
ND PIE representation is presented in Subsection 4.3.

4.1 The PIE Representation of 1D PDEs

Consider a linear 1D PDE of the form

∂tu(t, s) = (Hu)(t, s), u(t) ∈ D, s ∈ [a, b],

where (Hu)(t, s) :=
∑d

k=0 Hk(s−a)∂k
su(t, s), and whereD

is the domain of the PDE, defined by a suitable set of linear
boundary conditions. The crucial step in constructing the
PIE representation for such a PDE is that of inverting the
operator ∂d

s : D → Ln
2 [a, b]. A class of domains for which this

can be achieved has already been proposed in [39], Defn. 9,
and we will consider a slightly less general class as follows.

Definition 5 We say that D of the form

D :=

{
u ∈ Sd,n

2 [a, b]

∣∣∣∣ ∀j ∈ {0 : d− 1}, (6)

d−1∑
k=0

[
Bj,k(∂

k
su)(a) + Cj,k(∂

k
su)(b)

]
= 0

}
,

is admissible if the matrix (Ha + HbQ(b − a)) is invert-
ible, where Ha, Hb ∈ Rnd×nd are defined by [Ha]j,k = Bj,k,
[Hb]j,k = Cj,k, and where

Q(z) :=


In zIn · · · zd−1

(d−1)!In

0n In · · · zd−2

(d−2)!In
...

...
. . .

...
0n 0n · · · In

. (7)

The matrix Q(b − a) in Defn. 5 may be used to express
the upper-boundary values, ∂i

su(b), in terms of the lower-
boundary values, ∂j

su(a), coupling the two using ∂d
su. Ad-

missibility of the domain then implies that sufficient bound-
ary conditions are specified to uniquely define each of the
boundary values in terms of ∂d

su—thereby ensuring invert-
ibility of ∂d

s : D → Ln
2 [a, b]. The following result, a corollary

of Thm. 3.1 in Sec. XIV.3 of [14], provides an explicit ex-
pression for the resulting inverse T : L2[a, b] → D, as well as
for the composition of T with the differential operator H 5 .

5 the original theorem from [14] presents an inverse to the more

general operator τ :=
∑d−1

i=0 ai(s)∂
i
s+∂d

s for ai ∈ L2, which may
be used to define an alternative PIE representation. We choose
ai = 0 in order for T = τ−1 to be defined by polynomials.

5



Corollary 6 For given a, b ∈ R, d ∈ N0 andHk ∈ Rn×n[s],

letD ⊆ Sd,n
2 [a, b] be admissible as per Defn. 5 withHa, Hb as

defined therein. Let H : D → Ln
2 be defined by (Hu)(s) :=∑d

k=0 Hk(s−a)∂k
su(s). Then for any u ∈ D, T ∂d

su = u and
Hu = A∂d

su, and for any v ∈ Ln
2 [a, b], T v ∈ D, ∂d

sT v = v,
and HT v = Av, where for d ̸= 0,

(T v)(s) :=

∫ b

a

GT (s, θ)v(θ) dθ,

(Av)(s) := Hd(s− a)v(s) +

∫ b

a

GA(s, θ)v(θ) dθ,

where

GT (s, θ) :=

{
e1(s− a)T (In −K)ed(b− θ) θ ≤ s,
−e1(s− a)TKed(b− θ) s < θ,

GA(s, θ) :=

{
cA(s− a)T (In −K)ed(b− θ) θ ≤ s,
−cA(s− a)TKed(b− θ) s < θ,

where K := (Ha +HbQ(b− a))−1Hb with Q as in (7), and
e1 := (ê1 ⊗ In)

T , ed := (êd ⊗ In)
T , where

ê1(z) :=
[
1, z, ..., zd−1

(d−1)!

]
, êd(z) :=

[
zd−1

(d−1)! , ..., z, 1
]
,

cA(z)
T :=

[
H0(z), H0(z)z+H1(z), ...,

∑d−1
k=0 Hk(z)

zd−k−1

(d−k−1)!

]
.

Additionally, if d = 0, the identities hold with T = In and
A = M[A0].

Cor. 6 shows that, for D admissible, we can define the
inverse to the differential operator ∂d

s : D → L2 as an in-
tegral operator T : L2 → D. Moreover, for a PDE of the
form ∂tu(t) = Hu(t), we can define an equivalent PIE rep-
resentation as ∂tT v(t) = Av(t), using fundamental state
v(t) = ∂d

su(t). The following corollary adapts this result to

the multivariate space, ∂δi
si : D̂[i] → L2[Ω].

Corollary 7 For any i ∈ {1 : N}, let Di := D̂[i] ⊆
Sδi·ei,n
2 [Ω] for Ω =

∏N
i=1[ai, bi] and D of the form in (6)

with d = δi and [a, b] = [ai, bi]. Define associated T ,A,
and H as in Cor. 6. If we define the extensions of these
operators, Ti,Ai : L

n
2 [Ω] → Ln

2 [Ω] and Hi : Di → Ln
2 [Ω], as

(Tiv)(s) :=
(
T v(s1, ..., si−1, •, si+1, ..., sN )

)
(si),

(Aiv)(s) :=
(
Av(s1, ..., si−1, •, si+1, ..., sN )

)
(si),

(Hiv)(s) :=
(
Hv(s1, ..., si−1, •, si+1, ..., sN )

)
(si),

then for all u ∈ Di, Ti∂δi
siu = u and Ai∂

δi
siu = Hiu, and for

all v∈Ln
2 [Ω], Tiv∈Di, ∂

δi
siTiv=v and HiTiv=Aiv.

PROOF. For any u ∈ Di and v ∈ Ln
2 [Ω], we have

u(s1, ..., si−1, •, si+1, ..., sN ) ∈ D and
v(s1, ..., si−1, •, si+1, ..., sN ) ∈ Ln

2 [ai, bi] for almost every
sj ∈ [aj , bj ] for j ̸= i. By Cor. 6, it follows that

(T ∂δi
siu(s1, ..., si−1, •, si+1, ..., sN ))(si) = u(s),

(A∂δi
siu(s1, ..., si−1, •, si+1, ..., sN ))(si) = Hu(s),

∂δi
si (Tiv(s1, ..., si−1, •, si+1, ..., sN ))(si) = v(s),

(HT v(s1, ..., si−1, •, si+1, ..., sN ))(si) = Av(s),

and (T v)(s1, ..., si−1, •, si+1, ..., sN ) ∈ D. By definition of
Ti, Ai, and Hi, then, Ti∂δi

siu = u and Ai∂
δi
siu = Hiu, as

well as ∂δi
siTiv = v, HiTiv = Aiv, and Tiv ∈ Di. ■

By Cor. 7, for any admissible Di, we can define an inverse
to ∂si : Di → Ln

2 as a lifted, univariate integral operator
Ti : Ln

2 → Di. Using this result, the following corollary
shows that T := TN · · · T1 defines an inverse ofDδ when the
domain of Dδ is extended to the range of T .

Corollary 8 ForDi ⊆ Sδi·ei,n
2 and associated Ti : Ln

2 → Di

as in Cor. 7, let T := TN · · · T1 and D :=
⋂

i Di. Then
T Dδu = u and DδT v = v for any u ∈ D and v ∈ Ln

2 .

PROOF. The result follows from the fact that Ti defines
both a left- and right-inverse to ∂δi

si : Di → Ln
2 . A formal

proof is given in Cor. 37 in Appx. A. ■

By Cor. 8, T is the inverse of Dδ : D → Ln
2 , if and only if

the image of T is D. In the following subsection, we prove
a necessary and sufficient condition for Im(T ) = D to hold
as consistency of the domains Di.

4.2 Consistency of PDE Domains

In this subsection, we see that if Di are admissible in the
sense of Defn. 5, and Ti are as defined in Cor. 7, then we may
define a necessary and sufficient condition for invertibility of
Dδ :=

∏
i ∂

δi
si on D =

⋂
i Di and show that such an inverse

may be constructed as T :=
∏

i Ti. Since we have already
shown in Cor. 8 that this T is a left- and right-inverse of Dδ

on the image of T , the only challenge is now to show that
Im(T ) = D or, equivalently, thatDδ : D → L2 is surjective.
To illustrate this challenge, the following example presents
a 2D case where Dδ : D = D1 ∩ D2 → L2 is not surjective,
as a result of “inconsistency” of the domains Di.

Example 9 To illustrate the problem of inconsistent PDE
domains, consider the domain D = D1 ∩ D2, where

D1 :=

{[
u1

u2

]
∈ S

(1,0),2
2 [[0, 1]2]

∣∣∣ u1(0, y) = 0

u2(0, y) = u1(1, y)

}
,

D2 :=

{[
u1

u2

]
∈ S

(0,1),2
2 [[0, 1]2]

∣∣∣ u1(x, 0) = u2(x, 1)

u2(x, 0) = 0

}
.

Both of these domains are admissible per Defn. 5, and by
Cor. 7, we have u = T1∂xu = T2∂yu for all u ∈ D, where(

T1v
)
(x, y) :=

∫ x

0

[
1 0

1 1

]
v(θ, y)dθ +

∫ 1

x

[
0 0

1 0

]
v(θ, y)dθ,

(
T2v

)
(x, y) :=

∫ y

0

[
1 1

0 1

]
v(x, η)dη +

∫ 1

y

[
0 1

0 0

]
v(x, η)dη.

Defining then T := T2T1, by Cor. 8, we have ∂x∂yT v = v
and T ∂x∂yu = u for all v ∈ L2

2[[0, 1]
2] and u ∈ D. How-

ever, if we define v1 = v2 = 1, then v ∈ L2
2[[0, 1]

2], and
u = T v implies u1 = 1 + x+ xy and u2 = y + xy. Clearly,
∂x∂yT v = v and T ∂x∂yu = u, but u = T v /∈ D since
u1(0, y) ̸= 0. The problem, here, is that the domains D1 and
D2 are not consistent. In particular, any u ∈ D1 must satisfy
u1(0, 0) = 0, whereas any u ∈ D2 must satisfy u1(0, 0) =
u2(0, 1). Although it is possible for both of these constraints
to be satisfied simultaneously, this does impose another con-
straint, u2(0, 1) = 0, which is not implied by either u ∈ D1

or u ∈ D2 individually. Similarly, any u ∈ D must also sat-
isfy u2(1, 1) = 0, as well as u1(1, 0) = u1(1, 1) = 0 – all
constraints that need not be satisfied for u ∈ D1 or u ∈ D2.
As a result of these auxiliary constraints, any u ∈ D must
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satisfy
∫ 1

0

∫ 1

0
∂x∂yu(x, y)dydx = u(1, 1)−u(0, 1)−u(1, 0)+

u(0, 0) = 0, meaning that ∂x∂y : D → L2
2[[0, 1]

2] is not sur-
jective onto L2, and thus not right-invertible.

This example illustrates a 2D case where the domains
Di impose different constraints at the corners of the spa-
tial domain. To avoid such inconsistencies, we propose the
following constraint on the domains Di, in terms of the cor-
responding parameters Bi

j,k, C
i
j,k.

Definition 10 (Consistent Domains) For each i ∈ {1 :

N}, let {[ai, bi], δi, Bi
j,k, C

i
j,k} define Di := D̂[i], where

D ⊆ Sδi,n
2 [ai, bi] is of the form in (6) and admissible as per

Defn. 5. Define [Hi
a]j,k := Bi

j,k, [H
i
b]j,k := Ci

j,k and associ-

ated Ki := (Hi
a +Hi

bQ(bi − ai))
−1Hi

b ∈ Rnδi×nδi for Q as
in Defn. 5, and decompose Ki as

Ki =


Ki

1,1 · · · Ki
1,δi

...
. . .

...

Ki
δi,1

· · · Ki
δi,δi

, where Ki
k,ℓ ∈ Rn×n,

∀k, ℓ ∈ {1 : δi}.
(8)

We say the Di are consistent if Ki
k,pK

j
ℓ,q = Kj

ℓ,qK
i
k,p for

all i, j ∈ {1 : N}, k, p ∈ {1 : δi} and ℓ, q ∈ {1 : δj}.
Note: Commutability of the full matrices Ki and Kj is not
necessary or sufficient for consistency, unless δi = δj = 1.

We now apply this consistency definition to Example 9.

Example 11 To illustrate the consistency condition from
Defn. 10, consider again the 2D domain D = D1 ∩D2 from
Example 9. In this case, δ1 = δ2 = 1, n = 2, and D1 is
defined by B1 = I2 and C1 = [ 0 0

1 0 ], and D2 is defined by
B2 = I2 and C2 = [ 0 1

0 0 ]. The corresponding matrices Ki in
Defn. 10 are given by K1 = [ 0 0

1 0 ] and K2 = [ 0 1
0 0 ], which do

not commute. Thus, D1 and D2 are not consistent.

Given this definition of consistency, the following lemma

shows that Dδ :
⋂N

i=1 Di → Ln
2 is right-invertible only if

the domains Di are consistent in the sense of Defn. 10. For
simplicity, we consider only 2 spatial variables, extending
this result to ND in Lem. 14.

Lemma 12 LetD1,D2 (of the form in Eqn. (6) with d = δ1,
d = δ2, respectively) be admissible as per Defn. 5. If there
exists T : Ln

2 → D1 ∩ D2 such that ∂δ1
x ∂δ2

y T v = v for all
v ∈ Ln

2 , then D1 and D2 are consistent.

PROOF. We provide an outline of the proof here, referring
to Lem. 38 in Appx. A for a full proof. We will assume
δ1 = δ2 = d and Ω = [0, 1]2.
Suppose there exists an operator T : Ln

2 [Ω] → D1 ∩ D2

such that ∂d
x∂

d
yT v = v for all v ∈ Ln

2 [Ω]. For any v ∈ Ln
2 [Ω],

let u = T v. Then, v = ∂d
x∂

d
yu and u ∈ D1 ∩ D2. Using

this fact, we can show that for each k, ℓ ∈ {1 : d}, we can
express the corner value (∂k−1

x ∂ℓ−1
y u)(0, 0) in terms of v in

two distinct manners, as∫ 1

0

∫ 1

0

(
K2

(ℓ,:)ed(1− y)
)(
K1

(k,:)ed(1− x)
)
v(x, y) dy dx

=
(
∂k−1
x ∂ℓ−1

y u
)
(0, 0)

=

∫ 1

0

∫ 1

0

(
K1

(k,:)ed(1− x)
)(
K2

(ℓ,:)ed(1− y)
)
v(x, y) dy dx,

where ed is as in Cor. 6 and Ki
(k,:) :=

[
Ki

k,i, · · · ,Ki
k,δi

]
.

Using the fact that ed(z) is polynomial, it follows that we
must have K1

k,pK
2
ℓ,q = K2

ℓ,qK
1
k,p for all k, p, ℓ, q. ■

While Lem. 12 only shows that consistency of the Di is

necessary for ∂δi
si∂

δj
sj : Di ∩ Dj → Ln

2 to be right-invertible,
this condition is also sufficient. To establish this result, we
first show that consistency of the Di implies commutability
of the Ti – i.e. TiTj = TjTi.
Lemma 13 For each i ∈ {1 : N}, let Di and associated
Ti : Ln

2 → Di be as in Cor. 7. Then, for any i, j ∈ {1 : N},
TiTjv = TjTiv for all v ∈ L2 if and only if Di and Dj are
consistent in the sense of Defn. 10.

PROOF. A formal proof is given in Lem. 40 in Appx. A.
This proof uses the definition

(Tiv)(s) :=
∫ si

ai

(si − θi)
δi−1

(δi − 1)!
v(s)|si=θi dθi

−
∫ bi

ai

[
e1(si − ai)

TKieδi(bi − θi)v(s)|si=θi

]
dθi,

for v ∈ L2[Ω], and where e1, eδi are as in Cor. 6 (letting
d = δi). It follows that Ti and Tj commute if and only
if e1(si − ai)

TKieδi(bi − θi) and e1(sj − aj)
TKjeδj (bj −

θj) commute for all si, θi, sj , θj . Since e
T
1 K

ieδi is a matrix-
valued polynomial with coefficients Ki

p,ℓ, it follows that Ti
and Tj commute if and only if Ki

k,p and Kj
ℓ,q commute for

all k, p, ℓ, q, and thus Di and Dj are consistent. ■

Lem. 13 shows that consistency of theDi is necessary and
sufficient for the operators Ti : Ln

2 → Di and Tj : Ln
2 → Dj

for i, j ∈ {1 : N} to commute. Using this result, we finally
prove that Dδ : D → Ln

2 is right-invertible if and only if the
domains Di are consistent.

Lemma 14 For each i ∈ {1 : N}, let Di ⊆ Sδi·ei,n
2 as in

Cor. 7 be admissible as per Defn. 5, and let D :=
⋂N

i=1 Di.
ThenDδ : D → Ln

2 is right-invertible if and only if theDi are
consistent as per Defn. 10. Furthermore, the right-inverse is

then given by T :=
∏N

i=1 Ti for Ti as in Cor. 7.

PROOF. For sufficiency, suppose the domains Di are con-
sistent. Then, by Lem. 13, the operators Ti : Ln

2 → Di

defined in Cor. 7 commute. Defining T :=
∏N

i=1 Ti, then,
T v = Ti(

∏
j ̸=i Tj)v ∈ Di for all i, and therefore T : Ln

2 →
D. Since, by Cor. 8, DδT v = v for all v ∈ Ln

2 , it follows
that T defines a right-inverse to Dδ : D → Ln

2 .

For necessity, suppose that there exists T : Ln
2 → D

such that DδT = In. To prove that the domains Di are
consistent, we first show that for every i ̸= j, the oper-

ator ∂δi
si∂

δj
sj : Di ∩ Dj → Ln

2 is right-invertible. To this

end, note that the operators ∂δi
si commute on D ⊆ Sδ,n

2 ,

so that Dδu = ∂δi
si∂

δj
sj (
∏

k/∈{i,j} ∂
δk
sk
)u for u ∈ D. Here,

by Lem. 36 in Appx. A, we have for every i ̸= j that
(
∏

k/∈{i,j} ∂
δk
sk
)u ∈ Di ∩ Dj for all u ∈ D. Defining then

T̃i,j := (
∏

k/∈{i,j} ∂
δk
sk
)T , the fact that T : Ln

2 → D im-

plies T̃i,j : Ln
2 → Di ∩ Dj . Furthermore, T̃i,j also satis-

fies ∂δi
si∂

δj
sj T̃i,jv = ∂δi

si∂
δj
sj (
∏

k/∈{i,j} ∂
δk
sk
)T v = DδT v = v

for all v ∈ Ln
2 , and thus defines a right-inverse to ∂δi

si∂
δj
sj :

7



Di ∩ Dj → Ln
2 . Since this holds for all i ̸= j, it follows by

Lem. 12 that the domains Di are consistent. ■

Lem. 14 shows that if the Di are admissible and we de-
fine D :=

⋂
i Di, then consistency of Di is necessary and

sufficient forDδ : D → Ln
2 to be right-invertible, with right-

inverse T :=
∏N

i=1 Ti. Furthermore, recall that Cor. 8 es-
tablishes that T is a left inverse of Dδ — implying that
Dδ : D → L2 is invertible if and only if the domains Di are
consistent. This implies a bijection between the domain D
and the Hilbert space L2. In the following subsection, we
will apply this bijection to the state of a class of linear mul-
tivariate PDEs to construct an equivalent evolution equa-
tion on the Hilbert space L2, where this evolution equation
is not constrained by boundary conditions.

4.3 A PIE Representation of Multivariate PDEs

Having established necessary and sufficient conditions for
Dδ :

⋂
i Di → Ln

2 to be invertible, and having obtained an
explicit representation of this inverse, we now apply this
result to construct the PIE representation of a class of linear,
coupled, multivariate PDEs. Specifically, we parameterize
a class of PDEs by δ,Aα,Di as

∂tu(t, s) =
∑

0⃗≤α≤δ

Aα(s)D
αu(t, s), u(t) ∈

N⋂
i=1

Di, (9)

where s ∈ Ω :=
∏N

i=1[ai, bi], Aα ∈ R[s], and where the Di

are lifted, univariate, and admissible domains as per Defn. 5,
and are consistent as per Defn. 10. Given a PDE of the form
in (9), we define a classical solution as follows.

Definition 15 (Classical Solution to PDE) For Aα ∈
Rn×n[s] and admissible and consistentDi, we say that u(t) ∈
D :=

⋂N
i=1 Di solves the PDE defined by {Aα,Di} with

initial condition u0 ∈ D if u(t) is Frechét differentiable,
u(0) = u0, and u(t) satisfies (9) for all t ≥ 0.

Having specified a class of multivariate PDEs, we
now map solutions of such PDEs to solutions of an as-
sociated evolution equation on the fundamental state
v(t) := Dδu(t). To define this evolution, however, we need
a mapping from v(t) to u(t). This is achieved in the follow-
ing theorem, by applying Cor. 6 to each of the univariate
differential operators in Dα =

∏
∂αi
si , and combining the

results using the embedding of univariate operators in
multivariate space.

Theorem 16 (Multivariate Extension of Cor. 6)

For n,N ∈ N, Ω =
∏N

i=1[ai, bi], and δ ∈ NN
0 , let D :=⋂N

i=1 Di ⊆ Sδ,n
2 [Ω] with Di ⊆ Sδi·ei,n

2 [Ω] admissible and
consistent and define H :=

∑
0⃗≤α≤δ M[Aα]D

α.

Let Ti,Ai,j be defined as in Cor. 6 and extended to the mul-
tivariate space as in Cor. 7 (letting T 7→ Ti and A 7→ Ai,j),

for d = δi, D = Di, and {Hk} where Hk :=
{
In, k = j,
0, k ̸= j,

for each k ∈ {0 : d}. Define T :=
∏N

i=1 Ti and A :=∑
0⃗≤α≤δ

(
M[Aα]

∏N
i=1 Ai,αi

)
. Then:

(1) For all u ∈ D, we have Dδu ∈ Ln
2 [Ω], u = T Dδu, and

Hu = ADδu.
(2) For all v ∈ Ln

2 [Ω], we have T v ∈ D, v = DδT v, and

Av = HT v.

PROOF. For the first statement, fix arbitrary u ∈ D ⊆
Sδ,n
2 . Then Dδu ∈ Ln

2 since u ∈ Sδ,n
2 , and u = T Dδu by

Cor. 8. Finally, by Cor. 7 (and by definition of the Hk), we
have Ai,j∂

δi
siu = ∂j

siu for all j and i, and therefore

ADδu =
∑
α≤δ

M[Aα]

N∏
i=1

(
Ai,αi

) N∏
ℓ=1

(
∂δℓ
sℓ

)
u

=
∑
α≤δ

M[Aα]

N∏
i=1

(
Ai,αi∂

δi
si

)
u=

∑
α≤δ

M[Aα]

N∏
i=1

(∂αi
si )u = Hu,

where we remark that Ai,αi and ∂δℓ
sℓ

commute for i ̸= ℓ by
Lem. 41 in Appx. A.

For the second statement, fix arbitrary v ∈ Ln
2 . Then,

by Cor. 8 and Lem. 14, we have DδT v = v and T v ∈ D.
Finally, by Cor. 6, we have Ai,jv = ∂j

siTiv, and therefore

Av =
∑
α≤δ

M[Aα]

N∏
i=1

(
Ai,αi

)
v =

∑
α≤δ

M[Aα]

N∏
i=1

(
∂αi
si Ti

)
v

=
∑
α≤δ

M[Aα]

N∏
i=ℓ

(
∂αℓ
sℓ

) N∏
i=1

(
Ti
)
v = HT v,

where we remark that also Ti and ∂αℓ
sℓ

commute for i ̸= ℓ by
Lem. 41 in Appx. A. ■

We now apply the results of Thm. 16 to the PDE in (9),
by defining an associated fundamental state as follows.

Definition 17 (Fundamental State) For a linear PDE
as in (9), defined by {δ,Aα,Di}, we define the associated
fundamental state as v(t) := Dδu(t).

Taking the highest-order mixed derivative of the PDE state,
the fundamental state captures a minimal amount of infor-
mation necessary to represent solutions to the PDE at any
time, discarding boundary information of the solution that
is already encoded in the domains Di. If the domains are
admissible and consistent, Thm. 16 then proves that the
PDE state can be recovered from the fundamental state as
u(t) = T v(t), showing that no information is lost. Using the
mapping

∑
0⃗≤α≤δ M[Aα]D

αu(t) = Av(t) from Thm. 16,
the evolution of the system may then be expressed in terms
of the fundamental state as

∂tT v(t) = Av(t), v(t) ∈ Ln
2 [Ω]. (10)

We refer to a system of this form as a Partial Integral Equa-
tion (PIE). We define a solution to the PIE as follows.

Definition 18 (Classical Solution to PIE) For a given
initial state v0 ∈ Ln

2 [Ω], we say that v(t) ∈ Ln
2 solves the PIE

defined by {T ,A} if v(t) is Frechét differentiable, v(0) = v0,
and v(t) satisfies (10) for all t ≥ 0.

For a given PDE as in (9), defining {T ,A} as in Thm. 16,
the following theorem shows that any solution to the PDE
can be mapped to a solution to the PIE (10), and vice versa,
so that the PIE in fact defines an equivalent representation
of the PDE.

Theorem 19 For N ∈ N and δ ∈ NN
0 , let Di ⊆ Sδi·ei,n

2 be

admissible and consistent, and let D :=
⋂N

i=1 Di. Let Aα ∈
Rn×n[s], for each 0⃗ ≤ α ≤ δ. Define associated operators
{T ,A} as in Thm. 16. Then the following hold:

8



(1) If u solves the PDE defined by {Aα,Di} with initial
value u0 ∈ D, then v := Dδu solves the PIE defined by
{T ,A} with initial value v0 = Dδu0, and u = T v.

(2) If v solves the PIE defined by {T ,A} with initial value
v0 ∈ Ln

2 , then u = T v solves the PDE defined by
{Aα,Di} with initial value u0 = T v0, and v = Dδu.

PROOF. For the first statement, fix arbitrary u0 ∈ D,
and let u be an associated solution to the PDE in (9). Then

u(t) ∈ D ⊆ Sδ,n
2 for t ≥ 0. Let v(t) := Dδu(t) ∈ Ln

2 for all
t ≥ 0 and v0 := Dδu0 ∈ Ln

2 . Clearly, then, u(0) = u0 im-
plies v(0) = v0. In addition, by Thm. 16, and by definition
of the operators {T ,A}, we have u(t) = T Dδu(t) = T v(t)
and

∑
0⃗≤α≤δ Aα(s)D

αu(t, s) = Av(t, s). It follows that

∂tT v(t, s)−Av(t, s) = ∂tu(t, s)−
∑

0⃗≤α≤δ Aα(s)D
αu(t, s).

Since u(t) satisfies (9), it follows that v(t) satisfies (10), and
thus the first statement holds.

For the second statement, fix arbitrary v0 ∈ Ln
2 [Ω], and

let v be a corresponding solution to the PIE defined by
{T ,A}. Let u(t) := T v(t). Then, by Thm. 16, u(t) ∈ D
for all t ≥ 0, and

∑
0⃗≤α≤δ Aα(s)D

αu(t, s) = Av(t, s). By

the proof of the first statement, we find that ∂tT v(t, s) −
Av(t, s) = ∂tu(t, s) −

∑
0⃗≤α≤δ Aα(s)D

αu(t, s). Since v(t)

satisfies (10), it follows that u(t) satisfies (9), and thus the
second statement holds as well. ■

By Thm. 19, for any PDE of the form in (9) with admis-
sible and consistent Di, we can define an equivalent repre-
sentation as a PIE of the form in (10), with any classical
solution u to the PDE admitting a classical solutionDδu to
the PIE, and any classical solution v to the PIE admitting
a classical solution T v to the PDE. Although the theorem
does not guarantee existence or uniqueness of such classical
solutions, it does imply that well-posedness of either repre-
sentation can be inferred from well-posedness of the other.
Here, the admissibility and consistency conditions already
ensure a level of well-posedness of the PDE domain D: im-
plying that the boundary value problem Dδu = v has a
unique solution u = T v ∈ D for any v ∈ L2. While this is
not sufficient to guarantee well-posedness of the PDE and
therefore the associated PIE, this does preclude a possi-
ble cause of ill-posedness. Furthermore, well-posedness can
then be tested in the PIE representation by solving a sim-
ilar optimization program to the stability test in Sec. 6, as
has recently been shown for 1D PDEs in [18].

Although Thm. 19 requires the Di to be admissible
and consistent, this imposes only mild well-posedness con-
straints on the boundary conditions: ensuring that the
differential operator Dδ : D → Ln

2 [Ω] is indeed bijective.
In practice, most common boundary conditions, including
Dirichlet, Robin, and mixed boundary conditions, satisfy
the admissibility constraints from Defn. 5. In addition, the
consistency conditions from Defn. 10 are trivially satisfied
in the scalar-valued case, n = 1, and will be satisfied for
n > 1 if the matrices Bi

j,k, C
i
j,k defining the Di in Defn. 5

are all diagonal – i.e. if there is no coupling between state
variables in the boundary conditions. For example, impos-
ing mixed Dirichlet and Neumann boundary conditions on
all state variables, letting Di be of the form of DD, DN1 or
DN2 in Eqn. (5), the resulting Di will be consistent. The
following corollary – a reformulation of Cor. 4 from the
start of this section – explicitly constructs the operators

defining the PIE representation of the ND heat equation
with such Dirichlet and Neumann boundary conditions.

Corollary 20 LetD =
⋂N

i=1 Di, whereDi ∈ {DD,DN1,DN2}
for each i ∈ {1 : N}, for DD, DN1, DN2 as in (5). Then

u = T D2⃗u, v = D2⃗T v and T v ∈ D for all u ∈ D and
v ∈ Ln

2 , where (T v)(s) :=
∫
Ω
G(s, θ)v(θ)dθ with G(s, θ) :=∏N

i=1 Gi(si, θi) for Gi(x, y) :=
{
hi(x, y) + (x− y), y ≤ x,

hi(x, y), y > x,

where

hi(x, y) :=


−(x−ai)(bi−y)

bi−ai
, Di = DD,

ai − x, Di = DN1,

y − bi, Di = DN2.

Moreover, u(t) ∈ D satisfies theND heat equation, ∂tu(t) =

∇2u(t) =
∑N

i=1 ∂
2
siu(t), if and only if v(t) = D2⃗u(t) ∈

Ln
2 satisfies the PIE ∂tT v(t) = Av(t), where Av(s) :=∑N
j=1

∏
i̸=j(

∫
[ai,bi]

Gi(si, θi))v(θ)dθ.

PROOF. First, we define the parameters of the Di used in
Eqn. (6) as Bi

0,0 = Ci
1,0 = In if Di = DD; B

i
0,0 = Ci

1,1 = In
if Di = DN1; and Bi

0,1 = Ci
1,0 = In if Di = DN2; with

Bi
j,k = Ci

j,k = 0n for all other j, k ∈ {0, 1}. Each Di is

admissible as per Defn. 5, and we can compute Ki = (Hi
a+

Hi
bQ(bi − ai))

−1Hi
b to find Ki = 1

bi−ai

[
0n 0n
In 0n

]
for Di =

DD; K
i =

[
0n 0n
In 0n

]
for Di = DN1; and Ki =

[
In 0n
0n 0n

]
for

Di = DN2. Decomposing the Ki as in Defn. 10, the blocks
Ki

k,p ∈ Rn×n and Kj
ℓ,q ∈ Rn×n then trivially commute for

all i, j ∈ {1 : N} and k, ℓ, p, q ∈ {1, 2}, and thus the Di are
also consistent as per Defn. 10. Now, defining (Tiv)(si) :=∫ bi
ai

Gi(si, θi)v(θi)dθi, for each i ∈ {1 : N}, we find by Cor. 6

and Cor. 7 that u = Ti∂2
siu, Tiv ∈ D̂i[i], and v = ∂2

siTiv for

all u ∈ D̂i[i] and v ∈ Ln
2 [Ω]. By definition of the operators

T and A, it follows by Thm. 16 that u = T D2⃗u, T v ∈ D,

and D2⃗T v = v for all u ∈ D and v ∈ Ln
2 [Ω], and that u(t)

satisfies the ND heat equation if and only if v(t) := D2⃗u(t)
satisfies ∂tT v(t) = Av(t). ■

Cor. 20 shows how an ND heat equation with mixed
boundary conditions can be expressed as a PIE, providing
an explicit expression for the operators {T ,A} defining this
PIE representation. The following example applies this re-
sult to a 2D PDE, illustrating how the operators {T ,A} are
defined for a reaction-diffusion equation, with Dirichlet and
Neumann boundary conditions.

Example 21 To illustrate the construction of the PIE rep-
resentation for a multivariate PDE, consider a 2D reaction-
diffusion equation with parameter r ∈ R,

ut(t, x, y)=uxx(t, x, y)+uyy(t, x, y)+ru(t, x, y), (11)

where u(t) ∈ D = D1 ∩ D2 ⊆ S
(2,2)
2 [[0, 1]2] for

D1 :=
{
u ∈ S

(2,0)
2 [[0, 1]2] | u(0, y) = u(1, y) = 0

}
,

D2 :=
{
u ∈ S

(0,2)
2 [[0, 1]2] | u(x, 0) = uy(x, 1) = 0

}
.

Then, by Cor. 7, u ∈ D1 if and only if u = T1uxx, where

(T1v)(x, y) :=−
∫ x

0

θ(1− x)v(θ, y)dθ−
∫ 1

x

x(1− θ)v(θ, y)dθ.
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Similarly, u ∈ D2 if and only if u = T2uyy, where

(T2v)(x, y) := −
∫ y

0

ηv(x, η)dη −
∫ 1

y

yv(x, η)dη.

By Cor. 20, it follows that for any u ∈ D we have uyy =
T1uxxyy, uxx = T2uxxyy, and u = T uxxyy, where

(T v)(x, y) := (T1(T2v))(x, y) = (T2(T1v))(x, y).
Conversely, for any v ∈ L2[[0, 1]

2], we have v = ∂2
xT1v,

v = ∂2
yT2v, and v = ∂2

x∂
2
yT v. By Thm. 19, then, u solves

the PDE (11) if and only if v = ∂2
x∂

2
yu solves the PIE

∂tT v(t) = Av(t) := T2v(t) + T1v(t) + rT v(t).

Example 21 illustrates how, using Thm. 19, a linear multi-
variate PDE with admissible and consistent domains can be
equivalently represented as a PIE. Using this equivalence,
stability properties of the PDE can be inferred from prop-
erties of the associated PIE. Verification of such stability
properties using the PIE representation is significantly eas-
ier, since the fundamental state v(t) of the PIE lies in the
Hilbert space Ln

2 , obviating the need for ad hoc manipula-
tions to account for boundary conditions. In addition, as will
be shown in the following section, the operators T ,A defin-
ing the PIE representation belong to a ∗-algebra of Partial
Integral (PI) operators, being closed under composition and
adjoint operations. Using these properties, stability of the
PDE can be tested in the PIE representation by solving a
convex optimization program, as will be shown in Section 6.

5 A ∗-Algebra of Multivariate PI Operators

Having shown how a broad class of multivaraite, linear
PDEs can be equivalently represented as PIEs, we now show
that this PIE representation retains many elements of the
classical, matrix-parameterized, state-space representation
of linear ordinary differential equations. In particular, we
show that the parameters T ,A defining the PIE representa-
tion may be embedded within a parameterized ∗-algebra of
integral operators – akin to how the parameters defining lin-
ear ordinary differential equations belong to the ∗-algebra
of matrices.

Let us begin by recalling that, in constructing the op-
erators defining the PIE representation of a given mul-
tivariate PDE, an inductive approach was used, defining
each multivariate operator as the composition (prod-

uct) and sum of univariate operators: T :=
∏N

i=1 Ti and

A :=
∑

0⃗≤α≤δ M[Aα]
∏N

i=1 Ai,αi
. Here, each of the uni-

variate operators Ti and Ai,αi
is of the form (Rv)(s) =

R0(s)v(s) +
∫ s

a
R1(s, θ)v(θ)dθ +

∫ b

s
R2(s, θ)v(θ)dθ, for

polynomial R0,R1,R2. Such univariate operators have
been referred to as 3-PI operators in, e.g. [39] (see also
Defn. 22), and have been used to parameterize a class of
1D PIEs. Moreover it has been shown that these univari-
ate 3-PI operators form a ∗-algebra – being closed under
summation, composition, and adjoint operations.

In this section, we show that in the multivariate setting,
the operators T and A defining the PIE representation of
a PDE similarly belong to a ∗-algebra of PI operators. In
particular, in Subsection 5.1, based on the inductive defini-
tion of T and A, we define a class of ND PI operators as

linear combinations of compositions of univariate 3-PI op-
erators along each spatial direction. In Subsection 5.2, we
then prove that this class of operators is closed under com-
positions and adjoints, providing explicit formulae for per-
forming these operations.

5.1 A Parameterization of Multivariate 3-PI Operators

In this subsection, we define a parameterized class of mul-
tivariate PI operators on L2[Ω] which includes the operators
T ,A, as constructed in Thm. 19. To define such multivari-
ate PI operators, we first recall the following definition of
univariate 3-PI operators from, e.g. [39].

Definition 22 (Univariate 3-PI operators, Π1[a, b])
For [a, b] ⊂ R, we say that P ∈ L(Ln

2 [a, b], L
m
2 [a, b]) is a

univariate 3-PI operator (denoted P ∈ Πm×n
1 [a, b]) if

there exist P0 ∈ Rm×n[s] and P1,P2 ∈ Rm×n[s, θ] such that

(Pv)(s)=P0(s)v(s)+

∫ s

a

P1(s, θ)v(θ)dθ+

∫ b

s

P2(s, θ)v(θ)dθ.

We say that P is defined by parameters {P0,P1,P2} ∈
Γm×n
1 [a, b] := Rm×n[s]× Rm×n[s, θ]× Rm×n[s, θ].

The class of univariate 3-PI operators includes both
multiplier operators with polynomial multipliers and in-
tegral operators with polynomial semi-separable kernels
on L2[a, b], where we say that a kernel, K, is polynomial
semi-separable if it may be expressed as

K(s, θ) :=

{
P1(s, θ), s ≥ θ,

P2(s, θ), s < θ,
for P1,P2 ∈ Rm×n[s, θ].

The restriction to polynomial parameters will allow us in
Section 6 to verify properties of 3-PI operators using algo-
rithms based on the monomial coefficients of these polyno-
mial parameters. Note that, by inspection, the operators T
and A defining the univariate PIE representation in Cor. 6
are univariate 3-PI operators.

We now define the class of ND 3-PI operators, by taking
sums of compositions of univariate 3-PI operators.

Definition 23 (ND 3-PI operators, ΠN [Ω]) Given

N ∈ N, Ω =
∏N

i=1[ai, bi], we say that P ∈ L(L2[Ω]) is a
ND 3-PI operator (denoted P ∈ ΠN [Ω]) if there exist

M ∈ N and Pj,i ∈ Π1[ai,bi] such that P =
∑M

j=1

∏N
i=1Pj,i,

where each univariate Pj,i operates on variable si – i.e

(Pj,iv)(s) :=
(
Pj,iv(s1, · · · , si−1, •, si+1, · · · sN )

)
(si).

Defn. 23 offers a natural parameterization of multivariate
3-PI operators, by taking compositions of univariate 3-PI

operators along different directions – i.e. P =
∏N

i=1 Pi.
Furthermore, by allowing summation of such operators,
the class ΠN also includes, e.g., any operator of the form
(Pv)(s) := M(s)v(s) +

∫
Ω
K(s, θ)v(θ)dθ, for M polyno-

mial and K polynomial semi-separable, where the defini-
tion of polynomial semi-separable kernels may be extended
to multivariate domains as follows.

Definition 24 For N ∈ N and Ω :=
∏N

i=1[ai, bi], we say

that K ∈ Lm×n
2 [Ω] is polynomial semi-separable if for

each α ∈ {−1, 1}N there exists polynomialKα ∈ Rm×n[s, θ]
such that K(s, θ) = Kα(s, θ) for all s, θ ∈ Ω for which
αi · (si − θi) ≤ 0 for every i ∈ {1 : N}.
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We may now observe that, given a multivariate PDE as
in (9), the operators T and A defining the associated PIE
representation in Thm. 16 are ND 3-PI operators.

Lemma 25 For N ∈ N and δ ∈ NN
0 , let T and A be as

defined in Thm. 16. Then T ,A ∈ Πn×n
N [Ω].

The proof follows directly using the inductive definition
of multivariate 3-PI operators (see Lem. 43 in Appx. B for
a formal proof). The following example illustrates the pa-
rameterization of multivariate 3-PI operators by examining
the T andA as obtained from the PIE representation of the
2D PDE from Example 21.

Example 26 Consider the reaction-diffusion equation

ut(t, x, y) = uxx(t, x, y) + uyy(t, x, y) + u(t, x, y),

u(t, 0, y) = u(t, 1, y) = 0, u(t, x, 0) = uy(t, x, 1) = 0,

where u(t) ∈ S2⃗
2 [[0, 1]

2]. Defining T1, T2 as in Example 21,
we can equivalently represent the PDE as a PIE, ∂tT v(t) =
Av(t), where T = T1T2 and A = T2 + T1 + T . Here, Ti ∈
Π1[0, 1] for each i ∈ {1, 2}, defined by parameters Ti =
{0,T 1

i ,T
2
i } ∈ Γ1[0, 1] where

T 1
1 (x, θ) := −θ(1− x), T 2

1 (x, θ) := −x(1− θ),

T 1
2 (y, η) := −η, T 2

2 (y, η) := −y.

It follows that T ,A ∈ Π2[[0, 1]
2].

Having now defined a suitable class ofND 3-PI operators,
in the following subsection we show that this class is a ∗-
algebra, providing explicit expressions for composition and
adjoint in terms of the parameters defining the operators.

5.2 ND 3-PI Operators Form a ∗-Algebra

A ∗-algebra is a vector space equipped with a multipli-
cation and involution operation which satisfy certain prop-
erties. It is well-known that both the space of multiplier
operators with bounded multipliers and that of integral op-
erators with square-integrable kernels are ∗-algebras, us-
ing composition (◦) for the multiplication operation, and
the adjoint (∗) with respect to the L2 inner product as
involution operation. Since 3-PI operators are defined by
(bounded) multiplier and integral operators, we can sim-
ilarly define a multiplication and involution operation on
Πn×n

N [Ω] as the composition and adjoint, respectively, so

that for Q,R ∈ Πn×n
N [Ω] we define (Q ◦ R)v := Q(Rv)

and P = R∗ if ⟨Pu,v⟩L2
= ⟨u,Rv⟩L2

for all u,v ∈ Ln
2 . In

order to prove that Πn×n
N [Ω] is a ∗-algebra, then, we need

only show thatΠn×n
N is a vector space which is closed under

composition and adjoint operations. To reduce notational
complexity, we will prove this fact only for the scalar-valued
case, n = 1, noting that this result readily generalizes to
arbitrary n ∈ N using the standard matrix product and
transpose operations.

To start, we note that (by definition) ΠN is indeed a
vector space, as shown in the following lemma.

Lemma 27 For N ∈ N and Ω :=
∏N

i=1[ai, bi], if Q,R ∈
ΠN [Ω], then λQ+ µR ∈ ΠN [Ω] for all λ, µ ∈ R.

PROOF. The result follows from the definition ofΠN , and
linearity of integral and multiplier operators. A full proof is
given in Lem. 44 in Appx. B. ■

Having established that the set ΠN is a vector space, it
remains to prove that it is closed under composition and
adjoint operations. However, these properties readily follow
from the inductive definition of multivariate 3-PI operators
in terms of univariate 3-PI operators – the latter of which
have already been proven to form a ∗-algebra. Specifically,
recall the following result from [39], proving that the com-
position of two univariate 3-PI operators is again a univari-
ate 3-PI operator.

Lemma 28 For [a, b] ⊆ R, if Q,R ∈ Π1[a, b], then
P := Q◦R ∈ Π1[a, b]. In particular, if Q and R are defined
by parameters {Q0,Q1,Q2} ∈ Γ1[a, b] and {R0,R1,R2} ∈
Γ1[a, b], respectively, then P is defined by parameters
{P0,P1,P2} ∈ Γ1[a, b], where P0(s) := Q0(s)R0(s) and

P1(s, θ) := Q0(s)R1(s, θ) +Q1(s, θ)R0(θ)

+
∫ θ

a
Q1(s, η)R2(η, θ)dη +

∫ s

θ
Q1(s, η)R1(η, θ)dη

+
∫ b

s
Q2(s, η)R1(η, θ)dη,

P2(s, θ) := Q0(s)R2(s, θ) +Q2(s, θ)R0(θ)

+
∫ s

a
Q1(s, η)R2(η, θ)dη +

∫ θ

s
Q2(s, η)R2(η, θ)dη

+
∫ b

θ
Q2(s, η)R1(η, θ)dη.

PROOF. We refer to Lem. 36 in [39] for a proof. ■

Lem. 28 shows that the composition of univariate 3-PI op-
erators again defines a univariate 3-PI operator, providing
an explicit expression for the parameters {P0,P1,P2} ∈ Γ1

defining this composition. Using this expression, and the
inductive definition of multivariate PI operators, we then
obtain the following result for the composition of ND 3-PI
operators.

Proposition 29 (Composition of ND PI Operators)

For anyN ∈ N and Ω =
∏N

i=1[ai, bi], ifQ,R ∈ ΠN [Ω], then

P := Q◦R ∈ ΠN [Ω]. In particular, if Q =
∑M

j=1

∏N
i=1 Qj,i

and R =
∑K

k=1

∏N
i=1 Rk,i where Qj,i,Rk,i ∈ Π1[ai, bi] for

i ∈ {1, . . . , N}, j ∈ {1, . . . ,M} and k ∈ {1, . . . ,K}, then
P =

∑M
j=1

∑K
k=1

∏N
i=1 Qj,i ◦ Rk,i, where the parameters

defining Qj,i ◦ Rk,i ∈ Π1[ai, bi] are given in Lem. 28.

PROOF. We prove the result for M = K = 1, noting
that the extension to arbitrary M,K ∈ N then follows by

Lem. 27. Let Q =
∏N

i=1 Qi and R =
∏N

ℓ=1 Rℓ. Then, for
each i, ℓ ∈ {1, . . . , N}, Qi operates only on variable si, and
Rℓ only on variable sℓ. Since the operators are scalar-valued,
this implies Qj,i ◦ Rk,ℓ = Rk,ℓ ◦ Qj,i whenever i ̸= ℓ (see
Lem. 45 in Appx. B for a formal proof). It follows that

N∏
i=1

Qi ◦
N∏
ℓ=1

Rℓ =

N∏
i=1

Qi ◦ Ri

(see Cor. 46 in Appx. B for a formal proof). Letting Pi :=

Qi ◦ Ri for each i ∈ {1, . . . , N}, we find Q ◦ R =
∏N

i=1 Pi.
Since, by Lem. 28, Pi ∈ Π1[ai, bi], we conclude that P ∈
ΠN [Ω] ■

Lem. 30 shows that, for any Q,R ∈ ΠN , defined by
Qj ,Rk ∈ ΓN , we can define P(j,k) := Qj ◦ Rk ∈ ΓN such
that Q ◦ R =

∑
j,k ΠN [P(j,k)] ∈ ΠN – proving that ΠN is

closed under compositions. It remains only to prove, then,
that ΠN is also closed under the adjoint on L2. This is rel-
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atively trivial, based on the following result for the adjoint
of univariate 3-PI operators from e.g. [39].

Lemma 30 For [a, b] ⊆ R, if R ∈ Π1[a, b], then R∗ ∈
Π1[a, b]. In particular, if R is defined by {R0,R1,R2} ∈
Γ1[a, b], then R∗ is defined by {P0,P1,P2} ∈ Γ1[a, b],
where P0(s) := R0(s), P1(s, θ) := R2(θ, s) and P2(s, θ) :=
R1(θ, s).

PROOF. We refer to Lem. 37 in [39] for a proof. ■

Using the expression for the adjoint of a 1D 3-PI operator
from Lem. 30, the following lemma shows how we may sim-
ilarly compute the adjoint of an ND 3-PI operator, proving
that this adjoint is an ND 3-PI operator as well.

Lemma 31 For N ∈ N and Ω :=
∏N

i=1[ai, bi], if
R ∈ ΠN [Ω], then R∗ ∈ ΠN [Ω]. In particular, if R =∑M

j=1

∏N
i=1 Rj,i for some Rj,i ∈ Π1[ai, bi], then R∗ =∑M

j=1

∏N
i=1 R∗

j,i, where the parameters defining R∗
j,i are

given in Lem. 30.

PROOF. The result follows immediately from the defini-
tion of multivariate 3-PI operators, and the commutative
properties of univariate 3-PI operators. A full proof is given
in Lem. 47 in Appx. B. ■

By Lem. 31, the adjoint of any multivariate 3-PI operator
is again a multivariate 3-PI operator. Using this result, as
well as Prop. 29 and Lem. 27, it then follows that ΠN [Ω] in
fact defines a ∗-algebra.

Proposition 32 For any N ∈ N and Ω :=
∏N

i=1[ai, bi],
ΠN [Ω] with multiplication defined by composition and invo-
lution defined by the adjoint on L2, is a ∗-algebra.
PROOF. To prove this result, we use the fact that
L(L2[Ω]) is a ∗-algebra, with multiplication defined by
composition, and involution defined by the adjoint on L2.
Since ΠN [Ω] ⊆ L(L2[Ω]), the composition and adjoint on
L2 then also define suitable multiplication and involution
operations, respectively, onΠN [Ω]. SinceΠN [Ω] is a vector
space (by Lem. 27) which is closed under composition and
adjoint operations (by Prop. 29 and Lem. 31, respectively),
it follows that ΠN [Ω] is a ∗-algebra. ■

Prop. 32 proves that the setΠN [Ω] of ND 3-PI operators
is a ∗-algebra, being closed under linear combinations, com-
position, and adjoint. This result also generalizes directly
to Πn×n

N , using the standard formulae for matrix multipli-
cation and transposition. In the following section, we will
use the ∗-algebraic properties ofND 3-PI operators to show
how stability of linear ND PDEs can be tested in the PIE
representation using convex optimization.

6 Stability Analysis in the PIE Representation us-
ing Semidefinite Programming

Having shown that any sufficiently well-posed linear ND
PDE as in (9) admits an equivalent PIE representation of
the form ∂tT v = Av where v ∈ L2, and having shown that
the parameters T ,A lie in the ∗-algebra of bounded linear
multivariate 3-PI operators, we now exploit this represen-
tation to obtain stability conditions which may be tested
using convex optimization. Specifically, in Subsection 6.1,
we will define a suitable notion of exponential stability and

derive a sufficient condition for this stability as existence of
a PI operator P such that

P∗T = T ∗P ⪰ ϵ2T ∗T , P∗A+A∗P ⪯ −2kP∗T ,

for some ϵ, k ≥ 0. Inequalities of this form, expressed in
terms of PI operators and operator inequalities, are referred
to as Linear PI Inequalities (LPIs). In Subsection 6.2, we
then show how this LPI can be solved with semidefinite
programming, by parameterizing positive semidefinite mul-
tivariate PI operators by positive semidefinite matrices.

6.1 An LPI for Exponential Stability of PDEs

To construct a PIE-based stability test for linear multi-
variate PDEs, we first define a notion of exponential sta-
bility. Specifically, we use the notion of exponential PIE to
PDE stability, which is slightly weaker than the classical
notion of exponential L2 stability. This weaker definition is
used because the classical notion of exponential stability,
when applied to PDEs in first-order form (i.e. ∂tu = Hu),
does not account for certain notions of energy storage (e.g.
strain) and is not satisfied for many commonly used PDEs
such as wave equations (see e.g. Appx. C.2).

Definition 33 A PDE defined by parameters {Aα,Di} as
in (9), admitting a unique solution that depends continuously
on the initial state, is said to be exponentially PIE to
PDE stable with rate k ≥ 0 and gain M ≥ 1 if for every

initial state u0 ∈ D ⊆ Sδ,n
2 and all t ≥ 0, the associated

solution u(t) satisfies ∥u(t)∥L2
≤ Me−kt∥Dδu0∥L2

.

In contrast to classical notions of exponential stability,
Defn. 33 defines exponential stability using a Sobolev norm
on the initial PDE state, corresponding to the L2 norm
of the fundamental state, ∥Dδu0∥L2

(rather than ∥u0∥L2
).

Since the L2 norm of the PDE state is bounded by that of
the fundamental state, the classical notion of stability then
implies PIE to PDE stability, but the converse is not true.

Having defined a suitable notion of exponential stability,
suppose now we want to verify this stability property for a
linear PDE as in (9), with an associated PIE representation
of the form ∂tT v(t) = Av(t). Our stabiltiy test is based on
existence of a Lyapunov functional V : Ln

2 → R such that
d
dtV (v(t)) ≤ −2kV (v(t)) for any v(t) which satisfies the

PIE – implying V (v(t)) ≤ e−2ktV (v(0)). The distinction
between L2 and PIE to PDE stability, then, lies only in
the nature of the upper bound on V – i.e. V (v) ≤ C ∥v∥L2

as opposed to V (v) ≤ C ∥T v∥L2
. The following theorem

shows how existence of such a functional V can be tested
by solving an LPI.

Theorem 34 For {Aα,Di} defining a PDE as in (9), let
associated operators T ,A ∈ Πn×n

N be as in Thm. 19. For

ϵ > 0 and k ≥ 0, if there exists P ∈ Πn×n
N such that

P∗T = T ∗P ⪰ ϵ2T ∗T , P∗A+A∗P ⪯ −2kP∗T , (12)

then the PDE defined by {Aα,Di} is exponentially PIE to

PDE stable with rate k and gain M :=
√
∥P∗T ∥op/ϵ.

PROOF. Let P be such that (12) is satisfied, and con-
sider the functional V : Ln

2 [Ω] → R defined by V (v) :=
⟨v,P∗T v⟩L2

. Since P∗T ⪰ ϵ2T ∗T , this functional satisfies

ϵ2 ∥T v∥2L2
≤ V (v) ≤ ∥P∗T ∥op ∥v∥2L2

.
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Now, let u0 ∈
⋂N

i=1 Di ⊆ Sδ,n
2 [Ω] be an arbitrary initial

state, and let u be the associated solution to the PDE
defined by {Aα,Di}. Let v = Dδu. Then, by Thm. 19,
u(t) = T v(t) and ∂tT v(t) = Av(t) for all t ≥ 0, with
v(0) = Dδu0. Taking the temporal derivative of V (v(t))
and exploiting the algebraic properties of ΠN , we find

d

dt
V (v(t)) = ⟨v(t), ∂tP∗T v(t)⟩L2

+ ⟨∂tP∗T v(t),v(t)⟩L2

= ⟨v(t),P∗Av(t)⟩L2
+ ⟨P∗Av(t),v(t)⟩L2

= ⟨v(t), [P∗A+A∗P]v(t)⟩L2

≤ −2k ⟨v(t),P∗T v(t)⟩L2
= −2kV (v(t)).

By Grönwall-Bellman inequality, it follows that V (v(t)) ≤
e−2ktV (v(0)), and therefore, for all t ≥ 0,

∥u(t)∥L2
= ∥T v(t)∥L2

≤ 1

ϵ

√
V (v(t)) ≤ 1

ϵ
e−kt

√
V (v(0))

≤
√
∥P∗T ∥op

ϵ
e−kt ∥v(0)∥L2

= Me−kt
∥∥Dδu0

∥∥
L2

.

Since this holds for all u0, we conclude that the PDE is
exponentially PIE to PDE stable. ■

Thm. 34 proves that exponential PIE to PDE stability of
any PDE of the form in (9) can be tested using the associated
PIE representation, by testing for existence of a solution P
to the LPI in (12). In the following subsection, we will show
how this LPI can be solved numerically using semidefinite
programming.

6.2 Solving LPIs using Semidefinite Programming

Having provided a test for exponential PIE to PDE sta-
bility as feasibility of an LPI, we now briefly show how suf-
ficient conditions for feasibility of this LPI may be tested
using semidefinite programming (SDP). This approach is
based on the fact that for any positive semidefinite matrix,
R ⪰ 0, and any Z ∈ ΠN [Ω], we have R := Z∗M[R]Z ⪰
0 (where M[R] is just standard matrix multiplication ex-
tended to Ln

2 ). Furthermore, using the composition maps
defined previously, there is a linear map from the elements
of R to the coefficients of the polynomials definingR. Thus,
for given Z ∈ ΠN [Ω], if we can find an operator P and ma-
trices Q,R ⪰ 0 satisfying

P∗T = T ∗P, T ∗P − ϵ2T ∗T = Z∗M[R]Z,

P∗A+A∗P + 2kP∗T = −Z∗M[Q]Z,

then we may conclude exponential PIE to PDE stability.
Such equalities may then be enforced using SDP. All that
remains, therefore, is to choose a suitable Z so as to render
the equality constraints feasible. Specifically, Z is selected
by defining a vector of basis operators for ΠN . This is done
inductively by first defining a vector of basis operators for
Π1[ai, bi] for each i, and then constructing the multivariate
Kronecker product of these bases. From [39], we recall that
such a basis for Π1[a, b] is constructed using the degree-d
monomial basis vector, zd, yielding an associated basis of

polynomial 3-PI parameters, Zd ∈ Γ
µ(d)×1
1 [a, b] for µ(d) :=

d2 + 4d+ 3, as

Zd :=

{[
zd(s)
0
0

]
,

[
0

zd(s, θ)
0

]
,

[
0
0

zd(s, θ)

]}
, (13)

which in turn defines the basis of operators Zd ∈ Π
µ(d)×1
1 .

Given this basis, any P ∈ Π1[a, b] with polynomial param-
eters of degree at most d can be represented as P = cT Zd

for a unique vector of coefficients c ∈ Rµ(d). Given such
bases of operators Zd,i ∈ Π1[ai, bi], defined by parameters

Zd,i ∈ Γ
µ(d)×1
1 [ai, bi] for each i ∈ {1 : N} of the form in (13),

a basis for the space of multivariate 3-PI operators is then
constructed as

Zd := Zd,1 ⊗ · · · ⊗ Zd,N ∈ Π
µ(d)N×1
N [Ω], (14)

so that any P ∈ ΠN [Ω] (defined by parameters of degree
at most d in each variable si) can be represented as P =
cT Zd. Note that while Zd here defines a basis for the linear
representation of multivariate 3-PI operators, Z∗

dM[R]Zd

is a quadratic form. However, by the composition rules of
multivariate 3-PI operators, Z∗

dM[R]Zd will be defined by
polynomial parameters of degree at most 2d + 1 in each
variable. Then, based on the monomial ordering of zd, we
can define an associated matrix A, such that for any matrix
R, we have Z∗

dM[R]Zd = vec(R)TAZ2d+1, where vec(R) is
the vector of columns of R. In this way, Zd also defines a
basis for the quadratic representation of ΠN [Ω]. Using this
basis of ND 3-PI operators with parameters of bounded
degree, the following corollary tightens the stability LPI in
Thm. 34 to an optimization problem that can be solved
using SDP.

Corollary 35 For given {Aα,Di} defining a PDE as in (9),
let T ,A ∈ Πn×n be as defined in Thm. 19. Define Zd as
in (14), with µ(d) := d2 + 4d+ 3. For any d, d′ ∈ N0, ϵ > 0

and k ≥ 0, if there exist P ∈ Rn×nµ(d)N and R,Q ⪰ 0 such
that P = M[P ](In ⊗Zd) satisfies

P∗T = T ∗P = ϵ2T ∗T + (In⊗Zd′)∗M[R](In⊗Zd′), (15)

P∗A+A∗P + 2kP∗T = −(In⊗Zd′)∗M[Q](In⊗Zd′),

then the PDE defined by {Aα,Di} is exponentially PIE to

PDE stable with rate k and gain M :=
√
∥P∗T ∥op/ϵ.

PROOF. Suppose there exist P,Q,R satisfying the con-
ditions of the corollary, with P = M[P ](In ⊗ Zd). Since
R ⪰ 0, we then have P∗T − ϵ2T ∗T ⪰ 0, and therefore
P∗T ⪰ ϵ2T ∗T . Furthermore, since Q ⪰ 0, we have P∗A+
A∗P + 2kP∗T ⪯ 0, and thus the LPI (12) is feasible. By
Thm. 34, it follows that the PDE defined by {Aα,Di} is
exponentially PIE to PDE stable, with rate k and gain
M :=

√
∥P∗T ∥op/ϵ. ■

Cor. 35 allows stability of a broad class of ND PDEs to
be tested using SDP. We note, however, that the computa-
tional complexity associated with solving the resulting SDP
scales with the size of the basis Zd. Specifically, while the
length of the univariate parameter basis Zd in (13) is pro-
portional to d2, the use of the Kronecker product implies
the length of Zd scales as d2N – implying the number of
decision variables in P,Q,R scale as d4N . For higher spa-
tial dimension, then, solving the resulting SDP will require
either very low degree or the use of specialized large-scale
SDP solvers [50,4,46]. As in the univariate case, however,
computational complexity can be partially mitigated by re-
ducing the number of monomials. Specifically, the degree d
in Cor. 35 should be chosen to balance accuracy and com-
plexity – the required degree will depend strongly on the
type of PDE being analyzed, the required accuracy in decay
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rate k, and the underlying difficulty of the stability problem.
In addition, kernels may be eliminated from P and multi-
pliers do not appear in the expression for T ∗P. Finally, it
is often sufficient to use polynomial rather than polynomial
semi-separable kernels (i.e. Zd

i = {0,Ri,1,Ri,1}).

7 Software Implementation and Numerical Exam-
ples

Having developed a framework for representation and
computational stability analysis of a broad class of linear
multivariate PDEs, we now demonstrate the application of
this framework: providing efficient software construction of
the PIE representation and testing of LPIs; presenting the
PIE representation for 2D heat, wave, and plate equations;
verifying accuracy of the stability test; and providing tight
bounds on the associated rates of exponential decay.

7.1 The PIETOOLS Software Package

While Thm. 19 provides analytic expressions for the con-
version of a PDE to a PIE, and while such expressions of-
ten provide insight into the structure of the associated PDE
and PIE, evaluating such expressions may require substan-
tial effort on the part of the user. Therefore, to facilitate
the rapid prototyping and conversion of PDE models to a
PIE representation, and to construct the associated stabil-
ity test, such functions have been automated in the Mat-
lab software package PIETOOLS [40]. A brief introduction
and illustrative example of the most useful features of this
package are provided here.

Specifically, PIETOOLS is a MATLAB software package
whose essential function is to allow for the declaration and
manipulation of PI operators and PI operator variables in
a syntax similar to matrices – adapting approaches from
the widely used SOSTOOLS [35] and YALMIP [30] inter-
faces. In addition, a central feature of PIETOOLS is the
command-line interface for declaration of 1D and 2D ODE-
PDE systems. Given such a PDE model, the software al-
lows for: conversion to PIE; numerical simulation; stability
analysis; optimal controller synthesis, etc.

The command-line interface begins by declaration of PDE
state variables using pde var, which creates objects which
can be added (+), differentiated (diff) and evaluated at
spatial positions (subs) in order to define the evolution
equations and boundary conditions which constitute a PDE
model. Using convert, such a PDE model may then be
converted to a PIE, returning the associated PI operators
{T ,A}. For example, to compute the PIE representation of
the following modified 2D heat equation,

ut(t, x, y) = (1+x)uxx(t, x, y)+uyy(t, x, y), x, y ∈ [0, 1],

u(t, 0, y) =u(t, 1, y) =u(t, x, 0) =uy(t, x, 1)=0, (16)

we can use the following code

>> pvar t x y; dom = [0,1; 0,1];
>> u = pde_var(’state’,[x;y],dom);
>> PDE = [diff(u,t)==(1+x)*diff(u,x,2)+diff(u,y,2);

subs(u,x,0)==0; subs(u,x,1)==0;
subs(u,y,0)==0; subs(diff(u,y),y,1)==0];

>> PIE = convert(PDE,’pie’);
>> T = PIE.T; A = PIE.A;

Here, the convert function checks the declared PDE for

Fig. 1. Simulated solution u(t, x, y) to the reaction-diffusion
equation in (17) at x = 0.5 and y = 0.5, using r = 12 and with

u(0, x, y) =
√
2 sin(πx) sin( 3π

2
y) +

√
2 sin(3πx) sin(π

2
y).

the highest order of the derivative of the PDE state taken
along each spatial direction – in this case finding a 2nd-order
derivative along both the x- and y-direction (uxx and uyy)
– and selects the fundamental state as the corresponding
highest-order mixed derivative – in this case v = uxxyy. Af-
ter verifying consistency, the operators {T ,A} defining the
resulting PIE are then returned as opvar2d objects, T,A, for
which operations such as addition (+), multiplication (*),
and transpose (’) have been overloaded to allow for easy
computation of the sum, composition, and adjoint of PI op-
erators. Moreover, given these operators, an LPI such as
the program in Cor. 35 can be declared as an lpiprogram
structure, using a programming structure similar to SOS-
TOOLS [35]. This program structure can be modified to
add indefinite and positive semidefinite PI operator decision
variables using lpivar and poslpivar, and declare equality
and inequality constraints using lpi eq and lpi ineq, after
which an SDP solver such as SeDumi [41] or Mosek [5] can
be used to solve the program by calling lpisolve. For ex-
ample, to solve the program in Cor. 35 with d = 4, ϵ = 10−1,
and k = 1 for the PDE in (16), we can call

>> d = 4; ep = 1e-1; k = 1;
>> prog = lpiprogram([x;y],dom);
>> [prog,P] = lpivar(prog,T.dim,d);
>> prog = lpi_eq(prog,P’*T-T’*P);
>> prog = lpi_ineq(prog,T’*P-ep^2*T’*T);
>> prog = lpi_ineq(prog,-(P’*A+A’*P+2*k*P’*T));
>> prog = lpisolve(prog);

A more optimized version of this LPI is also included as
a script PIETOOLS stability. We refer to the PIETOOLS
manual [40] for more details on how to declare PDEs, PIEs,
and LPIs using PIETOOLS, as well as for other applica-
tions of the software such as controller design and simula-
tion. Note, however, that PIETOOLS does not currently
support PDE models of spatial dimension greater than two.
Therefore, the application of this software in the following
subsection will be limited to analysis of heat, wave and plate
equations in 2D.

7.2 Numerical Examples

In this subsection, we use the PIETOOLS software suite
to verify exponential PIE to PDE stability of 2D heat, wave,
and plate equations and to compute a maximal lower bound
on the associated exponential rate of decay. For the wave
and plate equations, second-order temporal derivatives are
eliminated through introduction of auxiliary states to ob-
tain a first-order PDE representation as in Eqn. (9). For
each example, stability was verified by using the scripts in
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Fig. 2. Simulated solution to the damped wave equation in (19)
at x = 0.5, using κ = 1 and starting with initial values
u1(0, x, y) := sin(π

2
x) sin( 5π

2
y) and u2(0, x, y) = 0.

Subsection 7.1 to solve the optimization problem in Cor. 35
with ϵ = 10−1, using Mosek [5] to solve the underlying SDP.
Maximal lower bounds on the decay rate were calculated via
bisection on the parameter k in Cor. 35. Each PDE was sim-
ulated using the PIESIM routines included in PIETOOLS,
expanding solutions using a basis of 17 × 17 Chebyshev
polynomials in space, and using the Crank-Nicolson scheme
for time integration. All numerical tests were performed on
a computer with Intel(R) Core(TM) i7-5960x CPU @3.00
GHz, with 128 GB RAM. Analytic proofs of stability for
the heat and wave equation are provided in Appx. C.

7.2.1 Reaction-Diffusion Equation

First, consider again the reaction-diffusion equation from
Example 21,

ut(t, x, y)=uxx(t, x, y)+uyy(t, x, y)+ru(t, x, y), (17)

u(t, 0, y)=u(t, 1, y)=0, u(t, x, 0)=uy(t, x, 1)=0,

where u(t) ∈ S
(2,2)
2 [[0, 1]2]. A PIE representation of this

PDE is presented in Example 21. This PDE can be shown
to be exponentially PIE to PDE stable if and only if r ≤
1 1
4π

2 ≈ 12.337, with rate k = 11
4π

2 − r – see Appx. C.1.
Using PIETOOLS to verify the stability LPI via Cor. 35
with d = 1 and k = 0, and performing bisection on the
value of r, stability of the PDE can be verified for any r ≤
1 1
4π

2−10−3. Fixing r and performing bisection on the value
of k, exponential PIE to PDE stability can be verified with

maximal rates k̂ as in Table 1, for several values of r, and
for several values of the maximal monomial degree d. The
mean computation time t̄ needed to parse the stability LPI
and solve the resulting semidefinite program for each value
of d is also displayed in the table. A simulated solution to
the reaction-diffusion equation for r = 12 is displayed in
Fig. 1, at x = 0.5 and at y = 0.5, for initial state u(0, x, y) =√
2 sin(πx) sin( 3π2 x) +

√
2 sin(3πx) sin(π2x).

d \ r 0 4 8 12 12.3 t̄ (s)

k̂

0 12.336 8.3362 4.3340 0.33578 0.03613 43.44

1 12.336 8.3363 4.3367 0.33666 0.03685 55.74

2 12.337 8.3368 4.3369 0.33700 0.03700 149.1

k 12.337 8.3370 4.3370 0.33700 0.03700

Table 1
Largest exponential decay rate k̂ for which stability of the
reaction-diffusion equation in (17) was verified for several val-
ues of the parameter r > 0, using Cor. 35 with d ∈ {0 : 2}. The
average time t̄ required to numerically parse and solve the op-
timization program for each value of d is also displayed, as well
as the analytic rate of decay k for each value of r.

7.2.2 Wave Equation

Next, consider the 2Dwave equation with stabilizing feed-
back, parameterized by κ ∈ R,
ϕtt(t) = ϕxx(t) + ϕyy(t)− 2κϕt(t)− κ2ϕ(t), (18)

ϕ(t, 0, y) = ϕx(t, 1, y) = 0, ϕ(t, x, 0) = ϕy(t, x, 1) = 0,

where ϕ(t) ∈ S
(2,2)
2 [[0, 1]2]. Using the augmented state

u(t) = (u1(t),u2(t)) = (ϕ(t),ϕt(t)) ∈ S
(2,2),2
2 , we repre-

sent this PDE in the first-order form of Eqn. (1) as

∂tu(t) =

[
0 1

∂2
x + ∂2

y − κ2 −2κ

]
u(t), (19)

u(t, 0, y)=∂xu(t, 1, y)=0, u(t, x, 0)=∂yu(t, x, 1)=0,

for (x, y) ∈ [0, 1]2. For κ ≥ 0, this PDE can be shown to be
exponentially PIE to PDE stable in the sense of Defn. 33
with rate of decay κ – see Appx. C.2.

Although PIETOOLS can be used to find a PIE repre-
sentation of this PDE directly, we may provide some ad-
ditional insight into the structure of the PIE by noting
that u1 and u2 satisfy the same regularity and boundary
constraints. Thus, using Thm. 16, we can define opera-
tors T1, T2 and T = T1T2 such that ui(t) = T ∂2

x∂
2
yui(t),

∂2
xui(t) = T1∂2

x∂
2
yui(t), and ∂2

yui(t) = T2∂2
x∂

2
yui(t), for each

i ∈ {1, 2}. It follows that u(t) satisfies the PDE (19) if and
only if v(t) = uxxyy(t) satisfies the PIE

∂t

[
T 0

0 T

]
v(t) =

[
0 T

T1 + T2 − κ2T −2κT

]
v(t).

Simulating this PIE for κ = 1 and with u1(0, x, y) =
sin(π2x) sin(

5π
2 y) and u2(0, x, y) = 0, the obtained solu-

tion at x = 0.5 is plotted in Fig. 2, showing that both
u1(t) = ϕ(t) and u2(t) = ϕt(t) converge to zero. Using
Cor. 35 with d = 1, exponential stability can also be veri-
fied with PIETOOLS. Maximal lower bounds on the decay

rate, k̂, are provided in Tab. 2, in each case tightly lower-
bounding the true rate k = κ. The mean computation time
to parse the stability LPI and solve the resulting SDP for
each value of κ was 720 seconds, and the mean CPU time
for solving the SDP was 477 seconds.

κ = k 1 2 3 4 5 6 7

k̂ 0.9999 1.9998 2.9874 3.9973 4.9980 5.9906 6.9645

Table 2
Largest lower bound on the decay rate, k̂, for which exponential
PIE to PDE stability of the wave equation in (19) was verified
with Cor. 35, using d = 1, for several values of the parameter
κ > 0 (which is also the true decay rate, k).

7.2.3 Kirchhoff Plate Equation

As a final example, consider the following Kirchhoff plate
equation with structural damping, used to model the verti-
cal deflection w of a clamped plate,

wtt(t) = −wxxxx(t)− 2wxxyy(t)−wyyyy(t) (20)

+ α0(wtxx(t) +wtyy(t)),

w(t, 0, y) = wx(t, 0, y) = w(t, 1, y) = wx(t, 1, y) = 0,

w(t, x, 0) = wy(t, x, 0) = w(t, x, 1) = wy(t, x, 1) = 0.
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Fig. 3. Evolution of the norm ∥u(t)∥L2 of simulated solutions to
the Kirchhoff plate equation in (21) for α0 = 0.2 and for ini-
tial states ui := ûi/∥ûi∥L2 , with ûi as in (22) for i ∈ {1, 2, 3}.
An exponential bound Me−kt for M = 37 is also plotted, with
k = 3.6328 corresponding to the largest rate for which exponen-
tial PIE to PDE stability was verified using PIETOOLS.

Introducing u(t) = (w(t),wt(t)) ∈ S
(4,4),2
2 [[0, 1]2], we rep-

resent this PDE in the first-order form as

∂tu(t) =

[
0 1

−D(4,0)−2D(2,2)−D(0,4) α0

(
D(2,0)+D(0,2)

)]u(t),
u(t, 0, y)=ux(t, 0, y)=u(t, 1, y)=ux(t, 1, y)=0,

u(t, x, 0)=uy(t, x, 0)=u(t, x, 1)=uy(t, x, 1)=0. (21)

As for the wave equation, we use Thm. 16 to define PI
operators T ,Ri,Qi such that v(t) = D(4,4)u(t) satisfies

∂t

[
T 0

0 T

]
v(t) =

[
0 T

−Q1 −Q2 − 2Q3 α0

(
R1 +R2

)]v(t).
Applying Cor. 35 to this PIE, using d = 0, the PDE (21)
with α0 = 0.2 was found to be exponentially PIE to PDE
stable with rate at least k = 3.6328. Here, although stability
properties of plate equations such as that in (20) have been
studied in the literature, including in e.g. [29,11,15], these
results commonly prove exponential decay of a different en-
ergy functional E(u(t)), rather than of the norm ∥u(t)∥L2

.
Therefore, to verify that the PDE is indeed exponentially
stable with rate at least k = 3.6328, solutions to the PDE
were also simulated using the PIESIM software. The norm
∥u(t)∥L2

of the simulated solutions is displayed in Fig. 3, for
three initial states ui := ûi/∥ûi∥L2

, where ûi = (ûi
1, û

i
2) for

û1
1(x, y) := (cos(2πx)− 1)(cos(2πy)− 1), û1

2(x, y) := 0,

û2
1(x, y) := û1

1(x, 2y), û2
2(x, y) := 2û1

1(2x, y), (22)

û3
1(x, y) := x2(1− x)2y2(1− y2), û3

2(x, y) := 2û3
1(x, y).

These numerical simulations verify that the norm of the
solution for each initial condition decays exponentially with
a rate greater than the computed lower bound.

8 Conclusion

We have shown how a broad class of coupled, linear PDEs
on a hyper-rectangular spatial domain can be equivalently
represented as Partial Integral Equations (PIEs). This rep-
resentation was constructed inductively, based on a repre-
sentation of the multivariate domain (including boundary
conditions and Sobolev regularity constraints) as the inter-
section of lifted 1D domains. For such a domain decomposi-
tion, we proposed an algebraic consistency condition which
was shown to be necessary and sufficient for invertibility of
the multivariate spatial differential operator,Dδ, on the do-
main of the PDE – thus providing a bijection between the

PDE domain and the Hilbert space L2. Furthermore, an
expression for this inverse was constructed inductively as
the composition of univariate integral operators with poly-
nomial semi-separable kernels. This inverse operator was
then shown to be embedded in a *-algebra of multivariate
Partial Integral (PI) operators, allowing for the construc-
tion of an equivalent PIE representation of the evolution of
the PDE. Given this representation, a notion of exponential
PIE to PDE stability was defined and a sufficient condition
for such stability was formulated as feasibility of a set of
linear PI operator inequalities. Feasibility of such operator
inequalities was then verified by constructing a basis for the
PI operators and using positive matrices to enforce posi-
tivity. Software implementation was proposed which auto-
mates construction of the PIE representation and verifica-
tion of the associated stability conditions. Finally, accuracy
of the resulting stability analysis was verified by applying
the stability test to 2D heat, wave, and plate equations.
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A A Bijection Between the PDE Domain and Fundamental State Space

In Section 4, an explicit expression was derived for the inverse of the multivariate differential operator Dδ : D → L2[Ω],

on the PDE domain D ⊆ Sδ
2 [Ω]. Specifically, it was shown that if we can decompose D =

⋂N
i=1 Di, for lifted univariate

domains Di, then the inverse to Dδ : D → L2[Ω] can be expressed as the product T =
∏N

i=1 Ti : L2[Ω] → D of the inverse

Ti to each ∂δi
si : Di → L2[Ω]. The proof of this result, however, relies on the commutability of the operators Ti, ∂

δj
sj , and

of the operators Ti, Tj , for distinct i, j. In this appendix, we show that these commutative properties are indeed satisfied
under the conditions presented in Section 4 – in particular when the domains Di are consistent – providing some of the
proofs and details omitted from that section.

To start, consider a univariate domain D ⊆ Sd,n
2 [a, b] as in (6), lifted to the multivariate setting as D 7→ Di = D̂[i] ⊆

Sδi·ei,n
2 [Ω] using d 7→ δi and [a, b] 7→ [ai, bi]. Recall from Cor. 6 and Cor. 7 that if D is admissible as per Defn. 5, we can

define the inverse to ∂δi
si : Di → Ln

2 [Ω] as an integral operator Ti : Ln
2 [Ω] → Di with polynomial semi-separable kernel.

As such, for any distinct i, j ∈ {1 : N}, we can define a right-inverse to ∂δi
si∂

δj
sj : Di ∩ Dj → Ln

2 [Ω] as TjTi, satisfying
∂δi
si∂

δj
sj TjTiv = ∂δi

si Tiv = v for all v ∈ Ln
2 [Ω]. In order to show that this operator also satisfies TjTi ∂δi

si∂
δj
sju = u for

u ∈ Di ∩ Dj , however, we first need to prove that ∂
δj
sju ∈ Di, for which we have the following lemma.

Lemma 36 Let N ∈ N, δ ∈ NN
0 , and Ω =

∏N
i=1[ai, bi]. For given Bi

j,k, C
i
j,k, let associated domains Di be of the form in (6)

(lettingBj,k = Bi
j,k,Cj,k = Ci

j,k, [a, b] = [ai, bi] and d = δi), and lifted to the multivariate setting as defined in Subsection 2.1

(so that Di = D̂[i] ⊆ Sδi·ei,n
2 [Ω]) for each i ∈ {1 : N}. If u ∈ D := D1 ∩ · · · ∩ DN , then ∂

αj
sj · · · ∂αN

sN u ∈ D1 ∩ · · · ∩ Dj−1 for

all j ∈ {1 : N} and 0⃗ ≤ α ≤ δ.

PROOF. Fix arbitrary 0⃗ ≤ α ≤ δ. We prove the result by induction on j, ranging from N to 1. For the base case, j = N ,

fix arbitrary u ∈ D. Then u ∈ Sδi·ei,n
2 [Ω] for all i ∈ {1 : N}, and therefore ∂αN

sN u ∈ Sδi·ei,n
2 [Ω] for all i ∈ {1 : N − 1}. In

addition, by definition of the domains Di, we have

δi−1∑
k=0

[
Bi

ℓ,k(∂
k
siu)(s)|si=ai

+ Ci
ℓ,k(∂

k
siu)(s)|si=bi

]
= 0, ∀ℓ ∈ {0 : δi − 1},

for all i ∈ {1 : N − 1}. It follows that also
δi−1∑
k=0

[
Bi

ℓ,k(∂
k
si∂

αN
sN u)(s)|si=ai

+ Ci
ℓ,k(∂

k
si∂

αN
sN u)(s)|si=bi

]
= ∂αN

sN

δi−1∑
k=0

[
Bi

ℓ,k(∂
k
siu)(s)|si=ai + Ci

ℓ,k(∂
k
siu)(s)|si=bi

]
= 0,

for every ℓ ∈ {0 : δi − 1}, and therefore ∂αN
sN u ∈ Di, for all i ∈ {1 : N − 1}. Thus, ∂αN

sN u ∈ D1 ∩ · · · ∩ DN−1.

Now, suppose for induction the lemma statement holds for all j ∈ {J : N}, for some J ∈ {1 : N}, and let j = J − 1.

Then, for any u ∈ D, we have ∂
αj+1
sj+1 · · · ∂αN

sN u ∈ D1 ∩ · · · ∩ Dj ⊆ Sδ1,n
2 [Ω] ∩ · · · ∩ S

δj ·ej ,n
2 [Ω], by the induction hypothesis.

It follows that ∂
αj
sj · · · ∂αN

sN u ∈ Sδi·ei,n
2 [Ω] for all i ∈ {1 : j − 1}. In addition, by definition of the domains Di, we have

δi−1∑
k=0

[
Bi

ℓ,k

(
∂k
si(∂

αj+1
sj+1

· · · ∂αN
sN u)

)
(s)|si=ai

+ Ci
ℓ,k

(
∂k
si(∂

αj+1
sj+1

· · · ∂αN
sN u)

)
(s)|si=bi

]
= 0, ∀ℓ ∈ {0 : δi − 1},

for all i ∈ {1 : j}. It follows that also
δi−1∑
k=0

[
Bi

ℓ,k

(
∂k
si(∂

αj
sj · · · ∂αN

sN u)
)
(s)|si=ai

+ Ci
ℓ,k

(
∂k
si(∂

αj
sj · · · ∂αN

sN u)
)
(s)|si=bi

]
= ∂αj

sj

δi−1∑
k=0

[
Bi

ℓ,k

(
∂k
si(∂

αj+1
sj+1

· · · ∂αN
sN u)

)
(s)|si=ai

+ Ci
ℓ,k

(
∂k
si(∂

αj+1
sj+1

· · · ∂αN
sN u)

)
(s)|si=bi

]
= 0,

for all ℓ ∈ {0 : δj}, and therefore ∂
αj
sj · · · ∂αN

sN u ∈ Di, for all i ∈ {1 : j − 1}. We find that ∂
αj
sj · · · ∂αN

sN u ∈ D1 ∩ · · · ∩ Dj−1,
whence the result holds by induction. ■

Lem. 36 proves that, for any u ∈ D1∩· · ·∩DN , we have ∂
δj
sj · · · ∂δN

sN u ∈ D1∩· · ·∩Dj−1 for all j ∈ {1 : N}. As such, if both

Di and Dj are admissible as per Defn. 5, then for any u ∈ Di ∩Dj we have by Cor. 6 and Cor. 7 that ∂
δj
sju = Ti∂δi

si (∂
δj
sju),

and thus TjTi ∂δi
si∂

δj
sju = u. More generally, the following corollary proves that T := TN · · · T1 defines a left-inverse to

Dδ : D → Ln
2 , as well as a right-inverse to the extension of Dδ to the range of T .
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Corollary 37 Let T := TN · · · T1 and D := D1 ∩ · · · ∩ DN , for Ti as in Cor. 7. Then the following statements hold:

(1) T Dδu = u for any u ∈ D.
(2) DδT v = v for any v ∈ Ln

2 .

PROOF. For the first statement, we note that, by Lem. 36, we have ∂
δj+1
sj+1 · · · ∂δN

sN u ∈ D1 ∩ · · · ∩ Dj ⊆ Dj for all u ∈ D
and j ∈ {1 : N}. Since, by Cor. 7, Tj∂

δj
sju = u for all u ∈ Dj , it follows that for every u ∈ D,

T Dδu = TN · · · T2(T1∂δ1
s1 )(∂

δ2
s2 · · · ∂

δN
sN u)

= TN · · · T3(T2∂δ2
s2 )(∂

δ3
s3 · · · ∂

δN
sN u) = · · · = TN∂δN

sN u = u.

Now, for the second statement, note that Tj−1 · · · T1v ∈ Ln
2 for all v ∈ Ln

2 and j ∈ {1 : N}. Since, by Cor. 7, ∂
δj
sj Tjv = v

for all v ∈ Ln
2 , it follows that

DδT v = ∂δ1
s1 · · · ∂

δN−1
sN−1

(∂δN
sN TN )(TN−1 · · · T1v)

= ∂δ1
s1 · · · ∂

δN−2
sN−2

(∂δN−1
sN−1

TN−1)(TN−2 · · · T1v) = · · · = ∂δ1
s1T1v = v.

■

Cor. 37 shows that T := TN · · · T1 defines both a left- and right-inverse to Dδ : D → Ln
2 on the image of Dδ. In order for

T to define an inverse to Dδ : D → Ln
2 , then, it remains to prove that the image of Dδ is indeed Ln

2 , or equivalently, that
T v ∈ Dδ for all v ∈ Ln

2 . Unfortunately, admissibility of the domains Di is insufficient to guarantee that this is indeed the
case. Indeed, as shown in Subsection 4.2 for Ω = [0, 1]2 and δ = (d, d), a unique inverse to ∂d

x∂
d
y : D1 ∩ D2 → Ln

2 [[0, 1]
2]

may not exist if the boundary conditions defining D1 and D2 impose conflicting constraints at any of the corners of the
domain, i.e. (x, y) ∈ {(0, 0), (1, 0), (0, 1), (1, 1)}. A necessary condition on the parameters {B1

ℓ,k, C
1
ℓ,k} and {B2

ℓ,k, C
2
ℓ,k} to

avoid such conflicting conditions was presented in Lem. 12, which we restate and proof here.

Lemma 38 Suppose Bi
j,k, C

i
j,k as in Eqn. (6) define admissible domains D ⊆ Sd,n

2 [0, 1] as per Defn. 5 (using Bj,k = Bi
j,k,

Cj,k = Ci
j,k, [a, b] = [0, 1]), lifted to the multivariate setting as D 7→ Di, and let [Hi

a]j,k = Bi
j,k, [H

i
b]j,k = Ci

j,k. Define

associated Ki :=
(
Hi

a +Hi
bQ(bi − ai)

)−1
Hi

b ∈ Rnd×nd for Q as in Defn. 5, and decompose the matrix Ki into blocks as

Ki =


Ki

1,1 . . . Ki
1,d

...
. . .

...

Ki
d,1 . . . Ki

d,d

 , where Ki
k,ℓ ∈ Rn×n, ∀k, ℓ ∈ {1 : d}. (A.1)

If there exists an operator T : Ln
2 [[0, 1]

2] → D := Di ∩ Dj such that ∂d
x∂

d
yT v = v for all v ∈ Ln

2 [[0, 1]
2], then

K1
k,pK

2
ℓ,q = K2

ℓ,qK
1
k,p, ∀k, p, ℓ, q ∈ {1 : d}. (A.2)

PROOF. Suppose there exists an operator T : Ln
2 [[0, 1]

2] → D such that ∂d
x∂

d
yT v = v for all v ∈ Ln

2 [[0, 1]
2]. For any

v ∈ Ln
2 [Ω], let u = T v. Then, v = ∂d

x∂
d
yu and u ∈ D. By Lem. 36, it follows that also ∂d

yu ∈ D1 and ∂d
xu ∈ D2.

Now, fix arbitrary k, ℓ ∈ {1 : d}. To prove that (A.2) holds, we will use the fact that u ∈ D2 and ∂d
yu ∈ D1, and the

fact that u ∈ D1 and ∂d
xu ∈ D2, to derive two distinct expressions for the same corner value, (∂k−1

x ∂ℓ−1
y u)(0, 0), in terms

of v = ∂d
x∂

d
yu. First, given that u ∈ D2, we remark that by the proof of Cor. 6, u must satisfy

0 = H2
a

(
∂(0:d−1)
y u

)
(x, 0) +H2

b

(
∂(0:d−1)
y u

)
(x, 1)

=
(
H2

a +H2
bQ(1)

)(
∂(0:d−1)
y u

)
(x, 0) +

∫ 1

0

H2
b ed(1− y)∂d

yu(x, y) dy.

where Q is as in Defn. 5, and where

ed(z) :=



zd−1

(d−1)!

...

1
2z

2

z

1


⊗ In, ∂(0:d−1)

y u :=


u

∂yu
...

∂d−1
y u

 .

Since, by assumption, the domainsD1 andD2 are admissible, it follows byDefn. 5 that thematrix (H2
a+H2

j,kQ(1)) ∈ Rnd×nd
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is invertible, and thus u must satisfy(
∂(0:d−1)
y u

)
(x, 0) = −

∫ 1

0

(
H2

a +H2
bQ(1)

)−1
H2

b ed(1− y)∂d
yu(x, y) dy = −

∫ 1

0

K2ed(1− y) ∂d
yu(x, y) dy,

Taking the derivative ∂k−1
x of both sides of this identity, and remarking that ∂ℓ−1

y u = (eℓ ⊗ In)
T∂

(0:d−1)
y u for eℓ ∈ Rd the

ℓth standard Euclidean basis vector, it follows that the derivative ∂k−1
x ∂ℓ−1

y u must satisfy(
∂k−1
x ∂ℓ−1

y u
)
(x, 0) = (eℓ ⊗ In)

T∂k−1
x

(
∂(0:d−1)
y u

)
(x, 0) = −

∫ 1

0

K2
(ℓ,:)ed(1− y) ∂k−1

x ∂d
yu(x, y) dy.

where nowK2
(ℓ,:) := (eℓ⊗In)

TK2. Here, since ∂d
yu ∈ D1, by Cor. 6 and Cor. 7 we can express ∂k−1

x (∂d
yu) = Rk−1

1 ∂d
x(∂

d
yu) =

Rk−1
1 v, where the operator Rk

1 is defined by

(Rk−1
1 v)(x, y) :=

∫ 1

0

Gk−1(x, θ)v(θ, y)dθ, Gk(x, θ) :=

{
ck−1(x)

T (Ind −K1)ed(1− θ) θ ≤ x,

−ck−1(x)
TK1ed(1− θ) x < θ,

where

e1(z) :=



1

z

1
2z

2

...

zd−1

(d−1)!


⊗ In, ck−1(z) := ∂k−1

z e1(z) =



0k−1

1

z
...

zd−k

(d−k)!


⊗ In.

It follows that (
∂k−1
x ∂ℓ−1

y u
)
(x, 0) = −

∫ 1

0

K2
(ℓ,:)ed(1− y)

(
Rk−1

1 v
)
(x, y) dy.

Evaluating this expression at x = 0, we note that, by definition of Rk−1
1 , we have(

Rk−1
1 v

)
(0, y) = −

∫ 1

0

ck−1(0− 0)TK1ed(1− x)v(x, y) dx = −
∫ 1

0

K1
(k,:)ed(1− x)v(x, y) dx.

Using this expression it follows that(
∂k−1
x ∂ℓ−1

y u
)
(0, 0) = −

∫ 1

0

K2
(ℓ,:)ed(1− y)

(
Rk−1

1 v
)
(0, y) dy

=

∫ 1

0

K2
(ℓ,:)ed(1− y)

(∫ 1

0

K1
(k,:)ed(1− x)v(x, y) dx

)
dy

=

∫ 1

0

∫ 1

0

(
K2

(ℓ,:)ed(1− y)
)(
K1

(k,:)ed(1− x)
)
v(x, y) dy dx.

Here, to derive this expression for ∂k−1
x ∂ℓ−1

y u(0, 0), we only used the fact that u ∈ D2 and ∂d
yu ∈ D1. Conversely, then,

using the fact that u ∈ D1 and ∂d
xu ∈ D2, we can apply similar reasoning to find that also(

∂k−1
x ∂ℓ−1

y u
)
(0, 0) =

∫ 1

0

∫ 1

0

(
K1

(k,:)ed(1− x)
)(
K2

(ℓ,:)ed(1− y)
)
v(x, y) dy dx.

Since u ∈ D ⊆ S
(d,d),n
2 [Ω] and k, ℓ ≤ d, the derivative ∂k−1

x ∂ℓ−1
y u is continuous, and therefore we must have∫ 1

0

∫ 1

0

(
K2

(ℓ,:)ed(1− y)
)(
K1

(k,:)ed(1− x)
)
v(x, y) dy dx

=
(
∂k−1
x ∂ℓ−1

y u
)
(0, 0) =

∫ 1

0

∫ 1

0

(
K1

(k,:)ed(1− x)
)(
K2

(ℓ,:)ed(1− y)
)
v(x, y) dy dx.

Since this holds for arbitrary v ∈ Ln
2 [Ω], it follows that in fact(

K2
(ℓ,:)ed(y)

)(
K1

(k,:)ed(x)
)
−
(
K1

(k,:)ed(x)
)(
K2

(ℓ,:)ed(y)
)
= 0 for a.e. x, y ∈ [0, 1]. (⋆)
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Finally, to see that this implies (A.2), we decompose Ki and Kj as in (A.1), and invoke the definition of ed to find

K1
(k,:)ed(z) =

[
K1

k,1 K1
k,2 . . . K1

k,d

]


zd−1

(d−1)!In
zd−2

(d−2)!In
...

In

 =

d∑
p=1

1

(d− p)!
K1

k,p z
d−p.

Similarly, we can express K2
(ℓ,:)ed(z) =

∑d
q=1

1
(d−q)!K

2
ℓ,qz

d−q, for all z ∈ R. It follows that(
K2

(ℓ,:)ed(y)
)(
K1

(k,:)ed(x)
)
−
(
K1

(k,:)ed(x)
)(
K2

(ℓ,:)ed(y)
)

=

d∑
p,q=1

1

(d− p)!(d− q)!

[
K1

k,pK
2
ℓ,q −K2

ℓ,qK
1
k,p

]
xd−pyd−q,

for all x, y ∈ [0, 1]. By (⋆), it follows that Ki
k,pK

j
ℓ,q = Kj

ℓ,qK
i
k,p for all p, q ∈ {1 : d}. ■

Lem. 38 proves that the differential operator ∂d
x∂

d
y : D1 ∩ D2 → Ln

2 [[0, 1]
2] admits a right-inverse only if a suitable

commutative condition is satisfied, ensuring that the boundary conditions defining D1 and D2 can be simultaneously
satisfied at the corner (x, y) = (0, 0). We refer to this commutative property as consistency of the domains D1 and D2 –
see also Defn. 10. In order to prove that consistency of the PDE domains is also sufficient for ∂d

x∂
d
y : D1 ∩D2 → Ln

2 [[0, 1]
2]

to be right-invertible, we remark that the operators T = T2T1 and T̃ = T1T2 both already satisfy ∂d
x∂

d
yT = ∂d

x∂
d
y T̃ = In,

though T v /∈ D1 and T̃ v /∈ D2 for general v ∈ Ln
2 [[0, 1]

2]. As such, a right-inverse to ∂d
x∂

d
y : D1 ∩ D2 → Ln

2 [[0, 1]
2] exists

only if the operators T1 and T2 commute. The following lemmas, generalizing Lem. 13 in Sec. 4.2, prove that this condition
is equivalent to consistency of the domains D1 and D2.

Lemma 39 For i, j ∈ {1 : N}, let Ti(x, θ) := −e1(x − ai)
TKieδi(bi − θ) for some Ki ∈ Rnδi×nδi , and where e1, eδi are

as in Cor. 6 (using d = δi). Then TiTj = TjTi if and only if Ki
k,pK

j
ℓ,q = Kj

ℓ,qK
i
k,p for all k, p ∈ {1 : δi} and ℓ, q ∈ {1 : δj}.

PROOF. By definition, we have

Ti(x+ ai, bi − θ) := −e1(x)K
ieδi(θ)

=


In

xIn
...

xδi−1

(δi−1)!In



T 
Ki

1,1 Ki
1,2 . . . Ki

1,δi

Ki
2,1 Ki

2,2 . . . Ki
2,δi

...
...

. . .
...

Ki
δi,1

Ki
δi,2

. . . Ki
δi,δi




θδi−1

(δi−1)!In
θδi−2

(δi−2)!In
...

In


=

δi∑
k,p=1

1

(k − 1)!(δi − p)!
Ki

k,p x
k−1θδi−p,

for all x, θ ∈ [0, bi − ai]. It follows that

Ti(x+ ai, bi − θ)Tj(y + aj , bj − η)− Tj(y + aj , bj − η)Ti(x+ ai, bi − θ)

=

δi∑
k,p=1

δj∑
ℓ,q=1

1

(k − 1)!(δi − p)!

1

(ℓ− 1)!(δj − q)!

[
Ki

k,pK
j
ℓ,q −Kj

ℓ,qK
i
k,p

]
xk−1θδi−pyℓ−1ηδj−q,

for all x, θ ∈ [0, bi−ai] and y, η ∈ [0, bj−aj ]. It follows that TiTj = TjTi if and only ifKi
k,pK

j
ℓ,q = Kj

ℓ,qK
i
k,p for all k, p, ℓ, q.

■

Lemma 40 For δ ∈ NN
0 and Ω =

∏N
i=1[ai, bi], let Di ⊆ Sδi·ei,n

2 [Ω] for each i ∈ {1 : N} be admissible, and define associated
operators Ti as in Cor. 6 and Cor. 7 and matrices Ki as in Defn. 10. Then, for any i, j ∈ {1 : N} such that i ̸= j, we have

Ti ◦ Tj = Tj ◦ Ti ⇔ Ki
k,pK

j
ℓ,q = Kj

ℓ,qK
i
k,p, ∀k, p ∈ {1 : δi}, ℓ, q ∈ {1 : δj},

where Ki
k,p := (ek ⊗ In)

TKi(ep ⊗ In) for ek ∈ Rδi the kth standard Euclidean basis vector.

PROOF. Fix arbitrary i, j ∈ {1 : N} such that i ̸= j. If either δi = 0 or δj = 0, then Ti = In or Tj = In, and the result
holds trivially. Otherwise, let parameters Ki be as in Defn. 10, and let Ti(x, θ) := −e1(x− ai)

TKieδi(bi − θ) for e1, ed as
in Cor. 6. Then, by definition of Ti in Cor. 7, we can express Ti = Qi +Ri, where for any v ∈ Ln

2 [Ω],

(Qiv)(s) :=

∫ bi

ai

Ti(si, θi)v(s)|si=θidθi, and (Riv)(s) :=

∫ si

ai

(si − θi)
δi−1

(δi − 1)!
v(s)|si=θidθi,
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for all s = (s1, . . . , sn) ∈ Ω. Here, we note by inspection that for any Ti, we have QiRj = RjQi and RiRj = RjRi. Hence
the Ti will commute if and only if the Qi commute. By definition of Qi, we have for every v ∈ Ln

2 [Ω],((
QiQj −QjQi

)
v
)
(s) =

∫ bi

ai

Ti(si, θi)

[∫ bj

aj

Tj(sj , θj)v(s)|si=θi,sj=θj dθj

]
dθi

−
∫ bj

aj

Tj(sj , θj)

[∫ bi

ai

Ti(si, θi)v(s)|si=θi,sj=θj dθi

]
dθj

=

∫ bi

ai

∫ bj

aj

[
Ti(si, θi)Tj(sj , θj)− Tj(sj , θj)Ti(si, θi)

]
v(s)|si=θi,sj=θj dθjdθi.

Therefore, Ti ◦Tj = Tj ◦Ti if and only if TiTj = TjTi except on a set of measure zero. However, since the Ti are polynomial,

by Lemma 39, TiTj = TjTi if and only if Ki
k,pK

j
ℓ,q = Kj

ℓ,qK
i
k,p for all k, p, ℓ, q, concluding the proof. ■

Lem. 40 proves that for any distinct i, j ∈ {1 : N}, the operators Ti and Tj commute if and only if the n× n sub-blocks
of the matrices Ki and Kj commute – i.e. if the domains Di are consistent as per Defn. 10. Assuming admissible and
consistent domains, then, not only can we define an inverse Ti : Ln

2 [Ω] → Di to each ∂δi
si : Di → Ln

2 [Ω], but these operators
Ti and Tj also commute for i ̸= j. Using this fact, Thm. 16 proves that for admissible and consistent Di, the inverse of the

differential operator Dδ :
⋂N

i=1 Di → Ln
2 [Ω] takes the form T =

∏N
i=1 Ti : Ln

2 [Ω] → D. In proving this result, we also relied

on the fact that for i ̸= j, the integral operator Ti commutes with the differential operator ∂
δj
sj , as proven in the following

lemma.

Lemma 41 For N ∈ N and δ ∈ NN
0 , let D :=

⋂N
i=1 Di ⊂ Sδ,n

2 with Di ⊂ Sδi,n
2 admissible and consistent.

Let Ti,Ai,j be defined as in Cor. 6 and extended to multivariate space using Cor. 7 (letting T 7→ Ti and A 7→ Ai,j), for

d = δi, D = Di and {Hk} where Hk :=

{
In, k = j,

0, k ̸= j,
for each k ∈ {0 : d}. Then, for any i, j ∈ {1 : N} such that i ̸= j and

all d ∈ {0 : δi} and k ∈ {0 : δj}, we have

∂d
siTju = Tj∂d

siu, and ∂d
siAj,ku = Aj,k∂

d
siu,

for all u ∈ Sd,n
2,i [Ω] :=

{
u ∈ Ln

2 [Ω] | ∂ℓ
siu ∈ Ln

2 , ∀0 ≤ ℓ ≤ d
}
.

PROOF. We prove the result only for the operators Aj,k (not for Tj), noting that Tj = Aj,0.

Fix arbitrary i, j ∈ {1 : N} such that i ̸= j, and let d ∈ {0 : δi} and k ∈ {0 : δj}. Fix further arbitrary u ∈ Sd,n
2,i [Ω].

If d = 0 or k = d, we have ∂d
s = In or Aj,k = In (by the definition in Cor. 6), and therefore ∂d

siAj,ku = Aj,k∂
d
siu holds

trivially. Otherwise, if k ̸= d and d ̸= 0, then by definition of the operator Aj,k in Cor. 6,(
Aj,kv

)
(s) =

∫ bj

aj

Rj,k(sj , θj)v(s1, . . . , sj−1, θj , sj+1, . . . , sN ) dθj

+

∫ sj

aj

(sj − θj)
k−1

(k − 1)!
v(s1, . . . , sj−1, θj , sj+1, . . . , sN ) dθj ,

where Rj,k(x, y) := −ck(x− aj)Ked(bj − y) for K as defined in Cor. 6, and where

ed(z) =
[

zd−1

(d−1)! · · · 1
2z

2 z 1
]T

⊗ In, ck(z) =
[
0k 1 z · · · zd−k−1

(d−1)!

]T
⊗ In.

It follows that(
Aj,k∂

d
siu
)
(s) =

∫ bj

aj

Rj,k(sj , θj) ∂
d
siu(s1, . . . , sj−1, θj , sj+1, . . . , sN ) dθj

+

∫ sj

aj

(sj − θj)
k−1

(k − 1)!
∂d
siu(s1, . . . , sj−1, θj , sj+1, . . . , sN ) dθj

= ∂d
si

(∫ bj

aj

Rj,k(sj , θj)u(s1, . . . , sj−1, θj , sj+1, . . . , sN ) dθj

)

+ ∂d
si

(∫ sj

aj

(sj − θj)
k−1

(k − 1)!
u(s1, . . . , sj−1, θj , sj+1, . . . , sN ) dθj

)
=
(
∂d
siAj,ku

)
(s).

■
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B The ∗-Algebra of ND 3-PI Operators

In Section 5, a class of multivariate 3-PI operators was defined – ΠN [Ω] – generalizing the definition of univariate 3-PI
operators to the ND setting. In this appendix, we show that the class of multivariate 3-PI operators includes a particular
class of integral operators, namely that of integral operators with polynomial semi-separable kernels. In addition, we
provide some of the proofs omitted from Subsection 5.2, proving that the class of multivaraite 3-PI operators is indeed
closed under linear combinations, as well as composition and adjoint operations – thus defining a ∗-algebra.
To start, recall that by Defn. 23, the class of ND 3-PI operators, ΠN [Ω], is defined by taking sums of products of 3-PI

operators along each dimension i ∈ {1 : N}. Here, we recall that any univariate 3-PI operator is given by the sum of
a multiplier operator defined by a polynomial, and an integral operator with polynomial semi-separable kernel, so that

R ∈ Π1[a, b] if Rv(s) = R(s)v(s) +
∫ b

a
K(s, θ)v(θ)dθ for some M ∈ R[s] and some K of the form

K(s, θ) =

{
K1(s, θ), θ ≤ s,

K2(s, θ), θ > s,

for K1,K2 polynomial. Taking sums of compositions of such 3-PI operators along different intervals [ai, bi], then, the
proposed class of ND 3-PI operators will include (but is not limited to) any operator of the form

(Rv)(s) =

M∑
j=1

(
N∏
i=1

Ri,j(si)

)
v(s), and (Kv)(s) =

M∑
j=1

(
N∏
i=1

∫ bi

ai

Ki,j(si, θi)

)
v(θ)dθ,

where Mi,j are polynomial, and Ki,j are polynomial semi-separable. Note here that, any multivariate polynomial can

be expressed as R(s) =
∑M

j=1

∏N
i=1 Ri,j(si) for some univariate polynomials Ri,j . As such, the class ΠN [Ω] will include

any multiplier operator defined by a polynomial. In addition, defining multivariate polynomial semi-separable functions

as in Defn. 24, any such polynomial semi-separable function can be expressed as
∑M

j=1

∏N
i=1 Ki,j for some univariate

polynomial semi-separable functions. Consequently, any integral operator with polynomial semi-separable kernel will be a
multivariate 3-PI operator, yielding the following result.

Lemma 42 Suppose that

(Kv)(s) :=

∫
Ω

K(s, θ)v(θ)dθ

where K(s, θ) ∈ L2[Ω] is multivariate polynomial semi-separable. Then K ∈ ΠN [Ω].

PROOF. Suppose that K is multivaraite polynomia semi-separable. Then there exist polynomials Kα ∈ R[s, θ] for
α ∈ {−1, 1}N such that

K(s, θ) = Kα(s, θ) ∀(s, θ) ∈ {(s, θ) ∈ Ω | αi(si − θi) ≤ 0, ∀i ∈ {1 : N}}.
Given these polynomials, we can then express

(Kv)(s) =

∫
Ω

K(s, θ)v(θ)dθ =
∑

α∈{−1,1}N

∫
Ω

Iα(s, θ)Kα(s, θ)v(θ)dθ

where we define the indicator function

Iα(s, θ) :=

N∏
i=1

Iαi(si, θi) where Iα(s, θ) :=

{
1, αi · (si − θi) ≤ 0, ∀i ∈ {1 : N},
0, else.

Now, for each α ∈ {−1, 1}N , since Kα is polynomial, we can define Rα,i,j ∈ R[si, θi] such that Kα =
∑M

j=1

∏N
i=1 Rα,i,j

for some M ∈ N sufficiently large (e.g. expanding Kα as a sum of monomials). Given these univariate polynomials, Rα,i,j ,

define the 3-PI parameters Rβ,γ
α,i,j ∈ Γ1[ai, bi] by

Rα,i,j :=

{
{0,Rα,i,j , 0}, αi = −1,

{0, 0,Rα,i,j}, αi = 1,

Then, by definition ∫
Ω

Iα(s, θ)Kα(s, θ)v(θ)dθ =

∫
Ω

(
M∑
j=1

N∏
i=1

Iαi(si, θi)Rα,i,j(si, θi)

)
v(θ)dθ

=

M∑
j=1

[( N∏
i=1

Π1

[
Rα,i,j

])
v

]
(s).

Since
∏N

i=1 Π1

[
Rα,i,j

]
∈ ΠN [Ω] for all α and j, it follows that also K ∈ ΠN [Ω]. ■
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Lem 42 shows that the class of ND PI operators includes a particular class of integral operators, of which the kernel is
polynomial semi-separable. By construction, the operator T in Thm. 16, defining the inverse to Dδ : D → Ln

2 [Ω], will be of
this form. However, the class of ND 3-PI operators also allows for mixed multiplier and integral operators along different

spatial directions, e.g.
∫ x

a
R(x, y, θ)v(η, y)dη and

∫ d

y
R(x, y, η)v(x, ζ)dζ. This ensures that the operatorA defining the PIE

representation in Thm. 19 is also an ND PI operator, as proven in the following lemma.

Lemma 43 For N ∈ N and δ ∈ NN
0 , let T and A be as defined in Thm. 16. Then T ,A ∈ Πn×n

N [Ω].

PROOF. For the case n = 1, the result follows by inspection. In particular, by definition, T =
∏N

i=1 Ti and A =∑
0⃗≤α≤δ M[Aα]

∏N
i=1 Ai,αi

, where the operators Ti andAi,αi
are of the form of the operators T andA in Cor. 6, respectively.

By definition, then, we find that Ti and Ai,αi
are univariate 3-PI operators, wherefore T is a multivariate 3-PI operator.

Furthermore, since M[Aα] ∈ ΠN for all Aα ∈ R[s] and ΠN is closed under compositions (by Prop. 29), it follows that also
A is a multivariate 3-PI operator.

For the case n > 1, we note that for each k, ℓ ∈ {1, n}, we can express

[T ]k,ℓ =

[
N∏
i=1

Ti

]
k,ℓ

=

n∑
j1=1

n∑
j2=1

· · ·
n∑

jN−1=1

[T1]k,j1 [T2]j1,j2 · · · [TN ]jN−1,ℓ.

Since, as established for the case n = 1, each [Ti]ji−1,ji is a univariate 3-PI operator, it follows that each [T ]k,ℓ is a

multivariate 3-PI operator, and therefore T ∈ Πn×n
N [Ω]. By similar reasoning, it follows that also A ∈ Πn×n

N [Ω]. ■

By Lem. 25, given a multivariate PDE as in (9), the operators T and A defining the associated PIE representation as
per Thm. 16 are in fact ND 3-PI operators. Having thus shown that the class ΠN [Ω] is suitable for parameterization of
ND PIEs, we now prove that this class in fact defines a ∗-algebra. To start, we show that ΠN [Ω] is a vector space, for
which we have the following lemma.

Lemma 44 For N ∈ N and Ω :=
∏N

i=1, if Q,R ∈ ΠN [Ω], then λQ+ µR ∈ ΠN [Ω] for all λ, µ ∈ R.

PROOF. Fix arbitrary Q =
∑M

j=1 ΠN [Qj ] ∈ ΠN [Ω], where for each j ∈ {1 : M}, we have Qj := {Qj,i}Ni=1 for

Qj,i ∈ Γ1[ai, bi]. Suppose that Qj,1 = {Q0
j,1,Q

1
j,1,Q

2
j,2} ∈ Γ1[a1, b1], so that Q0

j,1 ∈ R[s1] and Q1
j,1,Q

2
j,1 ∈ R[s1, θ1]. For

λ ∈ R, define λQj,1 := {λQ0
j,1, λQ

1
j,1, λQ

2
j,2} ∈ Π1[a1, b1]. Then, by definition of univariate 3-PI operators (Defn. 22)

and linearity of multiplier and integral operators, λΠ1[Qj,1]v = Π1[λQj,1]v for all v ∈ L2. Define further λQj :=
{λQj,1,Qj,2, . . . ,Qj,N} ∈ ΠN [Ω]. Then, for each j ∈ {1 : M}

λQ = λ

M∑
j=1

ΠN [Qj ] =

M∑
j=1

λ

N∏
i=1

Π1[Qj,i] =

M∑
j=1

Π1[λQj,1]Π1[Qj,2] · · ·Π1[Qj,N ] =

M∑
j=1

ΠN [λQj ] ∈ ΠN [Ω].

Finally, fix arbitrary R =
∑K

k=1 ΠN [Rk] ∈ ΠN [Ω]. Then, for all λ, µ ∈ R,

λQ+ µR =

M∑
j=1

ΠN [λQj ] +

K∑
k=1

ΠN [µRk] ∈ ΠN [Ω].

■

Lem. 44 shows that the class of multivariate 3-PI operators is closed under linear combinations, and is thus a vector
space. Next, we show that this vector space is also closed under compositions. Here, the composition of two multivariate
3-PI operators can be defined inductively, using the composition rules for unviariate 3-PI operators. In particular, if

Q =
∏N

i=1 Π1[Qi] and R =
∏N

i=1 Π1[Ri] for Qi,Ri ∈ Γ1[ai, bi], then Q ◦R =
∏N

i=1(Π1[Qi] ◦ Π1[Ri]). In order for this to
hold, however, the different operators Π1[Qi] and Π1[Rj ] for i ̸= j must commute. The following lemma proves that this
is indeed the case.

Lemma 45 Let N ∈ N and Ω =
∏N

i=1[ai, bi]. For R ∈ Γ1[ai, bi] and Q ∈ Γ1[aj , bj ] let R and Q be the multivariate
extensions of Π1[R] and Π1[Q], respectively, so that e.g. (Rv)(s) := (Π1v(s1, . . . , si−1, •, si+1, . . . , sN ))(si) for v ∈ L2[Ω].
If i ̸= j, then (RQ)v = (QR)v for all v ∈ L2[Ω].

PROOF. Let R = {R0,R1,R2} ∈ Γ[ai, bi] and Q = {Q0,Q1,Q2} ∈ Γ[aj , bj ]. To prove the result, we first note that by
Defn. 22, for any v ∈ L2[Ω], we can express Rv = R0v +R1v +R2v and Qv = Q0v +Q1v +Q2v, where we define

(R0v)(s) := R0(si)v(s), (Q0v)(s) := Q0(sj)v(s),

(R1v)(s) :=

∫ si

ai

R1(si, θi)v(s)|si=θidθi, (Q1v)(s) :=

∫ sj

aj

Q1(sj , θj)v(s)|sj=θjdθj ,

(R2v)(s) :=

∫ bi

si

R2(si, θi)v(s)|si=θidθi, (Q2v)(s) :=

∫ bj

sj

Q2(sj , θj)v(s)|sj=θjdθj ,
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for all s = (s1, . . . , sN ) ∈ Ω. Here, we remark that(
R0Q0v

)
(s) = R0(si)Q0(sj)v(s) = Q0(sj)R0(si)v(s) =

(
Q0R0v

)
(s),

as well as (
R0Q1v

)
(s) = R0(si)

∫ sj

aj

Q1(sj , θj)v(s)|sj=θjdθj

=

∫ sj

aj

Q1(sj , θj)R0(si)v(s)|sj=θjdθj =
(
Q1R0v

)
(s),

and (
R1Q1v

)
(s) =

∫ si

ai

R1(si, θi)

[∫ sj

aj

Q1(sj , θj)v(s)|si=θi,sj=θjdθj

]
dθi

=

∫ si

ai

∫ sj

aj

[
R1(si, θi)Q1(sj , θj)v(s)|si=θi,sj=θj

]
dθjdθi

=

∫ sj

aj

Q1(sj , θj)

[∫ si

ai

R1(si, θi)v(s)|si=θi,sj=θjdθi

]
dθj =

(
Q1R1v

)
(s),

By similar reasoning, we find that RℓQkv = QkRℓv, for all k, ℓ ∈ {0, 1, 2}. It follows that
RQv =

(
R0 +R1 +R2

)(
Q0 +Q1 +Q2

)
v

=
(
Q0 +Q1 +Q2

)(
R0 +R1 +R2

)
v = QRv.

■

Using Lem. 45, the following corollary proves that the composition of two ND PI operators can indeed be expressed
using the composition of the defining 1D PI operators, as used in the proof of Prop. 29.

Corollary 46 For given N ∈ N and Ω =
∏N

i=1[ai, bi], let Q = {Qi}Ni=1 ∈ ΓN [Ω] and R = {Ri}Ni=1 ∈ ΓN [Ω], where
Qi ∈ ΓN [ai, bi] and Ri ∈ ΓN [ai, bi] for each i ∈ {1 : N}. Then(

N∏
i=1

Π1[Qi]

)
◦

 N∏
j=1

Π1[Rj ]

 =

N∏
i=1

(
Π1[Qi] ◦ Π[Ri]

)
.

PROOF. By Lem. 45 we have that for all u ∈ L2[Ω],(
N∏
i=1

Π1[Qi]

) N∏
j=1

Π1[Rj ]

u =
(
Π1[Q1] · · ·Π1[QN ]Π1[R1] · · ·Π1[RN ]

)
u

=
(
Π1[Q1]Π1[R1]

)
· · ·
(
Π1[QN ]Π1[RN ]

)
u =

(
N∏
i=1

(
Π1[Qi]Π1[Ri]

))
u.

■

Using Cor. 46, Prop. 29 proves that the composition of two multivariate 3-PI operators is again a multivariate 3-PI
operator, so that ΠN forms an algebra. Finally, to prove that ΠN in fact forms a ∗-algebra, we show that this set is also
closed under the adjoint operation. Specifically, we have the following result, corresponding to Lem. 31 in Subsection 5.2

Lemma 47 ForN ∈ N andΩ :=
∏N

i=1[ai, bi] ⊆ RN , ifR ∈ ΠN [Ω], thenR∗ ∈ ΠN [Ω]. In particular, ifR =
∑M

j=1 ΠN [Rj ],

where Rj := {Rj,i}Ni=1 ∈ ΓN [Ω], then R∗ =
∑M

j=1 ΠN [R∗
j ], where

R∗
j := {R∗

j,i}Ni=1,

where the univariate adjoint parameters R∗
j,i ∈ Γ1[ai, bi] are as defined in Lem. 30.

PROOF. To prove the result we first remark that, by Lem. 30, for each i ∈ {1 : N} and all R ∈ Γ1[ai, bi] we have∫ bi

ai

u(s)
(
Π1[R]v

)
(s) dsi =

∫ bi

ai

(
Π1[R

∗]u
)
(s)v(s) dsi, ∀u,v ∈ L2[Ω],

where we define (Π1[R]v)(s) :=
(
Π1[R]v(s1, . . . , si−1, •, si+1, . . . , sN )

)
(si). Now, let R =

∑M
j=1 ΠN [Rj ], where Rj :=
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{Rj,i}Ni=1 ∈ ΓN [Ω]. Then, for all j ∈ {1 : M},

⟨u,ΠN [Rj ]v⟩L2[Ω] =

∫
Ω

[
u(s)

(
ΠN [Rj ]v

)
(s)

]
ds

=

∫ b1

a1

· · ·
∫ bN

aN

[
u(s1, . . . , sN )

(
Π1[Rj,1] · · ·Π1[Rj,N ]v

)
(s1, . . . , sN )

]
dsN · · · ds1

=

∫ b1

a1

· · ·
∫ bN

aN

[(
Π1[R

∗
j,1]u

)
(s1, . . . , sN )

(
Π1[Rj,2] · · ·Π1[Rj,N ]v

)
(s1, . . . , sN )

]
dsN · · · ds1

=

∫ b1

a1

· · ·
∫ bN

aN

[(
Π1[R

∗
j,2]Π1[R

∗
j,1]u

)
(s1, . . . , sN )

(
Π1[Rj,3] · · ·Π1[Rj,N ]v

)
(s1, . . . , sN )

]
dsN · · · ds1

...

=

∫ b1

a1

· · ·
∫ bN

aN

[(
Π1[R

∗
j,N ] · · ·Π1[R

∗
j,1]u

)
(s1, . . . , sN )v(s1, . . . , sN )

]
dsN · · · ds1

=

∫ b1

a1

· · ·
∫ bN

aN

[(
Π1[R

∗
j,1] · · ·Π1[R

∗
j,N ]u

)
(s1, . . . , sN )v(s1, . . . , sN )

]
dsN · · · ds1

=

∫
Ω

((
ΠN [R∗

j ]u
)
(s)v(s)

)
ds

=
〈
ΠN [R∗

j ]u,v
〉
L2[Ω]

,

where we remark that Π1[R
∗
j,N ] · · ·Π1[R

∗
j,1] = Π1[R

∗
j,1] · · ·Π1[R

∗
j,N ] by Lem. 45. By linearity of the inner product, it follows

that if R :=
∑M

i=1 ΠN [Rj ], then

⟨u,Rv⟩L2
=

M∑
i=1

⟨u,ΠN [Rj ]v⟩L2
=

M∑
i=1

〈
ΠN [R∗

j ]u,v
〉
L2

= ⟨R∗u,v⟩L2
.

■

C Exponential PIE to PDE Stability of Classical PDE Examples

In this appendix, we verify exponential stability of the reaction-diffusion equation from Subsec. 7.2.1 and the wave
equation from Subsec. 7.2.2. For each example, an explicit solution is constructed using separation of variables, and it is
proven that the norm of this solution is bounded by an exponentially decaying function, providing an explicit value of
the decay rate. Since the reaction-diffusion and wave equations are classical examples of PDEs, for which existence and
uniqueness of solutions have been well-studied in the literature, several details in the derivation of the solutions will be
omitted, and it will not be shown that the obtained solutions are indeed unique. We refer to standard textbooks on PDEs
such as [9] for more details and proofs.

C.1 Exponential PIE to PDE Stability of the Reaction-Diffusion Equation

Consider the following reaction-diffusion equation, with Dirichlet-Neumann boundary conditions

ut(t, x, y) = ν[uxx(t, x, y) + uyy(t, x, y)] + ru(t, x, y), (x, y) ∈ [0, Lx]× [0, Ly], (C.1)

u(t, 0, y) = u(t, Lx, y) = 0, u(t, x, 0) = uy(t, x, Ly) = 0.

We solve this PDE using separation of variables. In particular, suppose u(t, x, y) = T (t)U(x, y) for some function T that
depends only on time, and a function U that varies only in space. Substituting the relation u(t, x, y) = T (t)U(x, y) into
the PDE, we find that it must satisfy

T ′(t)U(x, y) = νT (t)[∂2
xU(x, y) + ∂2

yU(x, y)] + rT (t)U(x, y).

Dividing both sides by T (t)U(x, y), and rearranging the terms, this yields

T ′(t)

T (t)
− r = ν

∂2
xU(x, y)

U(x, y)
+ ν

∂2
yU(x, y)

U(x, y)
,

where now the left-hand side depends only on t, and the right-hand side depends only on x, y. It follows that both sides
must be constant in time and space, whence solutions must satisfy

T ′(t)

T (t)
− r = −λ and ν

∂2
xU(x, y)

U(x, y)
+ ν

∂2
yU(x, y)

U(x, y)
= −λ,
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for some constant λ ∈ R. Solving the first of these equations, we obtain

T (t) = T (0)e[r−λ]t.

For the second equation, suppose further that U(x, y) = X(x)Y (y) for some functionsX : [0, Lx] → R and Y : [0, Ly] → R.
Substituting this identity into the equation, it follows that these functions must satisfy

ν
X ′′(x)

X(x)
= −ν

Y ′′(y)

Y (y)
− λ.

Here, the left-hand side depends only on x, and the right-hand side depends only on y, implying that both sides must be
constant in x and y. Thus, the functions X and Y must satisfy

ν
X ′′(x)

X(x)
= −µ, and − ν

Y ′′(y)

Y (y)
− λ = −µ,

for some constant µ ∈ R. To solve these problems, recall that the function u(t, x, y) = T (t)X(x)Y (y) must further satisfy
the boundary conditions

T (t)X(0)Y (y) = u(t, 0, y) = 0, T (t)X(Lx)Y (y) = u(t, Lx, y) = 0,

T (t)X(x)Y (0) = u(t, x, 0) = 0, T (t)X(x)Y ′(Ly) = uy(t, x, Ly) = 0.

Excluding trivial solutions, these boundary conditions can only be satisfied if

X(0) = X(Lx) = 0, and Y (0) = Y ′(Ly) = 0.

Thus, we obtain two boundary-value problems

X ′′(x) = −µ

ν
X(x), and Y ′′(y) = −λ− µ

ν
Y (y),

X(0) = X(Lx) = 0, Y (0) = Y ′(Ly) = 0.

These are both standard 1D Sturm-Liouville problems, of which solutions are well-known. In particular, we note that

non-trivial solutions exist only for µ = µm := νm2π2

L2
x

and λ− µ = λm,n − µn := ν (n−1/2)2π2

L2
y

for m,n ∈ N, taking the form

Xm(x) = sin

(
mπ

Lx
x

)
, Yn(y) = sin

(
(n− 1/2)π

Ly
y

)
, ∀m,n ∈ N.

Here, the functions um,n(x, y) := Xm(x)Yn(y) form a basis for functions on L2[[0, 1]
2] satisfying the imposed Dirichlet

and Neumann boundary conditions, and any solution to the original PDE takes the form

u(t, x, y) =

∞∑
m=1

∞∑
n=1

am,ne
[r−λm,n]tum,n(x, y) =

∞∑
m=1

∞∑
n=1

am,ne
[r−λm,n]t sin

(
mπ

Lx
x

)
sin

(
(n− 1/2)π

Ly
y

)
,

for some coefficients am,n defined by the initial conditions, and where

λm,n = µm + ν
(n− 1/2)2π2

L2
y

= νπ2

[
m2

L2
x

+
(n− 1/2)2

L2
y

]
, ∀m,n ∈ N.

It follows that

uxxyy(t, x, y) =

∞∑
m=1

∞∑
n=1

m2π2

L2
x

(n− 1/2)2π2

L2
y

am,ne
[r−λm,n]t sin

(
mπ

Lx
x

)
sin

(
(n− 1/2)π

Ly
y

)
.

By orthogonality of the basis functions um,n with respect to the L2 inner product, we find

∥u(t)∥2L2
=

∞∑
m=1

∞∑
n=1

LxLy

4
a2m,ne

2[r−λm,n]t

≤
∞∑

m=1

∞∑
n=1

(
m2π2(n− 1/2)2π2

)2 LxLy

4
a2m,ne

2[r−λmin]t = L2
xL

2
ye

2[r−λmin]t ∥uxxyy(0)∥2L2
,

where λmin := minm,n∈N λm,n = νπ2
[

1
L2

x
+ 1

4L2
y

]
. Thus, the PDE is exponentially PIE to PDE stable whenever r ≤ λmin,

with rate of decay k = r − λmin.

C.2 Exponential PIE to PDE Stability of the Wave Equation

Consider the following wave equation with feedback, with Dirichlet-Neumann boundary conditions

utt(t, x, y) = uxx(t, x, y) + uyy(t, x, y)− 2κut(t, x, y)− κ2u(t, x, y), (x, y) ∈ [0, Lx]× [0, Ly], (C.2)

u(t, 0, y) = ux(t, Lx, y) = 0, u(t, x, 0) = uy(t, x, Ly) = 0,
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where κ ≥ 0. Suppose solutions take the form u(t, x, y) = T (t)U(x, y) for some function T that depends only on time, and
a function U that varies only in space. Substituting the relation u(t, x, y) = T (t)U(x, y) into the PDE, we find that T and
U must satisfy

T ′′(t)U(x, y) = T (t)[∂2
xU(x, y) + ∂2

yU(x, y)] + 2κT ′(t)U(x, y)− κ2T (t)U(x, y).

Dividing both sides by T (t)U(x, y), and re-arranging the terms, this yields

T ′′(t) + 2κT ′(t)

T (t)
+ κ2 =

∂2
xU(x, y)

U(x, y)
+

∂2
yU(x, y)

U(x, y)
,

where now the left-hand side depends only on t, and the right-hand side depends only on x, y. It follows that both sides
must be constant in time and space, whence solutions must satisfy

T ′′(t) + 2κT ′(t)

T (t)
+ κ2 = −λ, and

∂2
xU(x, y)

U(x, y)
+

∂2
yU(x, y)

U(x, y)
= −λ,

for some constant λ ∈ R. Solving the first of these equations, we find that if λ > 0, solutions take the form

T (t) = γe−κt sin
(
t
√
λ
)
+ δe−κt cos

(
t
√
λ
)
,

for some constants γ, δ depending on T (0) and T ′(0). For the second equation, suppose further that U(x, y) = X(x)Y (y)
for some functions X : [0, Lx] → R and Y : [0, Ly] → R. Substituting this identity into the equation, it follows that these
functions must satisfy

X ′′(x)

X(x)
= −Y ′′(y)

Y (y)
− λ.

Here, the left-hand side depends only on x, and the right-hand side depends only on y, implying that both sides must be
constant in x and y. Thus, the functions X and Y must satisfy

X ′′(x)

X(x)
= −µ, and − Y ′′(y)

Y (y)
− λ = −µ,

for some constant µ ∈ R. To solve these problems, recall that the function u(t, x, y) = T (t)X(x)Y (y) must further satisfy
the boundary conditions

T (t)X(0)Y (y) = u(t, 0, y) = 0, T (t)X ′(Lx)Y (y) = ux(t, Lx, y) = 0,

T (t)X(x)Y (0) = u(t, x, 0) = 0, T (t)X(x)Y ′(Ly) = uy(t, x, Ly) = 0.

Excluding trivial solutions, these boundary conditions can only be satisfied if

X(0) = X ′(Lx) = 0, and Y (0) = Y ′(Ly) = 0.

Thus, we obtain the boundary-value problems

X ′′(x) = −µX(x), and Y ′′(y) = −(λ− µ)Y (y),

X(0) = X ′(Lx) = 0, Y (0) = Y ′(Ly) = 0.

These are again standard Sturm-Liouville problems, which we can solve to find that a solution exists only if µ = µm =

(m− 1
2 )

2 π2

L2
x
and λm,n − µm = (n− 1

2 )
2 π2

L2
y
for m,n ∈ N, with solutions taking the form

Xm(x) = α sin(
√
µmx), Yn(y) = β sin(

√
λn − µny), ∀m,n ∈ N,

for arbitrary α, β ∈ R. Thus, non-trivial solutions to the PDE exist only for

λm,n := µm +

(
n− 1

2

)2
π2

L2
y

= π2

[
(m− 1/2)2

L2
x

+
(n− 1/2)2

L2
y

]
, ∀m,n ∈ N.

Note that the functions um,n(x, y) := Xm(x)Yn(y) for m,n ∈ N define a basis for the space of functions satisfying the
imposed Dirichlet and Neumann boundary conditions. Reintroducing the dependence on time, T (t), we find that solutions
to the wave equation take the form

u(t, x, y) =

∞∑
m,n=1

am,ne
−κt sin

(√
λm,nt

)
sin
(√

µmx
)
sin
(√

λm,n − µmy
)

+

∞∑
m,n=1

bm,ne
−κt cos

(√
λm,nt

)
sin
(√

µmx
)
sin
(√

λm,n − µmy
)
,
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for coefficients am,n, bm,n determined by u(0, x, y) and ut(0, x, y). Given these coefficients, the temporal derivative of the
solution is then given by

ut(t, x, y) = −κu(t) +

∞∑
m,n=1

am,n

√
λm,ne

−κt cos
(√

λm,nt
)
sin
(√

µmx
)
sin
(√

λm,n − µmy
)

−
∞∑

m,n=1

bm,n

√
λm,ne

−κt sin
(√

λm,nt
)
sin
(√

µmx
)
sin
(√

λm,n − µmy
)

= −
∞∑

m,n=1

[
κam,n + bm,n

√
λm,n

]
e−κt sin

(√
λm,nt

)
sin
(√

µmx
)
sin
(√

λm,n − µmy
)

−
∞∑

m,n=1

[
κbm,n − am,n

√
λm,n

]
e−κt cos

(√
λm,nt

)
sin
(√

µmx
)
sin
(√

λm,n − µmy
)
.

By orthogonality of the spatial basis functions with respect to the L2-inner product, it follows that

∥u(t)∥2L2
=

LxLy

4
e−2κt

∞∑
m,n=1

[
am,n sin

(√
λm,nt

)
+ bm,n cos

(√
λm,nt

)]2
,

∥ut(t)∥2L2
=

LxLy

4
e−2κt

∞∑
m,n=1

[(
κam,n + bm,n

√
λm,n

)
sin
(√

λm,nt
)
+

(
κbm,n − am,n

√
λm,n

)
cos
(√

λm,nt
)]2

.

Given these expressions, we note that solutions do not satisfy

∥∥∥∥∥
[
u(t)

ut(t)

]∥∥∥∥∥
L2

≤ Me−kt

∥∥∥∥∥
[
u(0)

ut(0)

]∥∥∥∥∥
L2

for any M ≥ 1 and

k ≥ 0. Indeed, to illustrate, consider Lx = Ly = 1, with the initial condition u(0, x, y) = sin((j − 1
2 )πx) sin((j −

1
2 )πy) for

some j ∈ N. Then am,n = 0 for all m,n ∈ N, bj,j = 1, and bm,n = 0 for all other m,n ∈ N. It follows that, the norm of the
solution at each time t is given by

∥u(t)∥2L2
=

LxLy

4
e−2κt cos

(√
2(j − 1/2)πt

)
,

∥ut(t)∥2L2
=

LxLy

4
e−2κt

[√
2(j − 1/2)π sin

(√
2(j − 1/2)πt

)
+ κ cos

(√
2(j − 1/2)πt

)]2
.

Therefore, at t = 0, we have∥∥∥∥∥
[
u(0)

ut(0)

]∥∥∥∥∥
2

L2

= ∥u(0)∥2L2
+ ∥ut(0)∥2L2

=
LxLy

4
+

LxLy

4
κ2 =

LxLy

4
(1 + κ2),

whereas at t = Tj :=
1

2
√
2(j−1/2)

, we have∥∥∥∥∥
[
u(Tj)

ut(Tj)

]∥∥∥∥∥
2

L2

= ∥u(Tj)∥2L2
+ ∥ut(Tj)∥2L2

=
LxLy

4

√
2(j − 1/2)π.

It follows that, for any M ≥ 1, there exists j ∈ N such that

∥∥∥∥∥
[
u(Tj)

ut(Tj)

]∥∥∥∥∥
2

L2

> M

∥∥∥∥∥
[
u(0)

ut(0)

]∥∥∥∥∥
2

L2

, and thus the wave equation

cannot be exponentially stable in the classical sense. However, we can prove that the PDE is exponentially PIE to PDE
stable, in the sense of Defn. 33. In particular, note that

uxxyy(0, x, y) =

∞∑
m,n=1

bm,nµm(λm,n − µm) sin
(√

µmx
)
sin
(√

λm,n − µmy
)
,

utxxyy(0, x, y) = −
∞∑

m,n=1

[
κbm,n − am,n

√
λm,n

]
µm(λm,n − µm) sin

(√
µmx

)
sin
(√

λm,n − µmy
)
.

By orthogonality of the spatial basis functions, it follows then that∥∥∥∥∥
[
uxxyy(0)

utxxyy(0)

]∥∥∥∥∥
2

L2

=
LxLy

4

∞∑
m,n=1

[
b2m,n +

(
κbm,n − am,n

√
λm,n

)2
]
µ2
m(λm,n − µm)2.
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Thus, we can bound the norm of the solution to the wave equation at each time as∥∥∥∥∥
[
u(t)

ut(t)

]∥∥∥∥∥
2

L2

=
LxLy

4
e−2κt

∞∑
m,n=1

[
am,n sin

(√
λm,nt

)
+ bm,n cos

(√
λm,nt

)]2
+

LxLy

4
e−2κt

∞∑
m,n=1

[(
κam,n + bm,n

√
λm,n

)
sin
(√

λm,nt
)
+

(
κbm,n − am,n

√
λm,n

)
cos
(√

λm,nt
)]2

≤ LxLy

4
e−2κt

∞∑
m,n=1

[
a2m,n + b2m,n +

(
κam,n + bm,n

√
λm,n

)2
+
(
κbm,n − am,n

√
λm,n

)2]

≤ e−2κt

∥∥∥∥∥
[
uxxyy(0)

utxxyy(0)

]∥∥∥∥∥
2

L2

+
LxLy

4
e2κt

∞∑
m,n=1

[
a2m,n +

(
κam,n + bm,n

√
λm,n

)2]
.

Here, we note that for any Lx, Ly, we can find a constant C such that λm,n ≤ Cµ2
m(λm,n−µm)2 for allm,n ∈ N. It follows

that
∞∑

m,n=1

[
a2m,n +

(
κam,n + bm,n

√
λm,n

)2]
≤

∞∑
m,n=1

[
a2m,n +

(
κ2 + λm,n

)(
a2m,n + b2m,n

)]
≤

∞∑
m,n=1

[
a2m,n + λm,n

(
κ2 + 1

)(
a2m,n + b2m,n

)]
≤

∞∑
m,n=1

2λm,n(1 + κ2)
(
a2m,n + b2m,n

)
≤ 2C(1 + κ2)2

∞∑
m,n=1

[
b2m,n +

(
κbm,n − am,n

√
λm,n

)2]
µ2
m(λm,n − µm)2

=
8C(1 + κ2)2

LxLy

∥∥∥∥∥
[
uxxyy(0)

utxxyy(0)

]∥∥∥∥∥
2

L2

.

Defining, then, M :=
√
1 + 8C(1 + κ2)2, it follows that∥∥∥∥∥

[
u(t)

ut(t)

]∥∥∥∥∥
L2

≤ Me−2κt

∥∥∥∥∥
[
uxxyy(0)

utxxyy(0)

]∥∥∥∥∥
L2

.
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