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Abstract— Pointwise-in-time stability notions for Ordinary
Differential Equations (ODEs) establish bounds on the rate
of decay of the system state – allowing performance to be
quantified by the maximum provable decay rate. While Lya-
punov tests have been proposed for numerous pointwise-
in-time stability notions, including exponential, rational, and
finite-time stability, it is unclear whether any of these tests
can accurately characterize system performance.

In this paper, we start by proposing a generalized notion
of rate performance — with exponential, rational, and finite-
time decay rates being special cases. Then, for any such
notion and rate, we associate a Lyapunov condition which is
shown to be necessary and sufficient for a system to achieve
that rate. Finally, we show how the proposed conditions can
be enforced using Sum-of-Squares (SOS) programming in
the case of exponential, rational, and finite-time rate per-
formance. Numerical examples in each case demonstrate
that the corresponding SOS test can achieve tight bounds
on the rate performance with accurate inner bounds on the
associated regions of performance.

Index Terms— Nonlinear ODEs, Converse Lyapunov The-
orems, Sum-of-Squares.

I. INTRODUCTION
Nonlinear Ordinary Differential Equations (ODEs) are a

modeling tool for representing physical processes. The premise
of this approach is that by studying the properties of solutions
of the ODE, we may infer properties of the physical process.

One of the most basic properties that a physical system
may possess is stability. Various notions of stability have been
proposed to characterize solutions of the system, including
Lyapunov stability, asymptotic stability, input-to-state stability,
etc; each of which establishes some asymptotic behaviour of
the solutions, and each of which can be verified by establishing
the existence of a Lyapunov function with certain properties.

However, while Lyapunov theory is well-established for basic
properties such as asymptotic stability [1]–[3], class-KL sta-
bility notions [4]–[6] and input-to-state stability properties [7]–
[11], the Lyapunov framework for evaluating performance of
nonlinear systems is less well-developed. To see this, consider
the case of linear ODEs, for which we have a variety of
computational tests which can precisely determine performance
metrics such as quadratic costs, H2 norm, and H∞ norm (see
e.g. [12], [13]). Such quantitative metrics for performance are
significant in that they provide bounds on sensitivity to factors
such as disturbances, modeling errors, and changes in state. For
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nonlinear systems, by contrast, there are no computational algo-
rithms which are known to be capable of precisely determining
any metric of performance for any subclass of substantially
nonlinear systems.

The difficulty in establishing performance of nonlinear sys-
tems is threefold. First, nonlinear systems admit several non-
equivalent notions of stability, making it difficult to establish
a universal metric for performance which can be quantified
for any stable nonlinear system. For example, consider the
notions of exponential and rational stability. A system is
exponentially stable if there exists some M,k > 0 such
that all solutions x(t) satisfy ∥x(t)∥ ≤ Me−kt ∥x(0)∥, and
rationally stable if there exists M,k > 0 and p ∈ N such that
∥x(t)∥p ≤ M ∥x(0)∥p

1+∥x(0)∥pkt [14]. Then, rational stability does
not imply exponential stability (consider e.g. ẋ = −x3) nor
does global exponential stability imply global rational stability
(even for linear systems e.g. ẋ = −x). As such, although both
exponential and rational stability performance can be quantified
by the rate parameter k, the resulting metric of exponential rate
performance may not be suitable for rationally stable systems,
or vice versa.

The second difficulty with establishing a performance metric
for nonlinear systems is that existing converse Lyapunov results
do not consider system performance. For example, consider
again the notions of rate performance for exponential and
rational stability. Lyapunov conditions have been established for
both exponential and rational stability [14]. However, although
these Lyapunov conditions are guaranteed to establish some
lower bound on rate performance (e.g. a particular value of k),
these bounds are not tight in that the Lyapunov conditions may
be unable to verify the actual rate performance.

Finally, the third difficulty with establishing performance of
nonlinear systems is that, even if we have a necessary and
sufficient Lyapunov condition for rate performance, numeri-
cally testing this Lyapunov condition may be computationally
intractable. While it is often possible to tighten Lyapunov
conditions to Sum-Of-Squares (SOS) constraints – allowing a
polynomial Lyapunov function1 to be found using semidefinite
programming [18], [19] – establishing such an SOS formulation
of the Lyapunov condition is not always trivial. Specifically, the
rational rate performance conditions we obtain are not linear
in the Lyapunov function (a decision variable in SOS program-
ming). Additionally, rates for finite-time stability require non-
polynomial vector fields and Lyapunov functions. This raises
the question of how such conditions might be enforced using
SOS without sacrificing accuracy.

1exponential and rational stability of polynomial vector fields can be certified
by a polynomial Lyapunov function [15]–[17].
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Perhaps the most significant progress toward the develop-
ment of testable performance metrics can be found in [20],
[21] under the unassuming name of “Input to State Dynamic
Stability”. Specifically, this work considers a class of “KLD”
comparison functions which are then associated with certain
rates of convergence of solutions (along with bounds on the
effect of disturbances). Remarkably, this work was able to
establish that for any given rate, there exists a (possibly
discontinuous) Lyapunov function capable of establishing this
rate. This work was ahead of its time in that it predated much
of the development of SOS-based algorithms which might have
been used to find such Lyapunov functions and then been
applied to specific performance metrics. Indeed, many of the
results described in this paper parallel the developments found
in [20], [21], albeit here developed in a more constructive way
and focused on the use of SOS algorithms to quantify specific
metrics of performance – including exponential, rational, and
finite-time metrics of performance.

The work of [20], [21] was particularly insightful in that
a distinction was made between basic stability (showing that
there exists some metric of performance) and the evaluation of
that performance metric. That is, while traditional Lyapunov
conditions establish the existence of a performance metric, the
result in [20], [21] provides Lyapunov conditions which can
determine what that level of performance actually is (albeit in
some region away from the origin). The goal of this paper, then,
is to build on the results from [20], [21] to formulate equivalent
Lyapunov conditions for performance of nonlinear systems, in-
cluding exponentially, rationally, and finite-time stable systems.
Computationally, of course, we would also like to be able to
find solutions to the proposed Lyapunov characterization using
SOS programming.

Before establishing such equivalent characterizations, in Sec-
tion III, we first define performance metrics which admit an
equivalent Lyapunov characterization. In particular, we focus on
generalized notions of rate performance. To define such rates,
we use some of the language of KL stability, wherein for a
nonlinear system ẋ = f(x), the solution map ϕf (x, t) satisfies
ϕf (x, 0) = x and ∂tϕf (x, t) = f(ϕf (x, t)) and where for
class-K functions α1, α2, stability implies existence of a class-
KL function β such that α1(∥ϕf (x, t)∥) ≤ β(α2(∥x∥), t) [22].
For simplicity, however, we alter this slightly by fixing α and
requiring α(∥ϕf (x, t)∥) ≤ Mβ(α(∥x∥), kt) for some M , k.
Then, e.g., rational stability may be interpreted as KL stability
with additional restriction that α(y) = yp and β(y, t) = y

1+yt .
Furthermore, for any fixed α and β, we define rate performance
as the largest k such that α(∥ϕf (x, t)∥) ≤ Mβ(α(∥x∥), kt) for
some M . However, for this notion of rate performance to be
physically meaningful, we must add some additional restriction
on the structure of β.

First note that, apart from rate performance, an obvious
notion of gain performance of ϕf is the smallest M such
that α(∥ϕf (x, t)∥) ≤ Mα(∥x∥) for all t ≥ 0. However,
for this gain performance to be consistent with the condition
α(∥ϕf (x, t)∥) ≤ Mβ(α(∥x∥), kt), we require that β be nor-
malized, so that β(y, 0) = y. This ensures that all notions of
stability have the same definition of gain performance. Second,

we require time-invariance which ensures the pointwise-in-time
bound does not depend on the history of the state, e.g. if
β(y1, t1) = β(y2, t2), then also β(y1, t1 + t) = β(y2, t2 + t)

for all t ≥ 0. This also ensures that the ratio ρ(y) := ∂tβ(y,t)
∂yβ(y,t)

does not vary in time – and since β is normalized, we have
∂yβ(y, 0) = 1, so that ρ(y) = ∂tβ(y, t)|t=0 (this implies that
time-invariance is also equivalent to the KLD property in [20]).
These conditions are not particularly restrictive and hold for
the definitions of exponential, rational, and finite-time stability
with: βe(y, t) = ye−t; βr(y, t) = y

1+yt and βf(y, t) = y − t,
respectively. In each case, there is a clear notion of rate of
convergence where, for given α, a system is exponentially,
rationally, or finite-time stable with rate k if it is β-stable with
β(y, t) := βe,r,f(y, kt).

Another advantage of normalized, time-invariant β-metrics
is that, as will be shown in Subsection IV-A, any such metric
may be equivalently characterized using comparison functions.
Specifically, any normalized, time-invariant function β is gen-
erated by a scalar differential equation ẏ = ρ(y) where ρ(y) :=
∂tβ(y, t)|t=0. Then for exponential, rational, and finite-time
stability with rate k, we have ρe(y) = −ky, ρr(y) = −ky2, and
ρf(y) = −k, respectively. This characterization of β-metrics
allows for the ready construction of Lyapunov characterizations
as V̇ ≤ kρ(V ).

To establish that the proposed class of Lyapunov conditions
may be used to precisely characterize performance rates (and
gains), in Subsection IV-B we construct a Kurzweil-Yoshizawa
type converse Lyapunov function as V (x) = infy∈W(x) y where
W(x) := {y ∈ R+ | α(∥ϕf (x, t)∥) ≤ Mβ(α(∥x∥), kt), ∀t ≥
0} (similar to the Lyapunov function from [20], [21]) to show
that (for given α) the system solution satisfies α(∥ϕf (x, t)∥) ≤
Mβ(α(∥x∥), kt) if and only if there exists a Lyapunov func-
tion V satisfying α(∥x∥) ≤ MV (x) ≤ Mα(∥x∥) and
V (ϕf (x, t)) ≤ β(V (x), kt) where if V is differentiable,
V̇ (x) ≤ kρ(V (x)). Conditions for differentiability are provided
in Thms. 19 and 20. For exponential, rational, and finite-
time stability with rate k, we have the equivalent Lyapunov
characterizations: V̇ (x) ≤ −kV (x); V̇ (x) ≤ −kV (x)2 and
V̇ (x) ≤ −k, respectively.

Having defined rate (and gain) performance, and having
equivalently characterized this performance using Lyapunov
conditions, in Section V, we tighten these conditions to SOS
constraints. For exponential rate performance, the SOS con-
straints are relatively easy: we require V and (−∇V (x)T f(x)−
kV (x)) to be SOS and use a standard Positivstellensatz ex-
tension for rates on a semialgebraic domain. For rational and
finite-time stability, however, we must slightly manipulate the
Lyapunov conditions in order to test them using SOS.

For rational stability, we observe that the condition V̇ (x) ≤
−kV (x)2 is nonlinear in decision variable V . However, since
0 ≤ V (x) ≤ α(∥x∥), we may instead enforce V̇ (x) ≤
−kV (x)α(∥x∥) ≤ −kV (x)2. While this may introduce con-
servatism, we prove that the obtained rate performance will
deviate from the true rate performance by a factor of at most
1
M , for gain performance M . This is a substantial improvement
over classical Lyapunov conditions, V̇ (x) ≤ −kα(∥x∥)2, for
which the rate performance may deviate by a factor of 1

M2 .
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For finite-time stability, the polynomial bounds on V̇ are
problematic since the vector field f will not be polynomial. In
this case, however, we may make a change of variables Ṽ (z) =
V (z(x)) and f̃(z) = f(z(x))|z(x)|1−q for z(x) = sign(x)|x|q

such that ˙̃V = ∇Ṽ T f̃ is polynomial for Ṽ polynomial.
For exponential, rational, and finite-time stability, exten-

sive numerical testing is performed in Section VI to evalu-
ate the accuracy of the proposed rate and gain performance
characterization of several nonlinear systems. The bounds on
rate performance are compared with numerical simulation-
based estimates to verify accuracy. For the case of rational
stability, the bounds are also compared to lower bounds on
rate performance obtained with standard Lyapunov conditions
for rational stability, verifying that the proposed Lyapunov
conditions substantially reduce conservatism, and adhere to the
conjectured 1

M scaling rule. Finally, we examine the effect of
the domain size on degradation of the performance measure.

II. NOTATION

Let R+ := [0,∞). We say that α : R → R+ is monotonically
decreasing or monotonically nonincreasing if y1 > y2 implies
α(y1) < α(y2) or α(y1) ≤ α(y2), respectively. We say that
α : Rn → R+ is positive definite if α(x) = 0 if and only if
x = 0, and coercive if ∥x∥2 → ∞ implies α(x) → ∞. For p >
0, denote by ∥.∥p the p-(quasi)norm on Rn. For a vector field
f : Ω → Rn on some domain Ω ⊆ Rn, let ϕf : Ω × R → Rn

denote the solution map to the corresponding ODE, so that

∂tϕf (x, t) = f(ϕf (x, t)), ϕf (x, 0) = x, ∀x ∈ Ω, t ∈ R+.

Throughout the paper, we assume the solution map ϕf to
be well-defined, unique, and jointly continuous in x and t.
Such well-posedness can be guaranteed using relatively mild
smoothness conditions on f , see e.g. Cors. 3 and 4 in Sec. 7
of [23]. An exception is made for finite-time stable systems
where uniqueness at the origin is relaxed using the weakened
conditions provided in [24], Section 2. Under these conditions,
the solution map ϕf satisfies the semigroup property

ϕf (ϕf (x, t), s) = ϕf (x, t+ s), ∀t, s ∈ R+.

We say that G ⊆ Ω is forward invariant for f if ϕf (x, t) ∈ G
for all x ∈ G and t ≥ 0.

III. CHARACTERIZING POINTWISE-IN-TIME STABILITY

The main technical result of this paper is a converse Lya-
punov theorem which provides an equivalent Lyapunov char-
acterization of any suitably well-posed notion of pointwise-in-
time rate performance. To that end, our first goal is to define
what constitutes a well-posed metric of pointwise-in-time rate
performance. In this section, we suppose that we are presented
with a time-invariant vector field, f , with associated solution
map, ϕf : Ω×R+ → Ω where Ω ⊂ Rn is forward invariant. A
pointwise-in-time stability criterion is one which bounds some
measure, α1 : Ω → R+, of the state of the system, ϕf (x, t), in
terms of some measure, α2 : Ω → R+, of the size of the initial
condition, x — and furthermore, that this bound (defined by
β : R+ × R+ → R+) holds at every point in time, so that

α1(ϕf (x, t)) ≤ β(α2(x), t), ∀x ∈ Ω, t ≥ 0. (1)

Fig. 1. Rational stability bound βr(y, t) := y
1+yt

for y = 2 and
y = 1. Since βr(2, 0.5) = βr(1, 0), time-invariance of βr implies that
also βr(2, t + 0.5) = βr(1, t) for all t ≥ 0.

This definition is essentially the same as the concept of stability
with respect to 2-measures [6]. The only difference is that
we have not yet imposed the constraint that β be class KL,
although this will be imposed implicitly.

Having separated the measures of state, α1, α2, from the
pointwise bound, β, we note that for any given notion of
pointwise-in-time stability these measures and bounds are not
uniquely defined. Indeed, as discussed in [25], [26], even for
fixed β, exponential and asymptotic stability are equivalent
modulo a change in α. Furthermore, even with class K,KL
restrictions, there is significant ambiguity in αi, β. To illus-
trate, for the notion of exponential stability, ∥ϕf (x, t)∥2 ≤
Me−kt ∥x∥2, the pointwise-in-time bound can be equivalently
characterized by several definitions of α1, α2, β, including e.g.
α1(x) = ∥x∥2, α2(x) = M ∥x∥2 and β(y, t) = ye−kt, or,
α1(x) = ∥x∥42, α2(x) = ∥x∥42 and β(y, t) = M4ye−4kt. While
we do not claim to propose any method for uniquely defining
αi, β, we do claim that this ambiguity allows some flexibility
to impose certain structure on αi and β which can then be used
to define quantifiable notions of rate and gain performance.

To start, we will assume that α1(x) =
1
M α2(x) = α(x) for

some M ≥ 1. This will allow us to define a notion of gain
performance for a given choice of α as the smallest value of
M ≥ 1 such that α(ϕf (x, t)) ≤ Mα(x) for all t ≥ 0. Note
that this also implies that gain performance is not explicitly a
function of the domain size, and allows for gain performance
measures which hold globally (e.g. when the system is linear).
Now, because we also want this definition of gain performance
to be consistent with β, we further impose a normalization
condition that β(y, 0) = y – indicating that β is not, itself,
a measure of initial condition or state but rather bounds the
decay rate of the measures of state defined by α. Finally, we
also presume that the notion of stability is time-invariant or
memoryless – implying that β is strictly a measure of the state
and does not depend on the history of the state. This definition
is formally stated as follows.

Definition 1: We say that β : R+×R+ → R+ is normalized
if β(y, 0) = y, and time-invariant if β is continuous and for
all y, z, t0 ≥ 0, β(y, t0) = β(z, 0) implies β(y, t0+t) = β(z, t)
for all t ≥ 0.

The time-invariance property is illustrated in Fig. 1 for the
function βr(y, t) := y

1+yt , which we will use to characterize
rational stability in Subsection III-A. A normalized, time-
invariant function, β, can now be used to define the notion
of β-stability as follows.
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Definition 2: For given α : Rn → R+ and normalized,
time-invariant β : R+ × R+ → R+, we say that f : Ω → Rn

(with associated solution map ϕf ) is β-stable on G ⊆ Ω with
respect to α and with rate k ≥ 0 and gain M ≥ 1 if

α(ϕf (x, t)) ≤ Mβ(α(x), kt), ∀x ∈ G, t ≥ 0.

Naturally, the notion of β-stability motivated here is strongly
related to traditional notions of KL stability, stability with
respect to 2 measures, and KLD stability. The primary dis-
tinction, of course, is that for given α1, α2, KL stability
requires α1(ϕf (x, t)) ≤ β(α2(x), t) for some β, whereas
Defn. 2 requires this bound to hold for given β. As a result,
in the KL framework, there is no clear distinction between
different notions of stability, in that strategic choices of the
measures αi (potentially not differentiable at x = 0) allow
for equivalence between e.g. rational and exponential stability
(by [27], Prop. 7). The proposed notion of β-stability avoids
such ambiguity, by requiring both the measures αi and the
function β to be fixed (with α1 = 1

M α2). This distinction also
allows us to define rate and gain performance of the system.

The second distinction between β-stability and KL stability
lies in the characterization of the β function as normalized
and time-invariant. In particular, note that a class-KL function
may not be either normalized (e.g. β(y, t) = 2ye−t) or
time-invariant (e.g. β(y, t) = y

1+t ). Conversely, however, any
normalized β is of class K at t = 0, since β(y, 0) = y is
monotonically increasing and β(0, 0) = 0. If β is also time-
invariant, this then implies that β(y, t) is nondecreasing in y
for all t ≥ 0, as seen in the following lemma.

Lemma 3: If β is normalized and time-invariant, then β(y, t)
is monotonically nondecreasing in y for all t ≥ 0.

Proof: Suppose for contradiction that there exists some
t ≥ 0 and y1 < y2 such that β(y1, t) > β(y2, t). Since β
is normalized, β(y1, 0) = y1 < y2 = β(y2, 0), and hence
(by continuity of β) there exists some t∗ ∈ (0, t) such that
β(y1, t

∗) = β(y2, t
∗). Since β is time-invariant, β(y1, t∗+s) =

β(y2, t
∗+s) for all s ≥ 0. Choosing s = t−t∗ > 0, this implies

β(y1, t) = β(y2, t), posing a contradiction.
Given the proposed notion of β-stability, in the following

subsection, we show how several classical and quantifiable sta-
bility notions can be defined by normalized and time-invariant
functions β.

A. Illustrations of β-Stability
In this subsection, we examine several basic pointwise-in-

time stability notions and show how the β-stability framework
is used to define associated metrics of performance. In particu-
lar, we consider exponential, rational, and finite-time stability.

1) Exponential Stability: Perhaps the most well-studied quan-
tifiable stability notion is that of exponential stability.

Definition 4: For given G ⊆ Ω, we say that the vector field
f ∈ Ω → Rn is exponentially stable on G with rate k ≥ 0
and gain M ≥ 1 if

∥ϕf (x, t)∥2 ≤ Me−kt ∥x∥2 , ∀x ∈ G, t ≥ 0.

This definition of exponential stability can be readily ex-
pressed in the β-stability framework as follows.

Lemma 5: Let α(x) := ∥x∥2 and βe(y, t) := ye−t. Then βe
is normalized and time-invariant, and f is exponentially stable

on G with rate k and gain M if and only if it is βe-stable on
G with respect to α and with rate k and gain M .

Proof: First, βe is normalized since βe(y, 0) = y, and
time-invariant since βe(y, t0) = ye−t0 = z implies

βe(y, t0 + t) = ye−(t0+t) = ye−t0e−t = ze−t = βe(z, t).

Since α(ϕf (x, t)) = ∥ϕf (x, t)∥2 and Mβe(α(x), kt) =
Me−kt ∥x∥2, equivalence of exponential stability and βe-
stability follows immediately.

2) Rational Stability: Exponential stability is relatively un-
common for systems which are substantially nonlinear (e.g.
ẋ = −x3). A more common property of nonlinear systems is
that of rational stability (also called weakly intensive behaviour
in [28]), which can be formulated as follows.

Definition 6: Given G ⊆ Ω, and p ∈ N, we say that the
vector field f : Ω → Rn is rationally stable on G with rate
k ≥ 0 and gain M ≥ 1 if

∥ϕf (x, t)∥p2 ≤ M
∥x∥p2

1 + ∥x∥p2 kt
, ∀x ∈ G, t ≥ 0.

Rational stability can be associated with performance metrics
using the β-stability framework as follows.

Lemma 7: Let p ∈ N, α(x) := ∥x∥p2, and βr(y, t) :=
y

1+yt .
Then βr is normalized and time-invariant, and f is rationally
stable on G with rate k and gain M if and only if it is βr-stable
on G with respect to α and with rate k and gain M .

Proof: First, βr is normalized, since βr(y, 0) = y.
Furthermore, for all y > 0 and t0 ≥ 0, we have βr(y, t0) =
(y−1 + t0)

−1. Therefore, if y > 0, βr(y, t0) = z implies that

βr(y, t0 + t) = (y−1 + [t+ t0])
−1

= (βr(y, t0)
−1 + t)−1 = βr(z, t), ∀t ≥ 0.

Alternatively, if y = 0, then z = βr(y, t0) = 0 implies
βr(y, t0 + t) = 0 = βr(z, t) for all t ≥ 0. It follows that βr is
time-invariant. Finally, equivalence holds since α(ϕf (x, t)) =
∥ϕf (x, t)∥p2 and Mβr(α(x), kt) = M ∥x∥p2 /(1 + ∥x∥p2 kt).

3) Finite-Time Stability: Unlike exponential and rational sta-
bility (where convergence is asymptotic), finite-time stable
systems reach an equilibrium in finite time. Although finite-
time stability is typically characterized by a “settling time
function”, T (x), where limt→T (x) ϕf (x, t) = 0, we suppose
that performance of finite-time stable systems may also be
characterized by a growth bound on T (x) as T (x) ≤ 1

k ∥x∥ηp.
This leads to the following definition.

Definition 8: For given G ⊆ Ω and p, η > 0, we say that
the vector field f : Ω → Rn is finite-time stable on G with
rate k ≥ 0 and gain M ≥ 1 if

∥ϕf (x, t)∥ηp ≤

{
M

(
∥x∥ηp − kt

)
, t ≤ 1

k ∥x∥ηp ,
0, else,

, ∀x ∈ G.

Finite-time stability and performance metrics are now ex-
pressed using the β-stability framework as follows.

Lemma 9: For given p, η > 0, let α(x) := ∥x∥ηp and
βf(y, t) := max{y − t, 0}. Then βf is normalized and time-
invariant, and the vector field f is finite-time stable on G with
rate k and gain M if and only if it is βf-stable on G with
respect to α and with rate k and gain M .
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Proof: First, βf is normalized since βf(y, 0) = y. For
time-invariance, let y, t0 ≥ 0 and z = βf(y, t0). In the case
t0 ≥ y, we have z = 0, and hence βf(y, t0 + t) = 0 = βf(z, t)
for all t ≥ 0. Otherwise, if t0 < y, then for t ∈ [0, z)

βf(y, t0 + t) = y − [t+ t0] = βf(y, t0)− t = βf(z, t),

and for t ≥ z, we again have βf(y, t0+t) = 0 = βf(z, t). Thus,
βf is time-invariant. Finally, equivalence of finite-time stability
and βf-stability follows since α(ϕf (x, t)) = ∥ϕf (x, t)∥ηp and
Mβf(α(x), kt) = M(∥x∥ηp − kt).

These examples illustrate how many classical stability no-
tions can be associated with performance metrics and expressed
using the β-stability framework. Moreover, each of these sta-
bility notions is parameterized by a rate, k, offering a way
of quantifying rate performance in terms of largest rate k for
which β-stability holds.

B. Notions of Rate and Gain Performance
Having motivated, defined, and illustrated the β-stability

framework, let us now formally define the associated perfor-
mance metrics and discuss how one might accurately determine
such metrics of performance. Specifically, the two obvious
metrics are rate and gain performance.

First we consider gain performance, which is rather trivially
defined as the maximum overshoot/amplification with respect
to a given choice of α: M∗ := supx∈G supt∈[0,∞)

α(ϕf (x,t))
α(x) .

Note that the gain performance does not depend on β and
may be equivalently defined for any normalized/time-invariant
β as the smallest gain such that f is β-stable on G with rate
k = 0. Indeed, recall that the motivation for normalization
and time-invariance of β was to ensure that gain performance
does not depend on the choice of β. Beyond motivating the
normalization and time-invariance properties, however, gain
performance is not particularly new or interesting – correspond-
ing to Lipschitz continuity of ϕf (x, ·) with respect to ∥·∥L∞
at x = 0 and thus implying stability in the sense of Lyapunov
(uniform continuity of ϕf ).

Next, let us consider the notion of rate performance. Since
nonlinear systems exhibit distinct convergence behaviours, for
any fixed choice of α, a system may be rationally stable, but not
exponentially stable or finite-time stable. This complicates the
task of defining a consistent notion of rate performance which
is valid for any nonlinear ODE. The β-stability framework
simplifies this problem by providing a universal definition of
rate performance. Specifically, we have the following.

Definition 10: For given α : Rn → R+ and normalized,
time-invariant β, we define the rate performance of f : Ω →
Rn with respect to α and β on G ⊆ Ω as the largest value of
k ≥ 0 for which there exists M ≥ 1 such that f is β-stable on
G with respect to α and with rate k and gain M .

We note that, while not all nonlinear systems will admit a
rate performance metric for a given β, every asymptotically
stable such system will admit a rate performance metric for
some β, α, as established in [25] (using β = βe).

Having defined a suitable notion of rate performance, we now
face the main challenge of testing the rate performance for a
given vector field and choice of β. To resolve this challenge, in

the following section, we propose an equivalent Lyapunov char-
acterization of β-stability with respect to any given measure,
so that β-stability implies existence of a Lyapunov function
certifying this notion of stability. Using this result, the challenge
of computing the rate performance may then be equivalently
formulated as that of finding a suitable Lyapunov function,
which can be posed as an optimization problem, as examined
in Section V.

IV. A NECESSARY AND SUFFICIENT LYAPUNOV
FUNCTION CHARACTERIZATION OF β-STABILITY

Given the notion of β-stability, in this section we show that
for any vector field f , β-stability of f with rate k on some
forward invariant set G is equivalent to the existence of a
Lyapunov function, V : G → R+, such that for all x ∈ G,
M−1α(x) ≤ V (x) ≤ α(x) and (if V is differentiable)

∇V (x)T f(x)≤kρ(V (x)), where ρ(y) :=∂tβ(y, t)|t=0. (2)

To establish this result, Subsection IV-A first addresses suffi-
ciency via Thm. 12, Lem. 13 and Thm. 15. Then, in Subsec-
tion IV-B, we establish the associated necessary counterparts
to these results in Thm. 17, Lem. 18 and Thm. 19.

A. A Sufficient Lyapunov Condition for β-Stability
In this subsection, we derive a sufficient condition for β-

stability as feasibility of the Lyapunov inequality in (2). Specif-
ically, Thm. 12 provides a sufficient condition for β-stability
in terms of existence of a V for which β-stability holds with
α = V . Lemma 13 then recalls the comparison principle, with
application to Thm. 12. Finally, Thm. 15 provides sufficient
Lyapunov conditions for β-stability.

In this section, we consider a slight generalization of the
notion of β-stability by allowing for 2 measures, α1, α2 : Rn →
R. Furthermore, to simplify the presentation, we subsume the
rate parameter, k, into the β function as β(y, kt) 7→ β(y, t).
Specifically, we define the following notion of β-stability with
respect to two measures.

Definition 11: Given α1, α2 : Rn → R+ and normalized,
time-invariant β, we say that f : Ω → Rn is β-stable with
respect to two measures, α1, α2, on domain G ⊆ Ω, if

α1(ϕf (x, t)) ≤ β(α2(x), t), ∀x ∈ G, t ≥ 0.

We note that β-stability with respect to a measure α and
with rate k and gain M as per Defn. 2 implies β̂-stability with
respect to two measures, setting α1(x) = M−1α(x), α2(x) =
α(x), and β̂(y, t) := β(y, kt). Explicit dependency on the rate
parameter is recovered in Cor. 16 and Cor. 21.

We now start with the following relatively straightforward
conditions for β-stability in terms of a Lyapunov function
whose evolution is upper bounded by β.

Theorem 12: For Ω ⊆ Rn and f : Ω → Rn, let G ⊆ Ω be
forward invariant, and α1, α2 : G → R+ be continuous. For any
normalized and time-invariant β, if there exists V : G → R+

such that for all x ∈ G,

α1(x) ≤ V (x) ≤ α2(x), (3)
V (ϕf (x, t)) ≤ β(V (x), t), ∀t ≥ 0,
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then f is β-stable on G with respect to α1, α2.
Proof: Suppose that V satisfies (3). Since β is normalized

and time-invariant, by Lemma 3, β(y, t) is monotonically non-
decreasing in y. Since forward invariance implies ϕf (x, t) ∈ G
for all x ∈ G and t ≥ 0, it follows that

α1(ϕf (x, t)) ≤ V (ϕf (x, t)) ≤ β(V (x), t) ≤ β(α2(x), t),

for all x ∈ G and t ≥ 0.
Although Thm. 12 provides simple sufficient conditions for

β-stability, these conditions are not readily verifiable without
knowledge of the solution map, ϕf . To express these conditions
in terms of V̇ , then, we may use the comparison principle.
We recall the comparison principle in the following lemma,
following immediately from Lemma 3.4 in [29]. This lemma
allows for continuous but not necessarily differentiable com-
parison functions, v : R → R, using D+

t v to denote the upper
right-hand (Dini) derivative of v(t). However, for symmetry
with the converse result in Lemma 18, we explicitly define
v(t) := V (ϕf (x, t)).

Lemma 13 (Comparison Principle): For ρ : R+ → R, let β
be the unique continuous function satisfying β(y, 0) = y and
∂tβ(y, t) = ρ(β(y, t)) for all t, y ≥ 0. For Ω ⊆ Rn and f :
Ω → Rn, let G be forward invariant for f , and let V : G → R+

be such that V (ϕf (x, t)) is continuous in t ≥ 0 for all x ∈ G.
Define V̇ (x) := D+

t V (ϕf (x, t))|t=0.
If V̇ (x) ≤ ρ(V (x)) for all x ∈ G, then V (ϕf (x, t)) ≤

β(V (x), t) for all x ∈ G and t ≥ 0.
The use of the comparison principle is not conservative

since, as will be shown in Lemma 18, a bound of the form
V (ϕf (x, t)) ≤ β(V (x), t) implies that V̇ (x) ≤ ρ(V (x)).

Of course, application of the comparison principle requires
β(y, 0) = y and ∂tβ(y, t) = ρ(β(y, t)) for some ρ : R+ →
R. However, this is equivalent to normalization and time-
invariance of β, as shown in the following proposition.

Proposition 14: If β(y, t) is differentiable in t, normalized,
and time-invariant, then

∂tβ(y, t) = ρ(β(y, t)), β(y, 0) = y, ∀y, t ≥ 0, (4)

where ρ(y) := ∂tβ(y, t)|t=0. Conversely, for any ρ : R+ →
R, if there exists a unique and continuous function β that
satisfies (4), then β is normalized and time-invariant.

Proof: Suppose that β is normalized and time-invariant.
Then, for all y, t ≥ 0, letting z = β(z, 0) = β(y, t) we have

β(β(y, t), s) = β(z, s) = β(y, t+ s), ∀s ≥ 0.

It follows that, for all y, t ≥ 0,

∂tβ(y, t) = ∂sβ(y, t+ s)|s=0

= ∂sβ(β(y, t), s)|s=0 = ρ(β(y, t)).

Conversely, if β is the unique and continuous function satis-
fying (4), then β is normalized by definition, and satisfies the
semigroup property, β(β(y, t), s) = β(y, t+ s) for all y, t, s ≥
0. It follows that, if β(y, t) = β(z, 0) = z for some y, t ≥ 0,
then also β(y, t+ s) = β(β(y, t), s) = β(β(z, 0), s) = β(z, s)
for all s ≥ 0, and thus β is time-invariant.

We now apply Prop. 14 and Lemma 13 to tighten the condi-
tion V (ϕf (x, t)) ≤ β(V (x), t) in Thm. 12 to V̇ (x) ≤ ρ(V (x)),

obtaining the following sufficient Lyapunov conditions for β-
stability with respect to two measures.

Theorem 15: For Ω ⊆ Rn and f : Ω → Rn, let G ⊆ Ω
be forward invariant, and α1, α2 : G → R+ be continuous.
For ρ : R+ → R, let β be the unique continuous function
satisfying β(y, 0) = y and ∂tβ(y, t) = ρ(β(y, t)). If there exists
a continuous function V : G → R+ which satisfies

α1(x) ≤ V (x) ≤ α2(x),

V̇ (x) ≤ ρ(V (x)), ∀x ∈ G,

where V̇ (x) := D+
t V (ϕf (x, t))|t=0, then f is β-stable on G

with respect to α1, α2.
Proof: Suppose that V : G → R+ satisfies the proposed

conditions. Then, by Lemma 13, V (ϕf (x, t)) ≤ β(V (x), t) for
all x ∈ G, and all t ≥ 0. Since, by Prop. 14, β is normalized
and time-invariant, it follows by Thm. 12 that f is β-stable on
G with respect to α1, α2.

Having now obtained the main sufficiency results for β-
stability with respect to two measures, we interpret this result
using the original definition of β-stability using single-measure
rate-performance.

Corollary 16: For Ω ⊆ Rn and f : Ω → Rn, let G ⊆ Ω
be forward invariant, and α : G → R+ be continuous. For
ρ : R+ → R, let β be the unique, continuous function satisfying
β(y, 0) = y and ∂tβ(y, t) = ρ(β(y, t)) for all t, y ≥ 0. For
any k ∈ R and M ≥ 1, if there exists a continuous function
V : G → R+ such that, for all x ∈ G,

M−1α(x) ≤ V (x) ≤ α(x), and V̇ (x) ≤ kρ(V (x)),

where V̇ (x) := D+
t V (ϕf (x, t))|t=0, then f is β-stable on G

with respect to α, with rate k and gain M .
Proof: The proof follows directly from Thm. 15 using

α1(x) := M−1α(x), α2(x) := α(x), and β̂(y, t) := β(y, kt),
where we note that ∂tβ(y, kt)|t=0 = k∂tβ(y, t)|t=0.

Having derived sufficient conditions for β-stability, in the
next subsection, we show that these conditions are also neces-
sary for β-stability with a given rate and gain.

B. A Necessary Lyapunov Condition for β-Stability
In the previous subsection, Thm. 12, Lem. 13 and Thm. 15

established a sufficient condition for β-stability in terms of
existence of a Lyapunov function. In this subsection, we provide
converse counterparts of those results, showing that β-stability
of a vector field always implies existence of a Lyapunov
function certifying this property. First, Thm. 17 shows that if f
is β-stable, then there exists a V which is upper bounded by β –
i.e. V (ϕf (x, t)) ≤ β(V (x), t). Next, Lem. 18 shows that if this
V is continuous, then V̇ (x) ≤ ρ(V (x)) (a converse comparison
principle). Finally, Thm. 19 provides conditions under which
V is continuous – implying necessity of Thm. 15. Conditions
under which V is differentiable are provided in Thm. 20.

To start, Thm. 17 provides a converse of Thm. 12. This
shows that if ϕf is β-stable, then there exists a V (x) whose
evolution along trajectories is upper-bounded by β – satisfying
the conditions of Thm. 12.

Theorem 17: For Ω ⊆ Rn and f : Ω → Rn, let G ⊆ Ω be
forward invariant for f , and let α1, α2 : G → R+. For any
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Fig. 2. Illustration of the set
W(x) := {y ∈ R+ | α1(ϕf (x, t)) ≤ β(y, t), ∀t ∈ R+}
(in blue) for a particular curve α1(ϕf (x, t)). The converse Lyapunov
function in the proof of Thm. 17 is then given by V (x) := infy∈W(x) y.
Note that if β(y,−t) is well-defined and β(β(y, t),−t) = y, then
β(α1(ϕf (x, t)),−t) ≤ y for any y ∈ W(x) and t ≥ 0. It follows
that, in this case, V (x) := supt∈[0,∞) β(α1(ϕf (x, t)),−t).

normalized and time-invariant β, if f is β-stable on G with
respect to α1, α2, then there exists V : G → R+ such that

α1(x) ≤ V (x) ≤ α2(x), ∀x ∈ G, (5)
V (ϕf (x, t)) ≤ β(V (x), t), ∀t ≥ 0.

Proof: Suppose that f is β-stable on G with respect to
α1, α2. To begin, we define the set-valued map

W(x) :=
{
y ∈ R+ | α1

(
ϕf (x, t)

)
≤ β(y, t), ∀t ≥ 0

}
, (6)

and the converse Lyapunov function

V (x) := inf
y∈W(x)

y. (7)

While this construction is somewhat awkward, when β has a
well-defined backwards-in-time continuation, it simplifies to the
expression in Eqn. (8). Fig. 2 illustrates this construction and
relationship to Eqn. (8).

First, note that since f is β-stable on G, we have α2(x) ∈
W(x) for all x ∈ G, and therefore W(x) is non-empty. Since
also y ≥ 0 for all y ∈ W(x) (by definition), the infimum is
lower-bounded and hence well-defined for all x ∈ G.

Next, since α2(x) ∈ W(x), we have V (x) ≤ α2(x) for all
x ∈ G. Furthermore, since β is normalized, for any y ∈ W(x)
we have y = β(y, 0) ≥ α1(ϕf (x, 0)) = α1(x), and therefore
also V (x) ≥ α1(x) for all x ∈ G.

Finally, to see that V (ϕf (x, t)) ≤ β(V (x), t), fix arbitrary
x ∈ G. Since β(y, t) is continuous in y, the set W(x) is
closed, and thus V (x) = infy∈W(x) y ∈ W(x). It follows that
α1(ϕf (x, t)) ≤ β(V (x), t) for all t ≥ 0, and therefore

α1

(
ϕf (ϕf (x, t), s)

)
= α1

(
ϕf (x, t+ s)

)
≤ β(V (x), t+ s) = β

(
β(V (x), t), s

)
,

for all t, s ≥ 0. By definition of W(x), then, β(V (x), t) ∈
W(ϕf (x, t)) and thus V (ϕf (x, t)) ≤ β(V (x), t) for t ≥ 0.

Thm. 17 proves that the sufficient Lyapunov conditions
from Thm. 12 are also necessary for β-stability with respect
to two measures. In particular, β-stability implies that the
function V (x) := infy∈W(x) y with W(x) as in (6) satisfies
the Lyapunov conditions of Thm. 12. Here, we note that if
β(y, t) is well-defined and time-invariant at negative times (so

that β(β(y, t),−t) = y for all y, t ≥ 0) then this converse
Lyapunov function can be equivalently expressed as

V (x) := sup
t∈[0,Tf (x))

β
(
α1(ϕf (x, t)),−t

)
, (8)

where Tf (x) := sup{t ≥ 0 | α1(ϕf (x, t)) > 0}. Sufficient
conditions under which this construction may be used are
proven in Lemma 33 in Appx. I.

As discussed in Subsection IV-A, to tighten the condition
V (ϕf (x, t)) ≤ β(V (x), t) in Thm. 12 to V̇ (x) ≤ ρ(V (x))
in Thm. 15 (where ρ(y) := ∂tβ(y, t)|t=0), we use the
comparison principle in Lemma 13. In order to prove the
converse of Thm. 15, therefore, we first prove the converse of
Lemma 13 – showing that V̇ (x) ≤ ρ(V (x)) is also necessary
for V (ϕf (x, t)) ≤ β(V (x), t).

Lemma 18 (Converse Comparison Principle): Let β be nor-
malized and time-invariant, and ρ(y) := ∂tβ(y, t)|t=0. For
Ω ⊆ Rn and f : Ω → Rn, let G be forward invariant for
f . Let V : G → R+ be such that V (ϕf (x, t)) is continuous in
t ≥ 0 for all x ∈ G, and define V̇ (x) := D+

t V (ϕf (x, t))|t=0.
If V (ϕf (x, t)) ≤ β(V (x), t) for all x ∈ G and t ≥ 0, then

V̇ (x) ≤ ρ(V (x)) for all x ∈ G.
Proof: Suppose that V (ϕ(x, t)) ≤ β(V (x), t) for all

x ∈ G and t ≥ 0. Then, for all x ∈ G, using the fact that
V (ϕf (x, 0)) = V (x) = β(V (x), 0), we find

V̇ (x) = D+
t V (ϕf (x, 0))

= lim sup
∆t→0+

1

∆t

[
V (ϕf (x,∆t))− V (ϕf (x, 0))

]
≤ lim sup

∆t→0+

1

∆t

[
β(V (x),∆t)− β(V (x), 0)

]
= ∂tβ

(
V (x), t

)∣∣
t=0

= ρ
(
V (x)

)
.

Lemma 18 offers a converse of the comparison principle in
Lemma 13, showing that if V is continuous, then V (ϕf (x, t)) ≤
β(V (x), t) implies V̇ (x) ≤ ρ(V (x)) – a condition which
is significantly easier to test than the inequality in (5). To
ensure that the converse Lyapunov function in the proof of
Thm. 17 is indeed continuous, we may impose the condition
that β is monotonically decreasing and, in the case of finite-
time stability, that the settling time function is continuous. With
these conditions, the following theorem shows that there exists
a continuous V which satisfies the condition V̇ (x) ≤ ρ(V (x)).
In particular, the result shows that we may define this converse
Lyapunov function using the construction in Eqn. (8).

Theorem 19: For Ω ⊆ Rn and f : Ω → Rn with f(0) = 0,
let G ⊆ Ω be forward invariant, and α1, α2 : G → R+ be
continuous. For ρ : R+ → R continuous on (0,∞), let β
be the unique continuous function satisfying β(y, 0) = y and
∂tβ(y, t) = ρ(β(y, t)). Suppose that α1 is positive definite, and
β(y, t) is monotonically decreasing in t whenever β(y, t) > 0.
Finally, suppose that Tf (x) := sup {t ≥ 0 | α1(ϕf (x, t)) > 0}
(possibly infinite) is continuous for x ∈ G \ {0}.

If f is β-stable on G with respect to α1, α2, then there
exists a continuous function V : G → R+ such that

α1(x) ≤ V (x) ≤ α2(x), V̇ (x) ≤ ρ(V (x)), ∀x ∈ G,

where V̇ (x) := D+
t V (ϕf (x, t))|t=0.
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Proof: A sketch of the proof is as follows. Define V (x) as
in Eqn (8). By continuity of β, α1, ϕf , and Tf , it follows that V
is continuous. In addition, we can show that V is equivalent to
the converse Lyapunov function from Lemma 17. Using that
lemma as well as Lemma 18, we find that V satisfies the
proposed properties. A formal proof is given in Appx I-A.

Thm. 20 shows that, if β is monotonically decreasing and
(in the case of finite-time stability) the settling time function,
Tf (x), is continuous, stability of f with respect to given β
implies existence of a continuous Lyapunov function satisfying
D+

t V (ϕf (x, t))|t=0 ≤ ρ(V (x)). Here, if V (x) is differentiable,
this Lyapunov condition can be equivalently expressed as
∇V (x)T f(x) ≤ ρ(V (x)) — a condition that can be tested
without knowledge of the solution map, ϕf (x, t). To ensure this
differentiability of the converse Lyapunov function in Thm. 19,
we may impose the additional conditions that f and β are
locally Lipschitz (thereby precluding the possibility of finite-
time stability). With these additional conditions, the following
theorem shows that for any ϵ ∈ (0, 1), there exists a locally
Lipschitz continuous Vϵ which satisfies the weakened conditions
∇Vϵ(x)

T f(x) ≤ (1− ϵ)ρ(Vϵ(x)).
Theorem 20: For Ω ⊆ Rn and f : Ω → Rn with f(0) = 0,

let G ⊆ Ω be forward invariant, and α1, α2 : G → R+ be
continuous. For ρ : R+ → R continuous on (0,∞), let β
be the unique continuous function satisfying β(y, 0) = y and
∂tβ(y, t) = ρ(β(y, t)). Suppose that α1 is positive definite and
coercive, β(y, t) is monotonically decreasing in t for y > 0,
and that f , α1, and β are locally Lipschitz continuous.

If f is β-stable on G with respect to α1, α2, then for every
ϵ ∈ (0, 1) there exists a continuous function Vϵ : G → R+

which is locally Lipschitz continuous on G \ {0} and
differentiable almost everywhere and satisfies

α1(x) ≤ Vϵ(x) ≤ α2(x), ∀x ∈ G,

∇Vϵ(x)
T f(x) ≤ (1− ϵ)ρ(Vϵ(x)), for a.e. x ∈ G.

Proof: A sketch of the proof is as follows. Define
Vϵ(x) := sup

t∈[0,∞)

β
(
α1

(
ϕf (x, t)

)
− [1− ϵ]t

)
,

for ϵ ∈ (0, 1). Then, by Thm. 19, V̇ϵ(x) ≤ (1− ϵ)ρ(Vϵ(x)), for
all x ∈ G. Furthermore, since f , α1, and β are locally Lipschitz,
Vϵ is locally Lipschitz on G \ {0}, and therefore differentiable
almost everywhere. It follows that ∇Vϵ(x)

T f(x) ≤ (1 −
ϵ)ρ(Vϵ(x)) for all x ∈ G for which ∇Vϵ(x) is well-defined.
A formal proof is provided in Appx. I-B.

Thm. 20 shows that, if f, β are locally Lipschitz and β is
monotonically decreasing, β-stability of f implies existence of
a converse Lyapunov function which is differentiable almost
everywhere. Of course, the constraint that f and β be locally
Lipschitz is violated for finite-time stable systems, in which
case differentiability of V will need to be verified explicitly.

To conclude this section, we combine Thm. 20 and Cor. 16
to obtain the following necessary and sufficient conditions for
β-stability with respect to a single measure and with a given
rate and gain performance, as in Definition 2.

Corollary 21: For Ω ⊆ Rn, let G ⊆ Ω, f : Ω → Rn, ρ, β,
and α1 satisfy the conditions of Thm. 20, and let α := α1.
Then, f is β-stable on G with respect to α and with rate k
and gain M if and only if for every ϵ ∈ (0, 1) there exists a

continuous function Vϵ : G → R+ which is locally Lipschitz
on G \ {0} and satisfies

M−1α(x) ≤ Vϵ(x) ≤ α(x), ∀x ∈ G, (9)

∇Vϵ(x)
T f(x) ≤ (1− ϵ)kρ(Vϵ(x)), for a.e. x ∈ G.

Proof: Necessity follows immediately from Thm. 20,
using α1 = M−1α(x), α2(x) = α(x), and β(y, t) 7→ β(y, kt),
so that ρ(y) 7→ kρ(y). For sufficiency, suppose Vϵ satisfies the
conditions in Eqn. (9), for any ϵ ∈ (0, 1). Then for all x ∈ G,

V̇ϵ(x) := lim sup
∆t→0+

1

∆t

[
Vϵ(ϕf (x, t))− Vϵ(ϕf (x, 0))

]
= lim sup

∆t→0+

1

∆t

∫ ∆t

0

∇Vϵ(ϕf (x, t))
T f(ϕf (x, t))dt

≤ lim sup
∆t→0+

(1− ϵ)k

∆t

∫ ∆t

0

ρ
(
Vϵ(ϕf (x, t))

)
dt =(1− ϵ)kρ(Vϵ(x)).

By Cor. 16, it follows that f is β-stable on G with respect to α
and with rate (1−ϵ)k and gain M . Letting ϵ → 0, we conclude
that f is β-stable on G with rate k.

Cor. 21 implies that if a system is β-stable with rate k,
the Lyapunov conditions in Eqn. (9) will be feasible for
any ϵ ∈ (0, 1) — thereby establishing β-stability with rate
(1 − ϵ)k. Since ϵ may be made arbitrarily small, this implies
that any algorithm capable of testing the Lyapunov conditions
in Eqn. (9) can be combined with a bisection search to quantify
the rate performance of the system with arbitrary accuracy. In
the following section, we use sum-of-squares optimization to
propose such algorithms for the β functions associated with
exponential, rational, and finite-time stability. In Section V, we
will then apply these algorithms to quantify local and global
performance of a range of representative nonlinear systems.

V. SOS CONDITIONS FOR RATE ANALYSIS OF
EXPONENTIAL, RATIONAL, AND FINITE-TIME STABILITY

Having established that β-stability rate performance can be
equivalently characterized by Lyapunov conditions, we now
show how such conditions can be tested numerically for three
classical notions of stability: exponential stability (Subsec. V-
A), rational stability (Subsec. V-B), and finite-time stability
(Subsec. V-C). For each stability notion, we apply Cor. 21
to derive necessary and sufficient Lyapunov conditions for
stability with a given rate (and gain) on a given domain.

For exponential stability, the resulting Lyapunov conditions
match the classical conditions for testing exponential stability,
M−1 ∥x∥22 ≤ V (x) ≤ ∥x∥22 and V̇ (x) ≤ −kV (x), and these
conditions have a straightforward implementation using Sum-
Of-Squares (SOS) programming when the vector field is poly-
nomial. For rational stability, we require M−1 ∥x∥p2 ≤ V (x) ≤
∥x∥p2 and V̇ (x) ≤ −kV (x)2 (similar to the sufficient conditions
used in [30]). These conditions can be enforced using SOS by
noting that V (x) ≤ ∥x∥p2 and V̇ (x) ≤ −kV (x) ∥x∥p2 imply
V̇ (x) ≤ −kV (x)2. Finally, for finite-time stability, Cor. 21
yields conditions of the form M−1 ∥x∥ηp ≤ V (x) ≤ ∥x∥ηp and
V̇ (x) ≤ −k (similar to those in [31]). To enforce these condi-
tions using SOS, we apply the variable transformation approach
in [32] to obtain conditions of the form M− 2

η ∥z∥2d2 ≤ Ṽ (z) ≤
∥z∥2d2 and ˙̃V (z) ≤ − 2k

η ∥z∥(2−η)d
2 .
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Notation: Throughout this section, we denote by Rm
d [x] the

set of vector-valued polynomials of degree at most d ∈ N in
x ∈ Rn. We will tighten polynomial positivity conditions (e.g.
p(x) ≥ 0 for all x ∈ Rn) to SOS conditions, using the notation
p ∈ Σs,d for even d ∈ N to denote the constraint p(x) =
Zd/2(x)

TPZd/2(x) for some P ⪰ 0 and where Zd/2 is the
vector of monomials of degree d/2 or less. For a semialgebraic
region, Ω := {x | gi(x) ≥ 0} with gi ∈ Rdi

[x], we tighten local
polynomial positivity conditions (e.g. p(x) ≥ 0 for all x ∈ Ω)
to Putinar-based Positivstellensatz conditions [33], so that the
constraint p ∈ Σs,d[Ω] means p(x) = s0(x) +

∑
i si(x)gi(s)

for some s0 ∈ Σs,d and si ∈ Σs,d−di
. For V : Rn → R+ and

c ∈ R+ we use Sc(V ) to denote the sublevel set Sc(V ) :=
{x ∈ Rn | V (x) ≤ c}.

A. Conditions for Exponential Decay Rate
Consider first the notion of exponential stability as in Defn. 4,

which is equivalent to βe-stability with βe(y, t) = e−ty.
Applying Cor. 21, we obtain the following Lyapunov conditions
for exponential stability rate and gain performance, k,M .

Corollary 22: For Ω ⊆ Rn, let f : Ω → Rn with f(0) = 0
be locally Lipschitz continuous, and G ⊆ Ω be forward
invariant for f . Then, f is exponentially stable on G with rate
k ≥ 0 and gain M ≥ 1 if and only if for all ϵ ∈ (0, 1) there
exists a continuous function V : G → R+ which is locally
Lipschitz continuous on G \ {0} and satisfies

M−1 ∥x∥2 ≤ V (x) ≤ ∥x∥2 , ∀x ∈ G,

∇V (x)T f(x) ≤ −(1− ϵ)kV (x), for a.e. x ∈ G.

Proof: Define ρe(y) := ∂tβe(y, t)|t=0 = −y. Then,
βe(y, t) is the unique and continuous function β satisfying
∂tβ(y, t) = ρe(β(y, t)) with β(y, 0) = y. Since −(1 −
ϵ)kV (x) = (1 − ϵ)kρe(V (x)), the result now follows imme-
diately from Cor. 21 and Lemma 5.

The Lyapunov conditions in Cor. 22 are similar to those typi-
cally used for proofs of exponential stability (in e.g. [21], [29]).
However, Cor. 22 is slightly stronger than typical Lyapunov
conditions for exponential stability in that it shows that, using
the proposed conditions, the exponential rate performance on a
region G can be established with arbitrary accuracy.

While SOS is often used to test basic notions of exponential
stability, and while it has been shown that the use of polynomial
Lyapunov functions is not conservative for such tests [15], the
equivalent rate conditions of Cor. 22 are atypical in that we
have a fixed degree-1 upper and lower bound on the Lyapunov
function (which ensure normalization of gain). To allow for
higher degree polynomial Lyapunov functions without altering
the definition of exponential stability, we may use a change of
variables V (x) 7→ V (x)2d which allows these conditions to be
equivalently represented as ∥x∥2d2 ≤ V (x) ≤ M2d ∥x∥2d2 and
∇V (x)T f(x) ≤ −2dkV (x). These conditions are combined
with forward invariance of sublevel sets to obtain Prop. 23
which may be tested using SOS.

Proposition 23: Let Ω ⊆ Rn and f : Ω → Rn. If for some
k ≥ 0 and M ≥ 1 there exist d > 0 and a differentiable
function V : Ω → R+ such that for all x ∈ Ω,

∥x∥2d2 ≤ V (x) ≤ M2d ∥x∥2d2 , ∇V (x)T f(x) ≤ −2dkV (x),

then for any c ∈ R+ such that Sc(V ) ⊆ int(Ω), f is
exponentially stable on Sc(V ) with rate k and gain M .

Proof: Suppose that V : Ω → R+ satisfies the proposed
conditions, and c ∈ R+ is such that Sc(V ) ⊆ int(Ω). Since
∇V (x)T f(x) ≤ 0 for all x ∈ Sc(V ) ⊆ Ω, and Sc is compact,
the sublevel set Sc(V ) is forward invariant for f . Now, define
Ṽ (x) = M− 1

2dV (x)
1
2d . Then for all x ∈ Sc(V ), we have

M−1 ∥x∥2 ≤ Ṽ (x) ≤ ∥x∥2 and

∇Ṽ (x)T f(x) =
1

2d
V (x)

1
2d−1∇V (x)T f(x) ≤ −kṼ (x).

By Cor. 22, it follows that f is exponentially stable on Sc(V )
with rate k and gain M .

The SOS conditions associated with Prop. 23 are now readily
stated as follows.

Corollary 24: Let d ∈ N, f ∈ Rn
df
[x], and gi ∈ Rdi

[x], and
define Ω := {x ∈ Rn | gi(x) ≥ 0}. If V solves

max
k≥0, γ>0, V

k, (10)

s.t. V (x)− (xTx)d ∈ Σs,2d[Ω],

γ(xTx)d − V (x) ∈ Σs,2d[Ω],

− 2dkV (x)−∇V (x)T f(x) ∈ Σs,d′ [Ω],

where d′ = max{2d, 2d− 1 + df}, then for any c ∈ R+ such
that Sc(V ) ⊆ int(Ω), f is exponentially stable on Sc(V ) with
rate k and gain M = γ

1
2d .

Proof: Suppose the optimization program is feasible. Then
the solution V satisfies all conditions of Prop. 23 with M =
γ

1
2d . By that proposition, f is exponentially stable on Sc(V )

with rate k and gain M .
Note that, for any fixed k ≥ 0, the optimization program

in Cor. 24 is linear in γ and V , and feasibility can be
tested using semidefinite programming. Since the objective of
the optimization problem is monotone in k, bisection on the
parameter k can then be used to find the largest such k.

B. Conditions for Rational Decay Rate
Consider now the notion of rational stability from Defn. 6,

characterized as βr-stability in Lemma 7, with βr(y, t) =
y

1+yt .
Applying Prop. 14 and Cor. 21, gain and rate performance can
be determined using the following Lyapunov conditions.

Corollary 25: For Ω ⊆ Rn, let f : Ω → Rn with
f(0) = 0 be locally Lipschitz continuous, and G ⊆ Ω be
forward invariant for f . Then, for p ∈ N, f is rationally
stable on G with rate k ≥ 0 and gain M ≥ 1 if and
only if for all ϵ ∈ (0, 1), there exists a continuous function
V : G → R+ which is locally Lipschitz on G\{0} and satisfies

M−1 ∥x∥p2 ≤ V (x) ≤ ∥x∥p2 , ∀x ∈ G,

∇V (x)T f(x) ≤ −(1− ϵ)kV (x)2, for a.e. x ∈ G.

Proof: Define ρr(y) := ∂tβr(y, t)|t=0 = −y2 for y ≥
0. Then, βr(y, t) is the unique and continuous function β
satisfying ∂tβ(y, t) = ρr(β(y, t)) with β(y, 0) = y. By Cor. 21,
it follows that f is βr-stable on G with respect to α(x) := ∥x∥p2
and with rate k and gain M if and only if there exists a function
V satisfying the proposed conditions. The result then follows
immediately from Lemma 7.
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Cor. 25 provides an equivalent Lyapunov characterization
of rational rate performance. These conditions are similar to
the sufficient conditions for rational stability from e.g. [30],
proving that those conditions are also necessary for rational
stability with a particular rate. However, the obtained Lyapunov
conditions are substantially different from the more standard
necessary and sufficient conditions for a relaxed definition of
rational stability in [14], which are given as

C1 ∥x∥r12 ≤ V (x) ≤ C2 ∥x∥r22 , V̇ (x) ≤ −C3 ∥x∥r32 , (11)

for some r3 > r2 and r1 ≥ r2, and where we take r1 =
r2 in order to ensure normalization of gain. These standard
Lyapunov conditions have the advantage that they are linear
in the decision variable, V , providing a straightforward imple-
mentation using SOS. The disadvantage of these conditions,
however, is that they may yield conservative maximum lower
bounds on the rate performance. In the following lemma, we
quantify this conservatism by establishing a direct relationship
between the two Lyapunov characterizations, showing how any
{V,Ci, r1 = r2, r3} satisfying the standard conditions in (11)
may be mapped to {V̂ ,M, k, p} satisfying the conditions in
Cor. 25, and vice versa. We also provide an intermediate
Lyapunov characterization which is linear in V , but is less
conservative than the standard conditions.

Lemma 26: For G ⊆ Rn, f : G → Rn, and V, Ṽ , V̂ : G →
R+, consider the following conditions:

(i) There exist C1, C2 > 0, C3 ≥ 0, q > r > 0 such that

C1 ∥x∥r2 ≤ V (x) ≤ C2 ∥x∥r2 ,
∇V (x)T f(x) ≤ −C3 ∥x∥q2 , ∀x ∈ G.

(ii) There exist k ≥ 0, γ, p, r > 0 such that

γ−1 ∥x∥r2 ≤ Ṽ (x) ≤ ∥x∥r2 ,
∇Ṽ (x)T f(x) ≤ −cṼ (x) ∥x∥p2 , ∀x ∈ G.

(iii) There exist k ≥ 0, M,p > 0 such that

M−1 ∥x∥p2 ≤ V̂ (x) ≤ ∥x∥p2 ,
∇V̂ (x)T f(x) ≤ −kV̂ (x)2, ∀x ∈ G.

Then, the following statements hold:
1) (i) implies (ii) with p = q − r, γ = C2

C1
, c = C3

C2
.

2) (ii) implies (i) with C1 = 1
γ , C2 = 1, C3 = c

γ , q = r+p.
3) (ii) implies (iii) with M = γ

p
r , k = cp

r .
4) (iii) implies (ii) with r = p, γ = M , c = k

M .
5) (i) implies (iii) with p = q − r, M = (C2

C1
)

q
r−1, k =(

q
r − 1

)
C3

C2
.

6) (iii) implies (i) with C1 = 1
M , C2 = 1, C3 = k

M2 , r = p,
q = 2p.

Proof: For Statement 1), suppose Ci, r, q, and V satisfy
(i) and {p, γ, c} are as specified. Let Ṽ (x) := C−1

2 V (x). Then
γ−1 ∥x∥r2 = C1

C2
∥x∥r2 ≤ Ṽ (x) and Ṽ (x) ≤ C2

C2
∥x∥r2 = ∥x∥r2. It

follows that also −∥x∥r2 ≤ −Ṽ (x), and therefore

−∥x∥q2 = −∥x∥r2 ∥x∥
p
2 ≤ −Ṽ (x) ∥x∥p2 .

Given that ∇V (x)T f(x) ≤ −C3 ∥x∥q2 and c = C3

C2
, this implies

∇Ṽ (x)T f(x) ≤ −C3

C2
∥x∥q2 ≤ −cṼ (x) ∥x∥p2 .

We find that {p, r, γ, c, Ṽ } satisfy (ii).
For Statement 2), suppose {p, r, γ, c, Ṽ } satisfy (ii) and

{Ci, r, q} are as specified. Let V (x) = Ṽ (x). Then C1 ∥x∥r2 ≤
V (x) ≤ C2 ∥x∥r2. Furthermore, we find −V (x) = −Ṽ (x) ≤
−γ−1 ∥x∥r2 and therefore

∇V (x)T f(x) ≤ −cV (x) ∥x∥p2 ≤ −cγ−1 ∥x∥p+r
2 = −C3 ∥x∥q2 .

Thus, {Ci, r, q, V } satisfy (i).
For Statement 3), suppose {p, r, γ, c, Ṽ } satisfy (ii) and M,k

are as specified. Let V̂ (x) = Ṽ (x)
p
r . Then

M−1 ∥x∥p2 = (γ−1 ∥x∥r2)
p
r ≤ V̂ (x) ≤ ∥x∥p2 .

Since −∥x∥p2 ≤ −V̂ (x), we also find

∇V̂ (x)T f(x) =
p

r
Ṽ (x)

p
r−1 ∇Ṽ (x)T f(x)

≤ −cp

r
Ṽ (x)

p
r ∥x∥p2 ≤ −kV̂ (x)2.

Thus, {p,M, k, V̂ } satisfy (iii).
For Statement 4), suppose {p,M, k, V̂ } satisfy (iii), and let

r = p, γ = M , c = k
M , and Ṽ = V̂ . Then γ−1 ∥x∥r2 =

M−1 ∥x∥p2 ≤ Ṽ (x) and Ṽ (x) ≤ ∥x∥p2 = ∥x∥r2. Furthermore,
since −V̂ (x) ≤ −M−1 ∥x∥p2, we have

∇V̂ (x)T f(x) ≤ −kV̂ (x)2 ≤ −cṼ (x) ∥x∥p2 .

Thus, {p, r, γ, c, Ṽ } satisfies (ii).
Finally, Statement 5) follows immediately from Statement 1)

and Statement 3) (using V̂ (x) = (C−1
2 V (x))

q
r−1), and State-

ment 6) follows immediately from Statement 4) and Statement
2) (using V (x) = V̂ (x)).

Conservatism and Conjectured Scaling Rule: Lemma 26
presents three equivalent Lyapunov characterizations of the
basic notion of rational stability. Of these conditions, however,
only Conditions (iii) (obtained from Cor. 25) provide an exact
characterization of the rate performance, k. To see this, consider
the equivalence of (ii) and (iii). If the system is stable with rate
k, then (iii) will be feasible using that k. This then implies (ii) is
feasible with constant c = k/M , which in turn, implies (iii) is
feasible with rate k′ = c = k/M – certifying stability with only
rate k/M . Thus, unless we have gain M = 1, the optimal rate
c from (ii) may be a conservative bound on the decay rate. This
same logic applies to Conditions (i), where the best provable
rate from (i) would be k/M2. This conservatism is observed
numerically in Subsec. VI-B and seems to obey the conjectured
scaling rule. Note, however, that this 1/M scaling rule is not
definitive in that there may exist some Ṽ satisfying (ii) with
c = kM , and some V satisfying (i) with C3 = kM2, thereby
still certifying stability with the true rate k. Nevertheless, we
can conclude that the conservatism in these rate tests cannot be
greater than the factor 1/M or 1/M2, respectively.

Lemma 26 allows us to conclude that while previous rational
stability conditions in the form of (i) are linear in the decision
variable and hence testable using SOS, they may provide subop-
timal maximum lower bounds on the rational rate performance.
However, Lemma 26 also offers less conservative intermediate
Lyapunov conditions in the form of (ii), which are still linear
in V and hence testable using SOS. We describe such an SOS
implementation in the following corollary.
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Corollary 27: Let r, d, p ∈ N, f ∈ Rn
df
[x] and gi ∈ Rdi

[x],
and define Ω := {x ∈ Rn | gi(x) ≥ 0}. If V solves

max
k≥0, γ>0, V

k, (12)

s.t. V (x)− (xTx)r/2 ∈ Σs,2d[Ω],

γ(xTx)r/2 − V (x) ∈ Σs,2d[Ω],

− kr

p
V (x)(xTx)p/2 −∇V (x)T f(x) ∈ Σs,d′ [Ω],

where d′ = max{2d + p, 2d − 1 + df}, then for any c ∈ R+

such that Sc(V ) ⊆ int(Ω), f is rationally stable on Sc(V ) with
rate k and gain M := γ

p
r .

Proof: Suppose the optimization program is feasible, and
let M = γ

p
r . For any c ∈ R+ such that Sc(V ) ⊆ int(Ω),

we have that ∇V (x)T f(x) ≤ 0 for all x ∈ Sc(V ), implying
Sc(V ) is forward invariant for f . Define Ṽ (x) := γ−1V (x).
Since V satisfies (12), Ṽ will satisfy γ−1 ∥x∥r2 ≤ Ṽ (x) ≤
∥x∥r2 and ∇Ṽ (x)T f(x) ≤ −kr

p Ṽ (x) ∥x∥p for all x ∈ Sc(V ) ⊆
Ω. By Prop. 26, it follows that there exists a function V̂ :
Sc(V ) → R+ that satisfies M−1 ∥x∥p2 ≤ V̂ (x) ≤ ∥x∥p2 as well
as ∇V̂ (x)T f(x) ≤ −kV̂ (x)2. By Cor. 25, this implies that f
is rationally stable on Sc(V ) with rate k and gain M .

The SOS conditions of Cor. 27 will be applied in the
numerical experiments described in Subsection VI-B.

C. Conditions for Finite-Time Decay Rate
Finally, consider the pointwise-in-time notion of finite-time

stability from Defn. 8, characterized as βf-stability in Lemma 9.
While βf(y, t) is not differentiable everywhere, D+

t βf(y, t)|t=0

exists, and we may define

ρf(y) := D+
t βf(y, t)|t=0 =

{
−1, y > 0,

0, y = 0.
(13)

Using this definition, we can apply Thm. 15 and Thm. 19
to obtain the following necessary and sufficient conditions for
finite-time stability.

Corollary 28: For Ω ⊆ Rn, let f : Ω → Rn be continuous,
f(0) = 0, and G ⊆ Ω be forward invariant for f . Suppose
Tf (x) := sup{t ≥ 0 | ∥ϕf (x, t)∥ηp > 0} is continuous for
x ∈ G\{0}. Then, f is finite-time stable on G with rate k ≥ 0
and gain M ≥ 1 if and only if there exist p > 0, η ∈ (0, 1)
and a continuous function V : G → R+ such that

M−1 ∥x∥ηp ≤ V (x) ≤ ∥x∥ηp , ∀x ∈ G,

V̇ (x) ≤ −k, ∀x ∈ G \ {0},

where V̇ (x) := D+
t V (ϕf (x, t))|t=0.

Proof: Define ρf(y) as in Eqn. (13). Then, βf is the unique
and continuous function β satisfying ∂tβ(y, t) = ρf(β(y, t))
with β(y, 0) = y. Since −k = kρf(V (x)) for all x ∈ G \ {0},
and V̇ (0) = D+

t V (ϕf (0, t))|t=0 = 0 = ρf(0) (since f(0) = 0),
by Thm. 15 and Thm. 19, it follows that f is βf-stable on G
with respect to α(x) := ∥x∥ηp and with rate k and gain M if
and only if there exists a function V satisfying the proposed
conditions. By Lemma 9, the result follows.

Cor. 28 presents necessary and sufficient Lyapunov condi-
tions for testing finite-time rate performance. These conditions

are essentially identical to certain classical Lyapunov conditions
for finite-time stability from [31], which in recent years have
largely been supplanted by the conditions from [24], taking the
form V̇ ≤ − 1

1−ηV
η for η ∈ (0, 1). Both sets of conditions are

necessary and sufficient, and equivalence may be established
using a transformation of the form V (x) 7→ V (x)η . However,
testing either of these Lyapunov conditions using SOS is
complicated by the fact that finite-time stable systems are not
defined by polynomial vector fields. To resolve this, we use the
following result from [32], performing a variable substitution
to express the conditions in terms of polynomials. To formulate
this result, let sgn(x) and |x| denote the element-wise sign and
absolute value of x ∈ Rn, respectively, and denote by · the
element-wise product, so that e.g. sgn(x) · |x| = x. For p ∈ R,
let xp denote the elementwise power of x, so that [xp]i = x

1/p
i .

Lemma 29 (Thm. 6 from [32]): Let f : Rn → Rn be con-
tinuous, and Ω ⊆ Rn. For r ∈ N, let Ω̃ := {sgn(x) · |x|1/r |
x ∈ Ω}, and suppose there exists p̃, k̃, M̃ , r̃ ∈ R+ and a
differentiable function Ṽ : Ω̃ → R+ such that Ṽ (0) = 0 and
0 < Ṽ (z) ≤ M̃ ∥z∥2r2 for all z ∈ Ω̃ \ {0}, and furthermore

∇Ṽ (z)T f̃(z) ≤ −k̃ ∥z∥p̃2 , ∀z ∈ Ω̃,

where f̃(z) = 1
rf(sgn(z) · |z|r) · |z|1−r. Then, V (x) :=

Ṽ (sgn(x) · |x|1/q) is differentiable on Ω \ {0} and satisfies

∇V (x)T f(x) ≤ −(k̃/M̃)V (x)p̃/r̃, ∀x ∈ Ω \ {0}.

Using this result, we obtain the following sufficient condi-
tions for finite-time rate performance.

Proposition 30: For Ω ⊆ Rn, f : Ω → Rn, and r > 0, let
Ω̃ := {sgn(x) · |x| 1r | x ∈ Ω} and define f̃r : Ω̃ → Rn by
f̃r(z) :=

1
rf(sgn(z) · |z|r) · |z|1−r. For given η ∈ (0, 1), k ≥ 0

and M ≥ 1, if there exists Ṽ : Ω̃ → R+ such that

M− 2
η ∥z∥2r2 ≤ Ṽ (z) ≤ ∥z∥2r2 ,

∇Ṽ (z)T f̃r(z) ≤ −2k

η
∥z∥(2−η)r

2 , ∀z ∈ Ω̃,

then, for any c ∈ R+ such that Sc(V ) ⊆ int(Ω) where V (x) :=
Ṽ (sgn(x) · |x| 1r ), f is finite-time stable on Sc(V ) with rate k
and gain M .

Proof: Suppose that Ṽ satisfies the proposed conditions,
and let the associated V be as defined. Then, by Lemma 29
(letting p̃ = (2−η)r, k̃ = 2k

η , r̃ = 2r, M̃ = 1), this V satisfies
∇V (x)T f(x) ≤ − 2k

η V (x)1−
η
2 for all x ∈ Ω \ {0}. Defining

z(x) := sgn(x) · |x| 1r for x ∈ Ω, it follows that

V (x) = Ṽ (z(x)) ≤ ∥z(x)∥2r2 =
∥∥|x|1/r∥∥2r

2
= ∥x∥22/r ,

and, similarly, V (x) ≥ M− 2
η ∥x∥22/r. Now, let V̂ (x) :=

V (x)
η
2 . Then, M−1 ∥x∥η2/r ≤ V̂ (x) ≤ ∥x∥η2/r for all x ∈ Ω.

Furthermore, for all x ∈ Ω \ {0}, we have

∇V̂ (x)T f(x) =
η

2
V (x)

η
2−1∇V (x)T f(x)

≤ −kV (x)
η
2−1V (x)1−

η
2 = −k.

Finally, for any c ∈ R+ such that Sc(V ) ⊆ int(Ω), we have
that ∇V (x)T f(x) ≤ 0 for all x ∈ Sc(V ), and thus Sc(V ) is
forward invariant for f . By Cor. 28, it follows that f is finite-
time stable on Sc(V ) with rate k and gain M .
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Although the Lyapunov conditions in Prop. 30 do not always
admit an obvious SOS formulation, they can often be posed as
an SOS program through multiplication by a suitable factor
h(z), as in the following corollary.

Corollary 31: For given η ∈ (0, 1) and f : Rn → Rn,
suppose there exist r ∈ N and λ ∈ Rn such that, letting
f̃r(z) := 1

rf(sgn(z) · |z|r) · |z|1−r and h(z) :=
∏n

i=1 |zi|λi ,
we have h(z)f̃r(z) ∈ Rn

df
[z] and h(z) ∥z∥(2−η)r

2 ∈ Rdh
[z].

Furthermore, let Ω := {x ∈ Rn | gi(x) ≥ 0} be such
that Ω̃ := {z ∈ Rn | g̃i(z) ≥ 0} is semi-algebraic with
g̃i(z) := gi(sgn(z) · |z|r). For any d ∈ N, if Ṽ solves

max
k≥0, γ>0, Ṽ

k, (14)

s.t. γṼ (z)− (zT z)r ∈ Σs,2d[Ω̃],

(zT z)r − Ṽ (z) ∈ Σs,2d[Ω̃],

h(z)
[
−2k

η
(zT z)(2−η)r/2 −∇Ṽ (z)T f̃r(z)

]
∈ Σs,d′ [Ω̃],

where d′ := max{dh, 2d − 1 + df}, then, letting V (x) =
Ṽ (sgn(x) · |x| 1r ), for any c ∈ R+ with Sc(V ) ⊆ int(Ω), f
is finite-time stable on Sc(V ) with rate k and gain M = γ

η
2 .

Proof: Suppose the optimization program is feasible. Then
the solution Ṽ satisfies all conditions of Prop. 30 with M = γ

η
2 .

By that proposition, we conclude that f is finite-time stable on
Sc(V ) with rate k and gain M .

Cor. 31 shows how finite-time stability of a class of rational
vector fields can be tested using SOS programming. In the
following section, we will apply this SOS program, as well as
those from Cor. 24 and Cor. 27, to verify exponential, rational,
and finite-time stability of several examples, and compute lower
bounds on the associated rate performance.

VI. NUMERICAL ANALYSIS OF LOCAL AND GLOBAL RATE
PERFORMANCE USING SOS

In Section V, we have proposed SOS implementations of the
necessary and sufficient Lyapunov conditions for rate and gain
performance in Thm. 19 as applied to exponential, rational, and
finite-time performance metrics. Now, we evaluate the efficacy
and accuracy of these SOS Programs (SOSPs) for computing
maximum lower bounds on both global and local rate perfor-
mance, considering separately the cases of exponential, rational,
and finite-time stability.

In each case, we first consider a globally β-stable vector
field for the corresponding function β. Using the associated
SOSP from Section V and performing a bisection search
on the parameter k, we find a largest lower bound on the
global rate performance. We verify through simulation that this
bound is tight. For the rational stability example, we compare
the obtained lower bound on the rate performance to that
established using the more standard Lyapunov conditions for
rational stability (Conditions (i) in Lemma 26), verifying the
conjectured conservatism in this bound from Subsec. V-B.

Having addressed global stability, we next show that the
proposed SOSPs may also be used for local stability analysis
– computing the rate performance of a vector field on a given
semialgebraic domain. We apply each test to a reverse-time
van der Pol system (modified for the finite-time stability case),

verifying stability on a semi-algebraic set parameterized by a
radius parameter, R. Computing a maximal lower bound on
the rate performance for several values of R, we verify that
this bound decreases to zero as R increases. For exponential
stability, we also show that the largest lower bound on the rate
performance matches the rate of decay of the linearized system
as R approaches 0 – as expected.

Finally, we show that the proposed SOS tests may also be
used to compute regions of β-stability rate performance – i.e.
forward invariant sets on which the vector field is β-stable
with a given rate. Specifically, considering again the (modified)
van der Pol equation, we plot the largest closed sublevel sets
of the Lyapunov function certifying each stability notion, for
several values of the rate k. We show that, as k tends to zero –
and β-stability reduces to asymptotic stability – the associated
region of performance also approaches the region of asymptotic
attraction of the system.

The SOSP for each example in this section is parsed using
the Matlab toolbox SOSTOOLS [34], and solved using the
semidefinite programming solver Mosek [35]. All simulations
are performed using the Matlab function ode23.

A. Exponential Stability

We start with exponential stability metrics. As discussed in
Subsec. V-A, we anticipate that the SOS implementation should
have little, if any conservatism. To test this hypothesis, we
first apply the SOSP from Cor. 24 to verify global stability
of a modified Lorenz system, obtaining accurate bounds on the
rate and gain performance. We then use the SOSP to test the
local rate performance of a van der Pol equation, and compute
regions of exponential performance.

1) Global Exponential Stability of Lorenz System: As a first
example, consider a Lorenz system defined by

ẋ(t) = f(x(t)) :=

 8(x2(t)− x1(t))
x1(t)(0.5− x3(t))− x2(t)

x1(t)x2(t)− 4x3(t)

 , (15)

where we have selected parameters for which the system is
globally exponentially stable. Solving the SOSP in Cor. 24 with
Ω = Rn and d ∈ {1, . . . , 8}, global exponential stability can
be verified with greatest lower bound k = 0.4688 on the rate,
which does not improve when increasing d. Fixing this rate,
the associated least upper bounds on gain performance, Md,
are presented in Table I.

For comparison, the solution to the Lorenz system is also
simulated from t = 0 up to t = 10, starting with initial
state x(0) = e2 := (0, 1, 0)T . The norm of this solution
is displayed with logarithmic scale in Fig. 3, along with the
associated exponential bounds Mde

−0.4688t for several values
Md as in Tab. I. From Fig. 3 and Tab. I, it is clear that the

d 1 2 3 4 5 6 7 8
Md 3.952 1.732 1.504 1.469 1.452 1.422 1.415 1.415

TABLE I
GAINS Md FOR WHICH GLOBAL EXPONENTIAL STABILITY OF THE

LORENZ SYSTEM IN (15) CAN BE VERIFIED WITH RATE k = 0.4688

USING THE SOSP (10), FOR SEVERAL VALUES OF d.
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Fig. 3. Norm
∥∥ϕf (x, t)

∥∥
2

of simulated solution to the Lorenz system
in (15) on logarithmic scale, starting with x = e2 := (0, 1, 0)T . The
exponential bounds Mde

−0.4688t for Md as in Tab. I are also plotted
for d ∈ {1, 2, 4, 8}.

bound on gain performance becomes tighter as the degree d
of the polynomial Lyapunov function is increased. Moreover,
the obtained decay rate k = 0.4688 also closely matches the
average decay rate of the solution from t = 8 to t = 10,
computed as ksim =

ln(∥ϕf (e2,8)∥2
)−ln(∥ϕf (e2,10)∥2

)

10−8 = 0.4689.
2) Exponentially Stable Regions of van der Pol System: As a

second example, consider the reverse-time van der Pol system,

ẋ(t) = f(x(t)) =

[
−x2(t)

−(1− x1(t)
2)x2(t) + x1(t)

]
. (16)

We examine exponential stability of this vector field using the
conditions of SOSP (10) with ΩR := {x ∈ R2 | R2−xTx ≥ 0}
and d = 8. For R ranging from 0.01 to 1.75 (with spacing
∆R = 0.015), we use bisection to find the greatest lower bound
on rate kR while leaving M unconstrained. For each such kR,
we then compute the least upper bound on gain performance,
MR, for which the given rate is feasible. The resulting values of
kR and MR are displayed in Fig. 4 as a function of the radius,
R. Fig. 4 shows that, for R close to 0, exponential decay can
be verified with rate k close to 0.5, matching the decay rate of
the linearized system. As R approaches the inner radius of the
van der Pol limit cycle, the decay rate decreases to 0.

For k ∈ {0, 0.025, 0.1, 0.2, 0.35, 0.48}, the greatest closed
level sets of the computed Lyapunov function certifying sta-
bility with rate k are displayed in Fig. 5, corresponding to
forward-invariant sets of the van der Pol equation with rate
performance at least k. The level set of a Lyapunov function for
the value of k = 0 is displayed as well, along with a simulation-
based estimate of the region of attraction of the van der Pol
equation (black dashed line). Fig. 5 shows that the region of
performance grows as the rate decreases — approaching the
region of asymptotic attraction as k approaches 0.

Fig. 4. Greatest lower bound on rate kR and associated least upper
bound on gain MR for exponential stability of the van der Pol system
in (16) as a function of radius, R, of the centered circular domain on which
the conditions were verified as computed by SOSP (10) with d = 8.

Fig. 5. Forward-invariant domains of the reverse-time van der Pol
Equation (16) in which exponential stability can be verified with several
rates k by solving the SOSP (10). The simulated region of asymptotic
attraction is displayed using a black dashed line.

B. Rational Stability
Having demonstrated that the SOSP for exponential-type

performance in Cor. 24 has no apparent conservatism, we now
consider the case of rational-type rate and gain metrics. In the
rational case, we will use the sufficient SOS conditions for
rational rate and gain performance obtained from Lemma 26 (ii)
as implemented in Cor. 27. As discussed in Subsection V-B,
we anticipate that these conditions for rate performance may be
conservative with a scaling factor of up to 1/M where M is the
gain performance. To evaluate these scalings, we will compare
the obtained bounds on rate performance to both numerical
simulation and to bounds obtained from the “naive” SOS test
obtained from Lemma 26 (i). The Lyapunov Conditions (i) are
tightened to SOS constraints as was done in Cor. 27, obtaining
a constraint on the derivative of the variable V as

−r

p
M

r
p k(xTx)(r+p)/2 −∇V (x)T f ∈ Σd′ [Ω], (17)

where we will use the same values of M,p, r, d, d′ as used to
evaluate rate performance with Lyapunov Conditions (ii). For
both Lyapunov conditions, bisection is used to find the largest
value of k for which the respective SOSP is feasible.

As in the case of exponential stability, we first find a greatest
lower bound on the rate performance of a globally rationally
stable system, and subsequently test the local rate performance
and compute regions of performance for a van der Pol system.

1) A Globally Rationally Stable Vector Field: Consider the
following ODE

ẋ(t) = f(x(t)) :=

 −x1(t)
3 − x2(t)

3

x1(t)
3 − x2(t)

3 − 3x3(t)
2x2(t)− x3(t)

3

 . (18)

Similar to the case of exponential stability, we use bisection to
find the largest k such that SOSP (12) is feasible on Ω = Rn,
using p = 2 and r = 2d for d ∈ {1, . . . , 9}. This approach
establishes global rational stability with greatest lower bounds
on rate performance k(ii) as presented in Table II. For each value
of d, fixing the associated rate performance k = k(ii), we obtain
a least upper bound of M = 1.5 on the gain performance, which
does not change for different values of d.

Now, to test the conservatism scaling rules conjectured in
Subsection V-B, we fix M = 1.5 and apply Lyapunov Condi-
tions (i) for rational stability from Lemma 26, obtaining greatest
lower bounds on rate performance k(i) as in Table II. Notably,
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the lower bound on the rate computed with Conditions (i)
decreases with the degree d. We conjecture that this decrease in
performance may be due to the global nature of the test and as-
sociated restrictions on the degree structure of the polynomials
used in the test (e.g. V must be a homogeneous polynomial).
However, comparing the greatest lower bound k(i) = 0.418 (for
d = 1) to the greatest lower bound k(ii) = 0.626 (for d = 9),
we find that the conservatism introduced by Conditions (i)
compared to Conditions (ii) indeed manifests as a scaling of
roughly 1

M = 2
3 of the bound on the rate performance.

To evaluate conservatism of the rate bound k(ii) = 0.626, we
now compare this rate to that obtained from numerical simula-
tion. Specifically, we simulate the ODE for 2500 distinct initial
conditions along a sphere of radius R = 104 centered at the
origin. Using bisection to find the largest value of k for which
all simulated solutions satisfy ∥x(t)∥22 ≤ Mβr(∥x(0)∥22 , kt)
for M = 1.5 and t ∈ [0, 1000], we obtain an estimate of the
rate performance as ksim = 1.048. Compared to this estimate,
the lower bound k(ii) = 0.626 appears to be slightly more
conservative than the conjectured scaling factor of 1

M = 2
3 .

2) Rationally Stable Regions of van der Pol System: Next, we
examine local bounds on rate performance for the same reverse-
time van der Pol Equation (16) used for exponential stability. To
initialize this test, we solve the SOSP in Cor. 27 using p = 2,
r = 1, d = 9, M = 3, and Ω := {x | x2

1 − x1x2 + x2
2 ≤ R2}

with R ∈ {0.3, 0.5, ..., 1.7}. Associated greatest values k for
which SOSP (12) is feasible are given in Table III. In addition,
fixing k = 0, feasibility of SOSP (12) is also verified for
R = 2.365. For each k and R, the associated largest closed
level set, Gk, of the obtained Lyapunov function is computed
– certifying rate performance of at least k on Gk. A subset of
these regions is displayed in Fig. 6, along with a simulation-
based approximation of the region of asymptotic attraction
(black dashes). From Fig. 6 it is clear that, as expected, the
region of rational stability with rate performance k approaches
the region of asymptotic attraction as k → 0.

Next, having established that each of the Gk are forward in-
variant, we may obtain improved estimates of rate performance
on these regions by repeating the set of initial tests, but using
Ω = Gk. For each such k and Gk, the resulting maximum lower
bound on the rate performance, k(ii), is presented in Table III,
showing uniform improvement in computed maximum lower
bound. In addition, to test the conjectured conservatism scaling
rule, greatest lower bounds on the rate performance on each
region are also computed using Lyapunov Conditions (i) from
Lemma 26. The obtained largest lower bounds on the rate
performance, k(i), are included in Table III.

d 1 2 3 4 5 6 7 8 9
k(i) 0.418 0.306 0.261 0.195 0.145 0.107 0.076 0.053 0.038
k(ii) 0.563 0.616 0.622 0.622 0.625 0.625 0.625 0.626 0.626

TABLE II
GREATEST LOWER BOUNDS ON RATIONAL RATE PERFORMANCE OF

ODE (18) FOR Ω := R3 , ESTABLISHED WITH LYAPUNOV CONDITIONS (i)
(k(i)) AND (ii) (k(ii)) OF LEMMA 26. IN BOTH CASES, THE ASSOCIATED

SOSP IS SOLVED WITH r = 2d, p = 2, AND M = 1.5. THE

SIMULATION-BASED ESTIMATE OF THE RATE PERFORMANCE IS

ksim = 1.048.

Fig. 6. Forward-invariant regions, Gk, of the reverse-time van der Pol
Equation (16), in which rational stability can be verified with M = 3 and
rate k by solving SOSP (12), for several values of k from Table III. The
simulated region of (asymptotic) attraction is displayed in black dashes.

Finally, to verify accuracy of the established lower bounds
on the rate performance, for each of the computed regions
Gk, we numerically simulate the ODE in Eqn. (16) for 200
distinct initial conditions placed at intervals along the boundary
of this region. For each region, we then find the largest rate
ksim such that all of the simulated solutions satisfy ∥x(t)∥22 ≤
M ∥x(0)∥22 /(1 + ksim ∥x(0)∥22 t) for t ∈ [0, 100]. The resulting
values of ksim are given in Table III, providing a numerical
estimate of the true rate performance on the region Gk, for
each k ∈ {0.3, 0.5 . . . , 1.7}.

The results suggest that the conservatism in k(ii) scales
as roughly 1

2 compared with ksim – slightly less than the
conjectured scaling of 1

M = 1
3 . In addition, the conservatism in

k(i) compared to k(ii) likewise scales roughly as 1
2 , again slightly

less than the conjectured scaling factor of 1
3 .

C. Finite-Time Stability
Finally, we consider the notion of finite-time stability, ap-

plying the SOSP from Cor. 31. We first verify that this SOSP
may indeed be used to compute tight lower bounds on the rate
performance (and thus settling time) of a scalar-valued finite-
time stable system, and then apply the SOSP to test the local
rate performance of a modified van der Pol system, plotting
associated regions of finite-time attraction.

1) Global Finite-Time Stability: First, we illustrate accuracy
of SOSP (14) for finite-time stability by considering a class of
scalar ODEs of the form

ẋ(t) = f(x(t)) := −1

η
sgn(x(t))|x(t)|1−η,

R 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7
k 16.886 5.970 2.895 1.562 0.870 0.510 0.335 0.198
k(i) 10.312 3.675 1.793 1.025 0.646 0.515 0.321 0.167
k(ii) 18.429 6.561 3.195 1.806 1.133 0.904 0.558 0.290
ksim 36.674 13.060 6.327 3.509 2.184 1.743 1.054 0.535

TABLE III
GREATEST VALUES OF k FOR WHICH SOSP (12) IS FEASIBLE FOR

ODE (16) ON Ω := {x | x2
1 − x1x2 + x2

2 ≤ R2}, USING r = 1,
d = 9, p = 2, AND M = 3. GREATEST LOWER BOUNDS ON THE

RATIONAL STABILITY RATE PERFORMANCE ON THE ASSOCIATED

INVARIANT SET Gk IN FIG. 6 ARE PROVIDED AS WELL, ESTABLISHED

WITH LYAPUNOV CONDITIONS (i) (k(i)) AND (ii) (k(ii)) OF LEMMA 26.
SIMULATION-BASED ESTIMATES (ksim) OF THE RATE PERFORMANCE ON

Gk ARE ALSO GIVEN.
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for η ∈ (0, 1). Solutions to this ODE are given by x(t) =
x(0) η

√
1− |x(0)|−ηt, so that for any η ∈ (0, 1), the vector

field is globally finite-time stable with rate k = 1, and gain
M = 1, corresponding to a settling time function of T (x) =
|x|η . Introducing the variable substitution as in Cor. 31 with
r = 1

η , we get the modified vector field

f̃r(z) =
1

r
f(sgn(z)|z|r)|z|1−r = −sgn(z).

Solving SOSP (14) for this system using d = r, h(z) = |z| and
Ω = R, global finite-time stability can be verified tightly with
rate k = 1 and gain M = 1 for each η ∈ {1

2 ,
1
3 ,

1
4 , . . . ,

1
10}.

Specifically, for each value of η, we find V (x) = |x|η .
2) Finite-Time Stable Regions of Modified van der Pol System:

As a second illustration, consider the ODE defined by the
following vector field, corresponding to a van der Pol oscillator
with variable substitution x → sgn(x)|x|1/3:

ẋ :=

[
−sgn(x2)|x2|

1
3

2(|x1|
2
3 − 1)sgn(x2)|x2|

1
3 + sgn(x1)|x1|

1
3

]
. (19)

We verify finite-time stability of this vector field using
SOSP (14) with Ω := {x | ∥x∥2 ≤ R}, η = 2

3 , r = 3, and
h(z) = z21z

2
2 . In this case, f̃r in SOSP (14) is found to be

f̃r(z)q(z) =
1

3

[
−z32

−2(1− z21)z
2
1z2 + z31

]
,

with Ω̃ = {z | R2−z61−z62 ≥ 0}. Solving SOSP (14) with d =
12 and R = 1, a greatest lower bound on the finite-time rate
performance is obtained as k = 0.2976, with associated upper
bound on the gain performance as M = 1.9994. This implies
a settling time function of T (x) = k−1 ∥x∥η2/r = 3.36 ∥x∥2/32/3
on any forward-invariant set contained in the unit circle.

To verify accuracy of the result, we simulate ODE (19)
for 1000 randomly generated initial conditions in the unit
circle, and compute the settling time, Tsim(x(0)), for each
initial condition, x(0). For each simulation result, we then
establish an estimate of the rate performance as ksim(x(0)) :=

∥x(0)∥2/32/3 /Tsim(x(0)). Taking the minimum of the values
ksim(x(0)) over all initial conditions, we obtain an estimate
of the rate performance as ksim = 0.3107, which is slightly
greater than the lower bound k = 0.2976 computed with

Fig. 7. Value of α(x(t)) = ∥x(t)∥2/3
2/3

for numerical solutions, x(t),
to the ODE in Eqn. (19), for several initial states x(0) with ∥x(0)∥2/3 =
R for R ∈ {1, 0.5, 0.1}, along with the finite-time stability bound
Mβf(α(x(0)), kt) = 1.999(R2/3 − 0.2976t).

Fig. 8. Forward-invariant sets, Gk, on which finite-time stability of the
vector field in (19) can be verified with different rates k (and settling times
T (x) = 1

k
∥x∥2/3

2/3
) by solving SOSP (14). The simulated region of

attraction is displayed as a black dashed line.

SOSP (14). For visualization of rate, Fig. 7 depicts ∥x(t)∥2/32/3

for several numerical solutions, x(t), for initial conditions
x(0) = R vi

∥vi∥2/3
for vi ∈ {[ 10 ] , [ 11 ] , [ 1

−1 ]}, along with the

finite-time stability bound Mβf(R
η, kt) = M(R2/3 − kt).

Fig. 7 shows that the obtained bound on the rate performance
accurately approximates the slope of ∥x(t)∥2/32/3 as solutions
x(t) approach the origin.

Fixing M = 2, SOSP (14) is also solved on Ω := {x |
∥x∥2 ≤ R} for R ∈ {1, 2, 2.5, 2.75, 2.85, 2.9, 2.95, 2.96},
obtaining greatest lower bounds on the rate performance k as in
Table IV. Fixing k = 0 and performing bisection on the value
of R, finite-time stability can be verified up to R = 2.962. For
each value of k, the largest closed level set, Gk, of the resulting
Lyapunov function is computed, several of which are displayed
in Fig. 8. This figure shows that the region of finite-time rate
performance k approaches the simulation-based estimate of the
region of attraction (black dashes) as k tends to 0.

For each of the values of k in Table IV and associated
region of performance Gk, a tighter lower bound on the rate
performance on this region, kGk

, is computed by solving
SOSP (14) with Ω = Gk, again setting d = 12 and M = 2. In
addition, an estimate of the rate performance on each region Gk

is computed using simulation. Specifically, for each value of k,
solutions to the ODE (19) are simulated for 500 distinct initial
conditions along the boundary of the associated region Gk. A
largest value of ksim is then computed (through bisection) such
that all of the simulated solutions on Gk satisfy ∥x(t)∥2/32/3 ≤
M(∥x(0)∥2/32/3 − ksimt) for t ∈ [0, 100]. The obtained value of
ksim for each value of k is given in Table IV. The results
show that, for smaller values of R, the lower bounds on the
rate performance, kGk

, are relatively accurate compared to the
simulated estimate of the rate performance, ksim. However, this
accuracy decreases as the considered region Gk grows.

VII. CONCLUSION

This paper provides a framework for characterization of
rate and gain performance in nonlinear systems. Specifically,
such rates are formally defined in terms of normalized, time-
invariant β functions. This framework then allows rate and gain
performance to be quantified for a broad class of nonlinear
systems — encompassing previous notions of exponential,
rational, and finite-time stability. Rate and gain performance
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R 1 2 2.5 2.75 2.85 2.9 2.95 2.96
k 0.2976 0.1849 0.0945 0.0414 0.0225 0.0130 0.0041 0.0026

kGk
0.2976 0.2612 0.1805 0.1654 0.1451 0.0397 0.0157 0.0219

ksim 0.3107 0.3107 0.3107 0.2879 0.2431 0.2144 0.1793 0.1690

TABLE IV
LARGEST VALUES OF k FOR WHICH SOSP (14) IS FEASIBLE FOR THE

ODE IN EQN. (19), USING M = 2, r = 3, η = 2
3
d = 12, AND

Ω := {x | ∥x∥2 ≤ R}. GREATEST LOWER BOUNDS ON THE RATE

PERFORMANCE, kGk
, ON THE ASSOCIATED INVARIANT REGIONS Gk AS

IN FIG. 8 ARE PROVIDED AS WELL, ALONG WITH SIMULATED ESTIMATES

OF THE RATE PERFORMANCE ON THESE REGIONS, ksim .

using the β function approach is further shown to admit an
equivalent Lyapunov characterization using a combination of
a converse comparison lemma and a novel converse Lyapunov
construction. When applied to exponential, rational, and finite-
time rate parameters (k), these equivalent Lyapunov character-
izations are V̇ ≤ −kV , V̇ ≤ −kV 2 and V̇ ≤ −k, respectively.
The results are formulated both locally and globally. Sum-of-
squares implementations of these Lyapunov tests for exponen-
tial, rational, and finite-time rates are also given. In the case
of rational stability, it is shown that the new conditions offer
improved quantification of rate performance, with a conjectured
scaling rule for conservatism given as 1

M where M is the
gain performance. The SOS conditions are verified using a
battery of numerical tests for both local and global stability.
The accuracy of the quantified greatest lower bounds on rate are
verified by comparison to numerical simulation, the conjectured
conservatism scaling rule in the rational case is confirmed, and
regions of rate performance are constructed.
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APPENDIX I
PROOF OF CONVERSE LYAPUNOV THEOREMS FROM

SUBSECTION IV-B

In this appendix, we prove Thm. 19 and Thm. 20, showing
that under suitable regularity conditions, β-stability of a vector
field f implies existence of a locally Lipschitz continuous
Lyapunov function certifying β-stability with rate (1 − ϵ), for
all ϵ ∈ (0, 1).

For these proofs, we first show in Lemma 32 that if β is
monotonically decreasing in t, then β admits a natural extension
to negative times, and which preserves the semigroup property,
β(β(y, t),−t) = y. This extension will be used in Lemma 33
to represent the proposed converse Lyapunov function as a
supremum – a representation which is then used in the proof
of Thm. 19 and Thm. 20.

Lemma 32: For ρ : R+ → R continuous on (0,∞), let
β : R+ × R+ → R+ be the unique function satisfying
∂tβ(y, t) = ρ(β(y, t)) and β(y, 0) = y. Suppose further that
β(y, t) is monotonically decreasing in t whenever β(y, t) > 0.
Then, for any z > 0, there exists a continuous function
β̂z : [0, z)× R → [0, z] with the following properties

(i) β̂z(·, t) is monotonically nondecreasing for all t ∈ R,
(ii) β̂z(·, t) = β(·, t) for all t ≥ 0,

(iii) β̂z(β̂z(y, t),−s) = β̂z(y, t − s) for all (y, t) ∈ {(y, t) ∈
(0, z)× R+ | 0 < β̂z(y, t) < z} and s ≤ t,

(iv) β̂z1(y, t) = β̂z2(y, t) for all 0 < z1 ≤ z2, and (y, t) ∈
{(y, t) ∈ (0, z1)× R | 0 < β̂z1(y, t) < z1}.

Proof: We first show that, for any z > 0, there exists
Tmax(z) ∈ (0,∞] such that β(z, ·) : [0, Tmax(z)) → (0, z]
is surjective. To start, since ρ is continuous, for any z > 0
and ϵ ∈ (0, z), we can define κ := miny∈[ϵ,z] |ρ(y)| > 0,
so that |∂tβ(z, t)| = |ρ(β(z, t))| > κ for all t for which
β(z, t) > ϵ. Since β(z, t) is monotonically decreasing in t
whenever β(z, y) > 0, it follows that ∂tβ(z, t) < −κ whenever
β(z, t) > ϵ, and thus there exists a finite time Tϵ ≤ z−ϵ

κ
such that β(z, t) < ϵ for all t ≥ Tϵ. Since this holds for
arbitrary ϵ ∈ (0, z), this implies limt→∞ β(z, t) = 0. As such,
there exists some Tmax(z) := sup{t ≥ 0 | β(z, t) > 0}
(possibly infinite) such that β(z, t) > 0 for all t < Tmax(z)
and limt→Tmax(z) β(z, t) = 0. By continuity of β, it follows
that β(z, ·) : [0, Tmax(z)) → (0, z] is surjective.

Having established that β(z, ·) is monotonically decreasing
and surjective for any z > 0, we use these properties to
establish a backward-in-time extension of β. Specifically, for
any z > 0, we have the existence of a monotonically decreasing
inverse, µ(z, ·) := β(z, ·)−1 : (0, z] → [0, Tmax(z)), so that
µ(z, y) indicates the time in which β decreases from z to y –
i.e. β(z, µ(z, y)) = y for all y ∈ (0, z], and µ(z, β(z, t)) = t.
Now, for z ∈ (0,∞), define β̂z : [0, z)× R → [0, z] as

β̂z(y, t) :=


0, y = 0, t ∈ R,
z, y > 0, t ≤ −µ(z, y),

β(z, µ(z, y) + t), y > 0, t > −µ(z, y).

Unlike β, for any z ≥ 0, β̂z is defined for all times, where
z bounds the value of β̂ on negative times. Since µ(z, ·) and
β(z, ·) are monotonically decreasing, it follows that for any

t ∈ R, β(z, µ(z, y) + t) (and hence β̂z(y, t)) is monotonically
nondecreasing in y. In addition, for all y ∈ [0, z) and t ≥ 0,

β̂z(y, t) = β(z, µ(z, y) + t) = β(β(z, µ(z, y)), t) = β(y, t).

Furthermore, for all t, s ∈ R+ for which β̂z(y, t) ∈ (0, z) (i.e.
t ∈ (−µ(z, y), Tmax(y))) and s ≤ t, we have

β̂z

(
β̂z(y, t),−s

)
= β

(
z, µ

(
z, β(z, µ(z, y) + t)

)
− s

)
= β

(
z, µ(z, y) + t− s

)
= β̂z

(
y, t− s

)
,

where recall that µ(z, β(z, t)) = t implies µ(z, β(z, µ(z, y) +
t)) = µ(z, y)+ t. Finally, for any 0 < z1 ≤ z2 and y ∈ (0, z1),
we remark that µ(z1, y) ≤ µ(z2, y) and

β
(
z2, µ(z2, z1) + µ(z1, y)

)
= β

(
β
(
z2, µ(z2, z1)

)
, µ(z1, y)

)
= β

(
z1, µ(z1, y)

)
= y = β

(
z2, µ(z2, y)

)
,

implying that µ(z2, y) = µ(z2, z1) + µ(z1, y). It follows that,
for any t ∈ R such that β̂z1(y, t) ∈ (0, z1) (which implies
t ∈ (−µ(z1, y), Tmax(y))), we have

β̂z2(y, t) = β
(
z2, µ(z2, y) + t

)
= β

(
z2, µ(z2, z1) + µ(z1, y) + t

)
= β

(
β
(
z2, µ(z2, z1)

)
, µ(z1, y) + t

)
= β

(
z1, µ(z1, y) + t

)
= β̂z1(y, t).

Thus, β̂z(y, t) satisfies all the proposed properties.
The β̂z in Lemma 32 may be interpreted as allowing for

extension of β to negative times for which β values are known
to exist and are bounded by z. For negative times beyond
this domain, the value of β̂z is simply defined as z and no
longer coincides with β. Using this restricted negative-time
extension of β, the converse Lyapunov function in Thm. 17
can be equivalently expressed in the form in Eqn. 8, as shown
in the following lemma.

Lemma 33: For Ω ⊆ Rn and f : Ω → Rn with f(0) = 0,
let G ⊆ Ω be forward invariant, and α1, α2 : G → R+ be
continuous and positive definite. For ρ : R+ → R continuous
on (0,∞), let β be the unique continuous function satisfying
β(y, 0) = y and ∂tβ(y, t) = ρ(β(y, t)). Suppose further that
β(y, t) is monotonically decreasing in t for all y, t ∈ R+ for
which β(y, t) > 0, and for any z > 0, define the associated
β̂z ∈ [0, z)× R → [0, z] as in Lemma 32.

If f is β-stable on G with respect to α1, α2, then for any
δ > 0, if V : G → R+ is defined by V (0) = 0 and

V (x) := sup
t∈[0,Tf (x))

β̂α2(x)+δ

(
α1(ϕf (x, t)),−t

)
, ∀x ∈ G\{0},

where Tf (x) := sup{t ≥ 0 | α1(ϕf (x, t)) > 0} (possibly
infinite), we have that V satisfies

α1(x) ≤ V (x) ≤ α2(x), ∀x ∈ G,

V (ϕf (x, t)) ≤ β(V (x), t), ∀t ≥ 0.

Proof: To prove the result, we show that if the conditions
of the lemma are satisfied, the converse Lyapunov function as
defined in the proof of Eqn. (7) of Thm. 17 reduces to the
V (x) as defined in the lemma statement. This then implies as
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per Thm. 17 that the Lyapunov conditions of the lemma are
satisfied. Specifically, recall from Thm. 17 that if we define
Ṽ (x) = infy∈W(x) y for x ∈ G, where

W(x) :=
{
y ∈ R+ | α1(ϕf (x, t)) ≤ β(y, t), ∀t ∈ R+

}
,

then Ṽ satisfies

α1(x) ≤ Ṽ (x) ≤ α2(x), ∀x ∈ G,

Ṽ (ϕf (x, t)) ≤ β(Ṽ (x), t), ∀t ≥ 0.

To show that Ṽ (x) = V (x) for all x ∈ G, note first that if
Tf (x) is finite, then ϕf (x, Tf (x) + t) = 0 ≤ β(0, t) for all
t ≥ 0, and therefore α1(ϕf (x, t)) ≤ β(y, t) for all y ∈ R+ and
t ≥ Tf (x) – implying we may equivalently represent W(x) as

W(x) =
{
y ∈ R+ | α1(ϕf (x, t)) ≤ β(y, t), ∀t ∈ [0, Tf (x))

}
.

Alternatively, if Tf (x) = ∞, this identity holds by definition
of W(x). Now, define β̂z : [0, z) × R → [0, z] for z > 0
as in Lemma 32. By Lemma 32 (ii) and (iii), we then have
β̂α2(x)+δ(β(y, t),−t) = y for all y, t ≥ 0 for which β(y, t) ∈
(0, α2(x)+δ). Since α1(ϕf (x, t)) ∈ (0, α2(x)] ⊂ (0, α2(x)+δ)
for all x ∈ G \ {0} and t ∈ [0, Tf (x)), and β̂α2(x)+δ(y, t) is
monotonically nondecreasing in y, it follows that for all y ∈
W(x) ∩ (0, α2(x)] and t ∈ [0, Tf (x)),

β̂α2(x)+δ

(
α1(ϕf (x, t)),−t

)
≤ β̂α2(x)+δ

(
β(y, t),−t

)
= y.

Taking the infimum over y ∈ W(x)∩ (0, α2(x)], recalling that
infy∈W(x) y = Ṽ (x) ≤ α2(x), we find that for all x ∈ G \ {0}
and t ∈ [0, Tf (x)),

β̂α2(x)+δ

(
α1(ϕf (x, t)),−t

)
≤ inf

y∈W(x)∩(0,α2(x)]
y = Ṽ (x),

and therefore

V (x) = sup
t∈[0,Tf (x))

β̂α2(x)+δ

(
α1(ϕf (x, t)),−t

)
≤ Ṽ (x).

On the other hand, for all t ∈ [0, Tf (x)), we also have

α1(ϕf (x, t)) = β
(
β̂α2(x)+δ

(
α1(ϕf (x, t)),−t

)
, t
)
≤ β

(
V (x), t

)
,

and thus V (x) ∈ W(x). It follows that, for all x ∈ G \ {0},

V (x) ≥ inf
y∈W(x)

y = Ṽ (x).

Since also V (0) = 0 = Ṽ (0), we conclude that V = Ṽ , and
hence as per Thm. 17, the lemma holds.

Lemma. 33 shows that, if β(y, t) is monotonically decreasing
in t, β-stability of f with respect to two measures can be
certified with a Lyapunov function of the form in Eqn. (8). In
the following subsections, we will use this alternative converse
Lyapunov construction to prove Thm. 19 and Thm. 20.

A. Proof of Theorem. 19
Having established that, for β monotonically decreasing, β-

stability can be certified by a converse Lyapunov function of
the form in Eqn. (8), the following theorem shows that if the
settling time function is continuous, this converse Lyapunov
function is continuous as well. By the converse comparison
principle, this allows the Lyapunov condition V (ϕf (x, t)) ≤

β(V (x), t) in Thm. 17 to be expressed in terms of the upper
Dini derivative of V , as D+

t V (ϕf (x, t))|t=0 ≤ ρ(V (x)).
Theorem 19: For Ω ⊆ Rn and f : Ω → Rn with f(0) = 0,

let G ⊆ Ω be forward invariant, and α1, α2 : G → R+ be
continuous. For ρ : R+ → R continuous on (0,∞), let β
be the unique continuous function satisfying β(y, 0) = y and
∂tβ(y, t) = ρ(β(y, t)). Suppose that α1 is positive definite, and
β(y, t) is monotonically decreasing in t whenever β(y, t) > 0.
Finally, suppose that Tf (x) := sup {t ≥ 0 | α1(ϕf (x, t)) > 0}
(possibly infinite) is continuous for x ∈ G \ {0}.

If f is β-stable on G with respect to α1, α2, then there exists
a continuous function V : G → R+ which satisfies

α1(x) ≤ V (x) ≤ α2(x),

V̇ (x) ≤ ρ(V (x)), ∀x ∈ G,

where V̇ (x) := D+
t V (ϕf (x, t))|t=0.

Proof: Suppose that f is β-stable on G. Then, for any
δ > 0, define V : G → R+ as V (0) := 0 and

V (x) := sup
t∈[0,Tf (x))

β̂α2(x)+δ

(
α1(ϕf (x, t)),−t

)
,

for x ∈ G \ {0}, where β̂z is as in Lemma 32. We have by
Lemma 33 that

α1(x) ≤ V (x) ≤ α2(x), ∀x ∈ G,

V
(
ϕf (x, t)

)
≤ β

(
V (x), t

)
, ∀t ≥ 0.

To show that V is continuous, fix an arbitrary compact subset
K ⊆ G \ {0}, and define a := maxx∈K α2(x) + δ. Then, we
have by Lemma 32 (iv) that

β̂α2(x)+δ

(
α1(ϕf (x, t)),−t

)
= β̂a

(
α1(ϕf (x, t)),−t

)
,

for all x ∈ K and t ∈ [0, Tf (x)), and therefore

V (x) = sup
t∈[0,Tf (x))

β̂a

(
α1(ϕf (x, t)),−t

)
, ∀x ∈ K.

Here, by joint continuity of ϕf and β, and continuity of
α1, for any x ∈ K and ϵ > 0 there exists δ1 such that
max{∥x− y∥2 , |s− t|} < δ1 implies∣∣∣β̂a

(
α1(ϕf (x, s)),−s

)
− β̂a

(
α1(ϕf (y, t)),−t

)∣∣∣ < ϵ,

for y ∈ K, s < Tf (x) and t < Tf (y). Now suppose without
loss of generality that Tf (x) ≤ Tf (y). If ∥x− y∥2 < δ1, then

β̂a

(
α1(ϕf (y, t)),−t

)
− V (x)

≤ β̂a

(
α1(ϕf (y, t)),−t

)
− β̂a

(
α1(ϕf (x, t)),−t

)
< ϵ,

for all t < Tf (x). If Tf (x) is infinite, this implies V (y) −
V (x) < ϵ. If Tf (x) is finite, then we also require the inequality
to hold for t ∈ [Tf (x), Tf (y)). In this case, by continuity of Tf ,
there exists δ2 > 0 such that ∥x− y∥2 < δ2 implies |Tf (y)−
Tf (x)| < δ1 for all y ∈ K. Hence ∥x− y∥2 < min{δ1, δ2}
implies

β̂a

(
α1(ϕf (y, t)),−t

)
− V (x)

≤ β̂a

(
α1(ϕf (y, t)),−t

)
− β̂a

(
α1(ϕf (x, t−min{δ1, t})),−[t−min{δ1, t}]

)
< ϵ,
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for all t ∈ [Tf (x), Tf (y)) — likewise implying V (y) −
V (x) < ϵ. By similar reasoning, we can show that ∥x− y∥2 <
min{δ1, δ2} also implies V (x) − V (y) < ϵ. We conclude
that V is continuous on K. Since this holds for any compact
subset K ⊆ G \ {0}, it follows that V is continuous on
G \ {0}. Continuity of V at the origin follows from the
fact that V (x) ≤ α2(x) and continuity of α2(x), noting that
V (0) := 0 = α2(0). Finally, since V

(
ϕf (x, t)

)
≤ β

(
V (x), t

)
,

it follows by the converse comparison principle (Lemma 18)
that V̇ (x) ≤ ρ(V (x)) for all x ∈ G.

B. Proof of Theorem. 20

Although Thm. 19 shows that, for β monotonically decreas-
ing, β-stability implies existence of a continuous Lyapunov
function satisfying V̇ (x) := D+

t V (ϕf (x, t))|t=0 ≤ ρ(V (x)),
testing this condition still requires knowledge of the solution
map, ϕf (x, t). Therefore, the following lemma provides a
necessary Lyapunov condition which can be tested without
knowledge of the solution map, showing that if f and β are
also locally Lipschitz continuous, then for any ϵ ∈ (0, 1), there
exists a locally Lipschitz Lyapunov function that satisfies the
weakened condition ∇V (x)T f(x) ≤ (1− ϵ)ρ(V (x)).

Theorem 20: For Ω ⊆ Rn and f : Ω → Rn with f(0) = 0,
let G ⊆ Ω be forward invariant, and α1, α2 : G → R+

be continuous. For ρ : R+ → R continuous on (0,∞), let
β be the unique continuous function satisfying β(y, 0) = y
and ∂tβ(y, t) = ρ(β(y, t)). Suppose further that α1 is positive
definite and coercive, β(y, t) is monotonically decreasing in
t for y > 0, and that f , α1, and β are locally Lipschitz
continuous.

If f is β-stable on G with respect to α1, α2, then for every
ϵ ∈ (0, 1) there exists a continuous function Vϵ : G → R+

which is locally Lipschitz continuous and differentiable almost
everywhere on G \ {0} and satisfies

α1(x) ≤ Vϵ(x) ≤ α2(x), ∀x ∈ G,

∇Vϵ(x)
T f(x) ≤ (1− ϵ)ρ(Vϵ(x)), for a.e. x ∈ G.

Proof: Suppose f is β-stable on G, and fix arbitrary ϵ ∈
(0, 1). Since β(y, t) is decreasing in t, it follows that f is also
β̃-stable on G with β̃(y, t) = β(y, [1− ϵ]t). Defining Vϵ : G →
R+ as Vϵ(0) := 0 and (for any δ > 0)

Vϵ(x) := sup
t∈[0,Tf (x))

β̂α2(x)+δ

(
α1(ϕf (x, t)),−[1− ϵ]t

)
,

for x ∈ G \ {0}, where β̂z is as in Lemma 32 and Tf (x) :=
sup{t ≥ 0 | α1(ϕf (x, t)) > 0}, we then have by Thm. 19 that
for all x ∈ G,

α1(x) ≤ Vϵ(x) ≤ α2(x), and V̇ϵ(x) ≤ (1− ϵ)ρ
(
Vϵ(x)

)
,

where V̇ϵ(x) := D+
t V (ϕf (x, t))|t=0. If Vϵ is locally Lipschitz

continuous on G \ {0}, it follows by Rademacher’s theorem
that Vϵ(x) is differentiable for almost every x ∈ G, and hence
satisfies ∇Vϵ(x)

T f(x) = V̇ϵ(x) ≤ (1 − ϵ)ρ(Vϵ(x)) for all
those x. It remains only to prove, therefore, that Vϵ is locally
Lipschitz continuous on G \ {0}.

First, since f is locally Lipschitz continuous at 0, and α1 is
positive definite, Tf (x) = ∞ for x ̸= 0 (vector fields which
are Lipschitz at 0 cannot be finite-time stable), whence

Vϵ(x) := sup
t∈[0,∞)

β̂α2(x)+δ

(
α1(ϕf (x, t)),−[1− ϵ]t

)
.

Now, to show that Vϵ is locally Lipschitz continuous on G\{0},
we first prove that the supremum defining Vϵ is achieved in
finite time. For this, note that by β-stability of f , we have
α1(ϕf (x, t)) ≤ β(α2(x), t), and therefore (using Lemma 32)

β̂α2(x)+δ

(
α1(ϕf (x, t)),−[1− ϵ]t

)
≤ β̂α2(x)+δ

(
β(α2(x), t),−[1− ϵ]t

)
= β

(
α2(x), ϵt

)
,

for all x ∈ G \ {0} and t ≥ 0. As in the proof of
Lemma 32, since β(y, t) is monotonically decreasing in t, for
any z > 0, β(z, ·) has a monotonically decreasing inverse,
µ(z, ·), whence for any x ∈ G\{0} there exists a time τ(x) =
1
ϵµ(α2(x), α1(x)) > 0 such that β

(
α2(x), ϵτ(x)

)
= α1(x).

Continuity of τ(x) follows from continuity of β, α1, and α2.
Furthermore, for t ≥ τ(x), we then have

β̂α2(x)+δ

(
α1(ϕf (x, t)),−[1− ϵ]t

)
≤ β

(
α2(x), ϵt

)
≤ α1(x) ≤ sup

t∈[0,τ(x)]

β̂α2(x)+δ

(
α1(ϕf (x, t)),−[1− ϵ]t

)
,

which implies that

Vϵ(x) = sup
t∈[0,τ(x)]

β̂α2(x)+δ

(
α1(ϕf (x, t)),−[1− ϵ]t

)
.

We now further simplify Vϵ by restriction to a compact set.
Specifically, for any compact set K ⊆ G \ {0}, define τK :=
maxx∈K τ(x) < ∞. Then, for any x ∈ K, we have

Vϵ(x) = sup
t∈[0,τK ]

β̂α2(x)+δ

(
α1(ϕf (x, t)),−[1− ϵ]t

)
.

Furthermore, defining a := maxx∈K α2(x) + δ, we have by
Lemma 32 (iv) that βα2(x)+δ(y, t) = βa(y, t) for all y ∈
(0, α2(x)] and x ∈ K. Since α1(ϕf (x, t)) ∈ (0, α2(x)] for
all t ∈ [0, τK ], we can further simplify Vϵ as

Vϵ(x) = sup
t∈[0,τK ]

β̂a

(
α1(ϕf (x, t)),−[1− ϵ]t

)
.

Having obtained this simplified version of Vϵ on a compact
set, K, we now establish local Lipschitz continuity of Vϵ using
Lipschitz continuity of ϕf , α and β.

First, define c := minx∈K,t∈[0,τK ] α1(ϕf (x, t)), where the
minimum exists by compactness of K and continuity of ϕf

and α1. Since 0 /∈ K and α1 is positive definite, we have
α1(ϕf (x, t)) > 0 for all x ∈ K and t ∈ [0, τK ], whence c > 0.
Since α1 is continuous and α1(0) = 0, there then exists δ1 > 0
such that ∥x∥2 ≤ δ1 implies α1(x) < c. Similarly, since α1 is
coercive and continuous, there exists δ2 > 0 such that ∥x∥2 ≥
δ2 implies α(x) > a. Since 0 < α1(ϕf (x, t)) < a for all x ∈ K
and t ∈ [0, τK ], it follows that δ1 < ∥ϕf (x, t)∥2 < δ2 for all
x ∈ K and t ∈ [0, τK ].

Now, since f is locally Lipschitz continuous, f is uniformly
Lipschitz continuous on U := {x ∈ G | δ1 < ∥x∥2 < δ2}, and
it follows (by e.g. Thm. 3.4 in [29]) that there exists L1 ≥ 0
such that

∥ϕf (x1, t)− ϕf (x2, t)∥2 ≤ L1 ∥x1 − x2∥2 ,
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for all x1, x2 ∈ K and t ∈ [0, τK ].
Having established a Lipschitz bound on ϕf , Lipschitz

continuity of α1 implies a similar bound L2 ≥ 0 where∣∣α1

(
ϕf (x1, t)

)
− α1

(
ϕf (x2, t)

)∣∣ ≤ L2 ∥x1 − x2∥2 , (⋆)

for all x1, x2 ∈ K and t ∈ [0, τK ]. As before, 0 ̸∈ K with
K compact imply existence of 0 < γ1, γ2 < a such that γ1 ≤
α1(ϕf (x, t)) ≤ γ2 for all x ∈ K and t ∈ [0, τK ]

Finally, since β is locally Lipschitz continuous, β(y, t) is
uniformly Lipschitz continuous in y ∈ [γ1, γ2] for any t ∈
[0, τK ], and therefore β̂a(y,−[1 − ϵ]t) is uniformly Lipschitz
continuous in y ∈ [γ1, γ2] for t ∈ [0, τK ]. Combining with (⋆),
we conclude the existence of L ≥ 0 such that∣∣β̂a

(
α1

(
ϕf (x1, t)

)
,−[1− ϵ]t

)
− β̂a

(
α2

(
ϕf (x2, t)

)
,−[1− ϵ]t

)∣∣
≤ L ∥x1 − x2∥2 ,

for all x1, x2 ∈ K and t ∈ [0, τK ]. It follows that

β̂a

(
α1(ϕf (x2, t)),−[1− ϵ]t

)
≤ β̂a

(
α1(ϕf (x1, t)),−[1− ϵ]t

)
+ L ∥x1 − x2∥2

≤ Vϵ(x1) + L ∥x1 − x2∥2 ,

for all x1, x2 ∈ K and t ∈ [0, τK ], and therefore

Vϵ(x2) = sup
t∈[0,τK ]

β̂a

(
α1(ϕf (x2, t)),−[1− ϵ]t

)
≤ Vϵ(x1) + L ∥x1 − x2∥2 .

Since x1, x2 are arbitrary, we likewise have Vϵ(x1) ≤ Vϵ(x2)+
L ∥x1 − x2∥2. Hence

|Vϵ(x1)− Vϵ(x2)| ≤ L ∥x1 − x2∥2 , ∀x1, x2 ∈ K.

Since K ⊆ G \ {0} is an arbitrary compact set, we conclude
that Vϵ is locally Lipschitz continuous on G \ {0}.
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