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Bounding the Error of Value Functions in Sobolev Norm Yields
Bounds on Suboptimality of Controller Performance

Morgan Jones, Matthew M. Peet

Abstract—Optimal feedback controllers for nonlinear systems
can be derived by solving the Hamilton-Jacobi-Bellman (HJB)
equation. However, because the HJB equation is a nonlinear
partial differential equation, numerical methods typically provide
only approximate solutions. While numerical error bounds on
approximate HJB solutions are often available, these bounds do
not necessarily translate into guarantees on the suboptimality
of the resulting controllers. In this paper, we establish that
the suboptimality of the resulting controller is bounded by the
L°° norm of the HJB residual, which is, in turn, bounded by
numerical error in the value function as measured in the Sobolev
W12 norm. This implies that convergence of value functions in
W1°° result in controllers that yield a cost that is arbitrarily
close to the true minimum. In contrast, we demonstrate that such
guarantees do not hold when the value function error is measured
in weaker norms, such as the Sobolev W'? norm for finite p.
These results apply to systems governed by Lipschitz continuous
dynamics over a finite time horizon with compact input space.

I. INTRODUCTION

Consider finite horizon Optimal Control Problems (OCPs)
in continuous time. The objective of an OCP is to determine
an input that guides the system dynamics to minimize a given
cost function over a specified time horizon. Arguably one of
the most popular approaches for solving OCPs is Dynamic
Programming (DP), which requires solution of the Hamilton-
Jacobi-Bellman (HJB) Partial Differential Equation (PDE).
The solution of the HIB PDE, known as the Value Function
(VF), is then used to design an optimal controller.

Unfortunately, solving the HIB PDE is notoriously diffi-
cult. In general, the HIB PDE does not typically possess a
classical smooth solution, and it wasn’t until the 1980s that
a suitable alternative, known as the viscosity solution, was
introduced [1]. To approximate this viscosity solution/value
function, several classes of numerical methods have been
developed. Such methods include the (mixed) finite elements
approach [2] for which one may obtain an approximate VF
with error bound in terms of the first order mixed L? norm
(assuming the Cordes condition holds). Other examples of this
class of methods includes discretization approaches such as [3]
or [4], which yield an approximate VF with an L*° error
bound — a bound which convergse as the level of discretization
increases. Semi-Lagrangian (SL) methods [5] approximate the
solution by discretizing the OCP directly, rather than using
finite difference approximations of the HIB PDE derivatives.
SL methods synthesize feedback controls via a discrete-time
lookahead procedure, distinct from the standard instantaneous
feedback policy used in continuous control considered in
this paper, see Eq. (4). While bounds on the local one-step
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optimality gap can be derived for SL schemes under certain
assumptions (see Chapter 8 in [5]), these cannot be used in the
context of continuous-time controllers/policies defined over
the entire trajectory (as in Theorem 1 from this paper). Alter-
native notable numerical HIB PDE solution schemes include
the method of characteristics [6], max-plus methods [7], grid
based methods [8], [9], Neural Network methods [10], [11],
policy iteration [12], [13] and value iteration [14].

An important emerging field for approximately solving
the HIB PDE is that of Physics Informed Neural Networks
(PINNS) [15]-[17]. In this class of methods, a neural network
is used to parameterize solutions of HIB PDE and the residual,
as evaluated at collocation (training data) points, is minimized.
However, as shown in [18], minimizing the Euclidean norm
of the HIB residual may result in PINN methods failing to
converge to the VE. We show, minimizing the HIB residual
in the L* norm does yield controllers with arbitrarily good
performance, however, we also show that even if a method
converges to the VF in some sense, such as in the WP norm
for finite p < oo, this may result in a controller with poor
performance no matter how tight the VF approximation is,
unless p = oo. This is illustrated in Example 2 from Section V.

While the use of approximate VFs to construct controllers
has been studied, such controllers typically: apply only to
OCPs with specific structure (e.g. affine in input [19]); do not
have associated performance bounds; and/or have conservative
assumptions like the differentiability of the VF [10], [20]-
[23]. The work of [24] does provide a performance bound
but requires the assumption that there exists a transformation
that linearizes the HJIB PDE. Alternatively [25] proposes a
bilinear SOS optimization framework without any convergence
guarantees. The SOS and moment based approaches [26]-
[28] yield controllers that converge to optimal performance
under specific assumptions, however, this convergence is not
related to VF approximation. By contrast, the results of this
paper provide a general performance bound independent of the
approach used to approximate the VF.

For discrete time OCPs over infinite time horizons it has
been shown in Proposition 6.1 from [29] (and also presented
in [30]) that if a function J, is e-close to the true VF under
the uniform norm, then the sub-optimality of the controller
synthesized using J is bounded by 2az/(1 — «), where o > 0
is the discount factor of the OCP. In this paper we seek to
derive an analogous result for the optimality gap of controllers
synthesized using approximate VFs for continuous time OCPs
over finite time horizons. The main result of the paper, given
in Theorem 1, shows that controller performance is bounded
by Ce where € > 0 is the VF approximation error in the
W12 norm and C > 0 is a known constant depending on the
problem data.
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Notation: For z € R™ we denote the Euclidean norm by
llzlle = \/>ij2? For r > 0 and 2 € R™ we denote
the open ball B,(z) = {y € R" : ||z —y|2 < 7} and
closed ball B.(z) := {y € R* : |z — y|l2 < r}. For
p € [l,00) we denote the set of p-integrable functions by
Lr(Q) == {f : @ — R measurable : [, |f[? < oo}, in the
case p = oo we denote L>°(2) := {f : Q@ — R measurable :
esssup,cq | f(x)| < oo}. We use the notation a.e to mean
almost everywhere, meaning the set in which a property does
not hold has measure zero. For o € N™ we denote the partial
derivative D f(z) := TI7_, &~ Zf( ). Let C(Q,0), AC(Q,0)
and Lip(, ©) be the set of continuous, absolutely continuous
and uniformly Lipschitz continuous functions respectively
with domain @ C R™ and image © C R". We denote the
set of i continuously differentiable functions by C*(Q2, ©) :=
{f€eC(Q,0):D*f € C(Q,0) forall « € N*, |af; <
i}. For k € N and 1 < p < oo we denote the Sobolev space
of functions with weak derivatives by W*?(Q) := {u €
LP(Q)) : D*u € LP(Q) for all @« € N, |lal|ec < k}. For

u € WHEP(Q) we denote the Sobolev norm |[u/[ys.r(q) =
1

(Z\a|<k Jo D u(z |pd$)
2 al<k €8 SuP e {[Du(z)[} if p = oo.
k = 0 we have WOJ’(Q) LP(Q) and thus we use the
notation || - || s (o) = || [wo.r(q). For Ve C*(R x R",R)
we denote V,V := (42, ..., afv )T. For a function u €
C(Q,R) and » € Q C RY we define the super/sub differential

u(y) —u(z) —p'(y — ) <0} .

if 1<p<oo In the case

sets
D+u(x)::{p € RY: limsup

Y=,y €N ly — |
— —pT(y =
D u(x):= {pERN lim inf uly) —u(@) =p (y=2) 20}.
y—z,yc ‘y — :L'|

We denote the union of super/sub differential sets as
D*u(z) = DYu(z)UD~u(z). For u € Lip(Q, R), we define
the Clarke generalized gradtent at z € 0 as

ho) —
dcu(z) :={p €R™:p v < limsup uly +hv) — uly)
y—x,hl0 h

for v € R"}.

For functions J over R x R", elements (p,q) € DT J(t,z)
or (p,q) € dcJ(t,x) explicitly separate the time differential
p € R from the spatial differential ¢ € R".

II. OPTIMAL CONTROL PROBLEMS

Consider the following family of Optimal Control Problems
(OCPs), each initialized by (to,xo) € [0,T] x R™,

T
V*(to, o) := igf/ c(t, z(t), u(t))dt + g(z(T)) subject to:

2lto) =20, () = F(t () u(®)) for L€ [0, T, (1)
u: [t(),T] —

R™ is a measurable function,
u(t) € U for all t € [ty, T1,

where ¢ : RxR"XR™ - R, g: R" = R, f: RXR"XR™ —
R™ U C R™, and T > 0. Each OCP (1) is associated with a
tuple {c, g, f, U, T}. A measurable function, u : [tg, T] — R™,
is an admissible input for OCP (1) if u(t) € U. We refer to

V*, defined in Eq. (1), as the Value Function (VF) of the OCP.
Throughout this paper we consider the following standard class
of OCPs for which it can be shown that the VF is Lipschitz
continuous and solution maps exist.

Definition 1. We say OCP (1) corresponding to tuple
{c,q, [,U,T} is class L if the following hold:

1) U CR™ is a compact set.

2) f, cand g are uniformly Lipschitz continuous in the state
variable and uniformly continuous in the time and input
variable. Specifically, there exist ay,a.,0q > 0 such
that || £(t, 2, w)— £ (t,y,u) l2 < oy [a—ylla, le(t, 2, u)-
c(t,y,u)ll2 < aclle—yllz and ||lg(x) —g(y)ll2 < aglz—
yll2 for all z,y € R™, t € [0,T] and u € U.

3) f, ¢ and g are bounded by O(||x||2). Specifically, there
exists By, Be,Bg > 0 such that || f(t,z,u)|2 < Br(1+
lell2), lle(t,a,u)lls < Bo(1 + fialls) and lg(@)]l2 <
Bg(1+ ||z||2) for all z € R™, t € [0,T] and u € U.

Solution Map. Under the first two items of Definition 1,
standard global existence and uniqueness theorems (see, e.g.,
[31, Thm. 3.2]) guarantee that for any initial condition (to, )
and any admissible input, the initial value problem &(t) =
flt,xz(t),u(t)), x(to) = zo admits a unique absolutely
continuous solution defined on the interval [tg, T]. We denote
this unique trajectory by x4, (), and refer to the mapping
(u, o) > Ty,z, as the solution map of the system.

Definition 2 (Admissible & Optimal Controller). Given an
OCP (1), we say a measurable function 7(t,x) is an admissi-
ble controller for the OCP if, for any (to,z¢) € [0,T] x R",

(t) = f(t,x(t),n(t,z(t)), =(to) = w0,

has a unique solution and n(t,z(t)) € U for all t € [to, T).
For ty = 0, we denote the corresponding admissible input as
Ur 4o (1) = 7(t, x(t)). Furthermore, an admissible controller,
m, is optimal if ur 4, solves OCP (1) with ty = 0.

The Dynamic Programming (DP) method allows one to
obtain an optimal controller by solving HIB PDE:

0 . _
aV(t,x) + JrelfU {H(t,z,u,V,V(t,x))} =0

for all (¢t,z) € [0,T] x R", (2)
V(T,z) =g(z) forall z € R",

where we define the Hamiltonian as
H(t,z,u,q) :=c(t,x,u) + qTf(t7 Z,u). 3)

Given a differentiable solution to the HIB PDE (2), V*,
an optimal controller may be constructed by minimizing the
Hamiltonian [6]:

m*(t,x) € arg in[fjH(t,x,u, V. V*(t, x)). 4)
ue

Note, the HIB PDE may not possess a classical differ-
entiable solution. However, it can be shown under mild as-
sumptions that the HIB PDE will always admit a “viscosity
solution” — See, e.g. [1]. Furthermore, for class L (Defn. 1)
OCPs, it can be shown that the VF (as defined in Eq. (1))
is the unique viscosity solution of the HIB PDE (2) and is
Lipschitz continuous.
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Lemma 1 (Page 555 [32]). Suppose tuple {c,g, f,U,T} de-
fines an OCP of class L (Defn. 1). Then V* : [0, T] xR™ — R,
as defined in Eq. (1), is the unique viscosity solution of the
HJB PDE (2) and V* € Lip([0,T] x R™,R).

Eq. (4) can be used to determine the value of the optimal
controller, 7*(¢, ), at points where V,V*(t,x) exists. Fur-
thermore, Lemma 1 implies that for class L (Defn. 1) OCPs,
V* is Lipschitz continuous and hence differentiable almost
everywhere. Unfortunately, however, segments of the optimal
closed-loop trajectory may coincide with the measure zero
regions of state space in which V* is not differentiable . In
such cases, we consider the approach used in [33] to define
sub/super differentials (D*) of V* at these points.

Definition 3. Suppose OCP (1) is class L (Defn. 1). We say a
function J € Lip([0,T] x R™,R) is an admissible candidate
value function of OCP (1) if
1) DEJ(t,x) = dcJ(t,z) for all (t,z) € [0,T] x R™.
2) There exists an admissible controller wy : [0, T] X R™ —
U and measurable functions (pj(t,z),q;(t,z)) €
D*J(t,x) such that

(pJ(t7$)7 qJ(t7x)77TJ(tﬂ ‘r))

€ arg inf + H(t,z,u,
s 2 PR

forall (t,x) € [0,T] xR", (5)
where H is given in Eq. (3).

The use of sub/super differentials in defining the controller
w7, as in Definition 3, will allow us to extend the applicability
of the main result given in Theorem 1 to OCPs where the VF is
only Lipschitz continuous and not continuously differentiable.
However, this definition requires that the union of sub- and
superdifferentials of the candidate VF coincide with the Clarke
generalised gradient. This condition is automatically satisfied
when J is continuously differentiable, since D¥J(t,z) =
OcJ(t,z) = {VJ(t,z)} (Lemma 1.8 in [34], Theorem 10.8
in [35]). Examples of non-differentiable admissible candidate
value functions include ridges or valleys — e.g. J(x) = |z| or
J(x) = —|x|, for which D¥J(t,z) = dcJ(t,x) = [-1,1].

More generally, semiconcave and semiconvex functions are
admissible (Prop. 4.7 in [34]), a class that includes VFs
arising from a wide range of optimal control problems (see
Chapter 4.2 in [34]). Examples of non-admissible candidate
value functions (where D*.J # 0¢.J) include functions with
saddle points (e.g., J(t,z) = |z1 — t| — |x2 — t|, where
D*J(t,[t,t]") = () and functions with singular oscillations
such as J(x) = 2%/2sin(1/y/x) — for which D*.J(0) = {0}
but 9-J(0) = [—1,1] (see Exercise 13.10 in [35]).

III. A PERFORMANCE BOUND ON CONTROLLERS
CONSTRUCTED USING APPROXIMATE VALUE FUNCTIONS

Having defined classes of admissible candidate VFs, we
may now proceed to the main result of the paper. Of course,
given an OCP, if a viscosity solution, V* to the HIB PDE (2)
is known, an admissible controller can be verified as optimal
using [33, Thm. 3.5]. However, finding a HIB PDE viscosity
solution is challenging and hence we consider the case where

a function, J, is obtained which is close to V* with respect to
some norm, X —i.e. ||J — V*||x < e, but does not necessarily
satisfy the HIB PDE. This naturally raises the question: how
well does a controller constructed from an approximate VF
perform and does the choice of approximation norm matter?

To formalize this analysis, then, we first define the optimal-
ity gap (loss) of an initial condition, zy and admissible input,
u, associated with an OCP (1) with t; = 0:

L(u, o) := (6)

T
/0 (5 T (3), u(3))ds + (o (T)) — V*(0, 20),

where V* is the VF of the OCP. Clearly, L(u,xq) > 0 for
any admissible u.

Given any admissible candidate value function, J, we may
define an associated admissible controller, 7 s, as in Eq. (5)
(or equivalently Eq. (4) if J is differentiable). Our goal is
then to bound the optimality gap L(ur, 4,,%0) in terms of
[V* = Jllw.e ([0, xr)> Where V* is the true VF of the OCP.
This result can be stated as follows (with proof deferred).

Theorem 1. Suppose the OCP (1) corresponding to tuple
{¢c,q, [,U,T} is of class L (Defn. 1), and denote the associ-
ated value function by V*. Let J be an admissible candidate
value function (Definition 3), with associated admissible input
Ur; zo- Then for any xo € R™, we have

L(tryzo: 20) < ClT =V {lwiqo,7)xBr(0)), (D
where C' :=2max{1,T,T3;(1+ R)}, ®)

L (the loss) is defined in Eq. (6), R := (1+ onHg)eﬁfT -1,
and [y is as in Defn. 1.

To establish Theorem 1, we first show that for any candidate
value function there is an associated OCP for which the
resulting admissible controller is optimal.

Lemma 2. Consider OCP (1) with tuple {c,g, f,U,T}. For
any admissible candidate value function J (Definition 3),
suppose Ty satisfies Eq. (5). Then 7y is optimal for the OCP
defined by the tuple {¢, g, f,U, T}, where
5(t,:c,u) = C(tvxau) 7EJ(tax)7 g([ﬂ) = J(T7:C)7 &)
- ; T

E;(t,z) = (p’q)u)eg)rifJ(t)x)XU{p +c(t,z,u)+q' f(t,x,u)}.
Proof. For any admissible input u 0, 7] — U,
let us denote the associated cost as Wu(to, xg) =
St &ty g (8), w(t))dt + §(@0,00 (T)). We show 75 is op-
timal by showing that

1) J(0,z9) < Vi/u(O, xo) for any admissible input, w.

2) J(0,20) = W, ., (0,20).

To begin, consider (m7,ps,qs) satisfying Eq. (5). Then
(ps(t,x),qs(t,x)) € DFJ(t,x) for all (t,x) € [0,T] x R"
and we have

py(t,x) + igg{é(t,w,u) +qr(t, )T f(t,z,u)}
= HelfU{pJ(tvx) + C(t,.]j, u) + QJ(ta'r)Tf(ta l‘,u)}—EJ(t,l')
= inf t TF( — Ey(t

et Bt et w) +a [tz u)t = Byt )
= EJ(t,fE) - EJ(t,fE) =0.

(10)
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Now, for any admissible input, u, x, », is absolutely con-
tinuous which implies by Lemma 5 (found in the appendix)
that £ J(t, Tuwe(t)) = p+ q" f(t, Tua(t),u(t) ae for
t € [0,7] and for any (p,q) € D*J(t, 2y ..,(t)). Since
(Pr(t, Tu o (1), 7 (t, Tuz (1)) € DEI(E, T4y 2y (), We have

Tt o (1))

7 an

(t))
) +qy (t, Lu,zqo (t))Tf
u(t)) ae t €[0,7).

(t, Lu,zq (t), U)}
= —¢(t, Tumo (1),

Where the last equality follows from Eq. (10). Integrating
Eq. (11) over [0,7] and using J(T,z) = g(z) we deduce
J(0,20) < W,(0,z0) for any admissible input.

Now consider the admissible input, ., obtained from
the candidate value function J and associated controller, 7 ;.
To reduce notational complexity we denote the trajectory
associated with this input, ., ", as 2 . Then, by Eq. (10)
and since it follows from Eq. (5) that the infimum in Eq. (10)
is attained by Uy, ,, we have

Pyt 2y (t)) + e(t, 25 (1), tm, a0 (1))
+ qJ(t7 xJ(t))Tf(t7 xJ(t)7 U y,@0 (t))
=p(t,z;s(t)+

1nf {c(t xy(t), v)} =0,

Eq. (11), J(t zy(t)) =
We conclude by integrating that

0) 4+ q(tzs () f(t(t),

and hence as per
—C(t, 2 (1), Uy 2 (1))

J(0,29) = W, . (0,70) — establishing that the associated
control 7y is optimal. O

Before deriving our controller performance bound (given in
Theorem 1) we next prove E;, as defined in Eq. (9), is lower-
semi continuous for any admissible candidate value function,
J — allowing us to apply Lemma 4 (found in the appendix).

Lemma 3. Consider OCP (1) with tuple {c,g,f,U,T}.
Let J be an admissible candidate value function (Defini-
tion 3), then E(t,x) := inf (), ¢ wye D+ s(t0)xv ip+c(t, T, u)+
q" f(t,z,u)} is lower semi-continuous.

Proof. To show E; is lower semi-continuous, we show that for
any bounded sequence (t,,x,) — (t,z), we have E;(t,z) <
hm 1nf Ej(tn,xn).

Flrst by definition of liminf there exists a subse-
quence {tn,,Zn, tr such that limg o0 Ej(tn,,2n,) =
liminf, o Ej(t,,z,). Now, for each k in the subsequence,
let {pk,qr,ur} be the sequence of associated minimizers so
that: EJ (tn;€ 5 xnk) = Pk + H(tnk s Ty, s Uk Qk),
where H is given in Eq. (3). Let L; be a uniform Lips-
chitz constant for J € Lip([0,7] x R™ /R). It follows that
dcJ(t,x) C Br,(0) for (t,x) € [0,T] x R" (See, e.g. [35]
(Prop 10.5)). Since (pk,qr,ur) € DFJ(tn,,xn,) x U =

OcJ (tn,,n, ) xU C Br,(0) x U for all k, and both Bz, (0)
and U are compact, the sequence {pg,qx,ur} is uniformly
bounded. We now, using the Bolzano—Weierstrass theorem, ex-
tract a convergent subsequence {px;, qx;, ur, } of {Pk, qr, ur}
where lim; oo (pr;, qr;, ur;) — (p*, ¢, u*). Because U is
closed we get v* € U and Prop. 10.10 in [35] implies
(p*,q*) € DcJ(t, x).
By the continuity of the Hamiltonian H:

]gnolo(pk] + H(tnkja‘rnkjaukj7qk’j)) = p* + H(taI7U*7q*)'

Hence,

liminf E;(t,, x,) =

lim Ej(ty,,Tn,) = Um Ej(tn, ,Tn, )
n—00 — o0 J J

j—oo
= jE}HOIO(pk] + H(tnkj b xnkj b uk:]'7qkj))
= P* + H(t7x7U*a q*)

Since (p*,q*,u*) € dcJ(t,x) x U =
any (t,z), by definition of E},

D*J(t,z) x U, for

E;(t,z) <p"+ H(t,z,u",q") = liminf E;(t,, z,).

n—oQ

O

We now bound the optimality gap of using a con-
troller/policy synthesized from an approximated VF based on
the HIB PDE residual error.

Proposition 1. Suppose the OCP (1) corresponding to tuple
{c,q,[,UT} is of class L (Defn. 1). Then for any any
admissible candidate value function J (Definition 3) with
associated admissible controller, mj Eq. (5), we have that

L(tr, .z, T0) < 2181 + 202, (12)

0

dp = esssup —J(t,x) + inf {H(t,z,u, V. J(t,z))},

2€Br(0),te[0,1] | Ot uelU
52 = esssup |J(T,z) — g(a)],

z€BR(0)

where L (the loss) is defined in Eq. (6), R = (1 +
llzoll2)e?’T — 1 and By is as in Defn. 1.

Note: J is Lipschitz so the derivatives, atJ (t,z) and V.. J,

in d; are defined a.e and hence the esssup is well-defined.

Proof. By Lemma 2 we have that u,, ,, solves the OCP
associated with tuple {¢, g, f,U, T}, where ¢ and § are de-
fined in terms of E; as in Eq. (9). Denoting its associated
trajectory simply as x; (rather than Tur ) uo .z0)» We have for
any admissible input u : [0,7] — U that

T
/0 &5, 2.5(5), iy o (5))ds + 3(s(T))  (13)
< [ s (9.0l + (T

By substituting ¢(¢, z,u) = ¢(t,z,u) — Ey(t,z) and g(x) =
J(T, z) into Inequality (13) and re-arranging terms, we have
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T
/0 c(s,27(8), Ur, 0 (5))ds + g(x s (T)) (14)

T
_/(; C(S Ty Lo( ) ( ))ds_ (xu,uLo(T))

§/0 Ej(s,zy(s)) —

+9(zs(T)) = J(T,2,(T))
+ J (T, 2,20 (T)) — 9(@u,20(T))
< Tesssup{|E;(s,x5(5)) — Ej(5, Tuz,(5))[}

s€[0,T]
J(T,y)|}

+2 sup {lg(y) —
yEBR(0)
< 2T esssup {|E;(s,y)[} + 2esssup{|g(y) — J (T’ y)|}.
(5,9)€[0,T]x Br(0) y€BR(0)

Here the first inequality is simply Eq. (13). To establish the
second inequality, we bound the integral using the monotonic-
ity of the Lebesgue integral (Holder’s inequality). This oper-
ation is well-defined because the mapping t — E;(t,x(t)) is
measurable, which follows automatically from the fact that F 5
is lower semi-continuous (Lemma 3) and the trajectories are
absolutely continuous. Furthermore, the essential supremum
is finite because F; is bounded, a direct consequence of the
uniform boundedness of the Clarke generalized derivatives due
to the Lipschitz continuity of J (Prop 10.5 [35]). The third
inequality relaxes the bound by taking the supremum over a
fixed spatial domain rather than the specific trajectories. This is
done through the use of Lemma 4 (found in the appendix) and
because ¥, (t) is contained within the closure of Bg(0) for
all t € [0,7] and any admissible input u : [0,7] — U (since
under Defn. 1 ||z 4, (t)]l2 < (1+ ||lzoll2)e? T —1 for all t €
[0, T] by the Gronwall Bellman inequality, see [36]). Further-
more, since V* and J are continuous, their essential supremum
over Bgr(0) coincides with the standard supremum.

Since J is Lipschitz continuous, it is differentiable almost
everywhere by Rademacher’s theorem, and hence,

Ej(8, Tuz(8))ds

E;(t,x) = aJ(t,x) + irelfUH(t,x,u,VxJ(t,x)) (15)
for (¢t,2) € [0,T] x Br(0) a.e
implying 6, = esssup {|E;(s,y)}. (16)

(5,9)€[0,T]x Br(0)
Finally, since Inequality (14) holds for all admissible u, taking
the supremum over u and recognizing that the infimum with
respect to admissible inputs of the cost yields the optimal value
function V*(0,z¢), we obtain Eq. (12) as required. O]
We next obtain a bound on the optimality gap by connecting
the HJB residual to the Sobolev approximation error between
the candidate and true VF. This constitutes the paper’s main
result, previously stated in Theorem 1.
Proof of Theorem 1. Throughout this proof we denote the set
of points where a Lipschitz function, W € Lip([0, T]xR",R),
is differentiable by,
Sw:={(t,x) €[0,T] x Br(0): W is differentiable at (¢, x)}.
From Prop. 1, Eq. (16) and V*(T, z) = g(«) it follows that
L(tr, 5o, T0) < 2T esssup {|E;(s,y)|} (17
(5,9)€[0,T]x Br(0)

+ 2esssup{|V*(T,y) —
yEBR(0)

J(T,y)l}-

We now split the remainder of the proof into three parts. In
Part 1, we derive an upper bound for E;(s,y). In Part 2, we
find a lower bound for E;(s,y). In Part 3 we combine these
to bound ess sup(, 40, 7]x Br(0)11£7(s,y)[} in Eq. (17) and
hence obtain Eq. (7) to complete the proof.

Part 1 of Proof: For each (s,y) € Sy~NS; consider any

kiy € arg f {H(s,y,u, VoV (s,9))} -

Such a £k, exists for each fixed (s,y) € Sy«NS; by the
extreme value theorem'. It follows from Eq. (15) that

0 .
EJ(Svy) = %J(Say) + U%IelfUH(sayauvsz(&y))

0

< %J(S,y) + H(s,y,k; s Vil (s,9))
Moreover, since V* is the viscosity solution to the HIB

PDE by Lemma 1, by definition we have that

0

57 (5:9) + H(s,y, kL, ViV (s,9)) = 0.
Combining Eqgs. (18) and (19), applying Holder’s inequal-

ity (@™ < Jlallso|lolli < lall2]|bll1), using the bound

(18)

19)

| f(t,z,u)|l2 < Br(1+]z]|2) (Defn. 1), and the fact z,, 4, (t) €
Br(0) (by Gronwall Bellman), it follows that

0 0
< . _ *

E;(s,y) < 8SJ(S7y) P (5,9)

+ (Vo (s,9) = VoV (s,9) T f(s,9,k5,)

0 0
< . o *
< ‘(%J(s,y) 557 (s,y)’
“. | d

+ su t,r,u E —(J(s,y) — V*(s,
(t7w,u)€[O,T]EBR(|!){>EU Mz 8%‘( (5:9) ( y))‘

i=1

< max{l,ﬁf(l +R)}<’665J(s,y) - gSV*(S»y)'

(20)

V)

Part 2 of Proof: If (s,y) € S; N Sy« and 7; satisfies
Eq. (5), then by Eq. (15)
EJ(Sv y) = %J(Sa y) + H(S7 Y, 77](37 y)7 VJ,J(Sv y))

Moreover, since V* is the viscosity solution to the HJB
PDE (2), by Lemma 1, we have that

%V*(s, y)+ H(s,y,m5(s,9), VaV*(s,9))
> 8 y)) =0.

Combining Egs (21) and (22) it follows by a similar argument
to Eq. (20) that,

EJ(Svy)

> —max{l,ﬂf(l +R)}(‘§SJ(S,?J) = iV*(s,y)’

v s))

I'This follows because U C R™ is compact, ¢ and f are continuous, and
V. V* is independent of v and bounded by Rademacher’s Theorem.

21

(22)

V*(s,y)+ me(s Y, u, Vi V™ (s,

(23)

8yz
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Part 3 of Proof: From Eqs (20) and (23) it follows for any
(s,y) € S;N Sy« we have

B5(s,9)] < max{l,m +R>}( ) =V (s.0)

+3 |-

i=1

~ve))
and hence since ([0, T ><BR( ))/(S;NSy~) has zero measure

it follows that,
esssip  {[By(s.0)} < max {1,671+ 1)

(5,9)€[0,T]x Br(0)

X ess sup
(5,9)€[0,T]x Br(0)

+§a—

Combining Inequalities (17) and (24) we obtain (7), com-
pleting the proof.

L(tr, 4, o) < 27 max {1,6f(1 + R)}

( ) |

55 (5:9) = V7(s,9))

(|55t v )

s =V e

X ess sup
(s;»)€lo, T]XBR

+Z

+2 sup {|V*(Ty
yEBR(0)

)= Vs))
J(T,y)|}

< COllJ = V*lwie((0,11x Br(0))+
where C' :=2max {1,T,T6f(1 + R)}.
IV. INTERPRETATION OF PERFORMANCE BOUNDS

O

Prop. 1 shows that direct minimization of the HIB residual
is ideal for controller synthesis. In practice, however, directly
minimizing this residual is often computationally intractable
due to the residual itself containing an implicit inner optimiza-
tion problem (inf, 7). Consequently, many numerical meth-
ods must construct candidate VFs via other means. Theorem 1
bridges this gap: if a numerical scheme approximates the true
VF, securing a small error in the W norm provides a
guarantee that the resulting controller will perform well. Later,
we will see in Example 2 that a small error in the weaker W 1?
norm for p < oo alone (without HJB residual minimization)
is not strong enough to produce good controller performance.

Importantly, while a small W1:°° error is a sufficient con-
dition for good controller performance, Example 1, presented
next, demonstrates that it is not strictly necessary. It is possible
to construct a candidate VF with an arbitrarily large W 1>
error that still yields a arbitrarily near optimal controller. This
occurs when the gradient approximation error is orthogonal to
the system’s vector field, effectively hiding the error from the
Hamiltonian. In such cases, the HJB residual remains zero
despite the divergent gradient. However, generic numerical
approximation schemes do not generally restrict gradient er-
rors exclusively to directions orthogonal to the system’s vector
field. Therefore, Theorem 1 provides a universal performance
guarantee, bounding controller performance by the Sobolev
VF error.

Example 1. Consider an OCP with tuple {c,g, f,U,T}

defined by ¢ = 0, g(z) = ||z||3, U = [-1,1], T = 1
and f(x,u) = [1,—1]"ul|x||3. Let V* be the true VF and

for any € > 0, consider the admissible candidate value
function J.(t,x) = V*(t,x) + esin((x1 + x2)/e). First,
we observe that V. J.(t,x) = V,V*(t,x) + /2 cos((x +
72)/)[1,1]7, so limeyo||Vide — Vo V*(t,2)|| = 0o — im-
plying the error in the Wy o, norm becomes arbitrarily large.
Despite this divergence, the HJB residual meanwhile be-
comes arbitrarily small. To see this, we note that 2 Side(t,x) =
LV*(t,x) and VoI f = V,V*Tf + e V2cos((x1 +
x2)/e)[1,1)[1, 1] Tu||z||2 = V.V*T f. We conclude that

0 .
gJe(t,x) + l1r€1[f]{H(t, z,u, Vade(t,x))}

ot

Furthermore, lim_o || J-(t,-) =V *(t,)|| Lo ([0,r],&") = 0, im-
plies lim._,o J.(T,x) = V*(T,x) = g(z). Applying Prop. I,
we conclude that lim. o L(tr,_z,,70) = 0 — implying
that the performance of the sequence of resulting controllers
converges to optimality.

0 =V*(t,z) + 1nf {H(t x,u, Vi V*(t, z))}‘ = 0.

Finally, we note that the construction of the bounds in
Prop. 1 and Thm. 1 use the Gronwall Bellman inequality to
bound growth of the solution — resulting in an exponential
dependency in time-horizon, 7. Such exponentials may be
avoided if a bound on the forward reachable set is known a pri-
ori. Furthermore, because the suboptimality of any controller
cannot exceed the gap between the worst-case (maximum cost)
VF, we denote as V*, and the optimal VF, V*, we can refine
Eq. (7):

L(uﬂonaxO) < min {C|J - V*HWL‘X’([O,T]XBR(U))’

V*(0,z9) — V*(0, :z:o)}. (25)

V. NUMERICAL EXAMPLES
Example 2. Let us consider the OCP associated with the tuple
{¢,9,f,U, T}, where c(t,x,u) =0, g(z) = x, f(t,z,u)
au, U =[-1,1], and T = 1. It was shown in [6] that the VF
associated with this tuple can be found analytically:

exp(t — Dz if x>0,
V*(t,z) = exp(l —t)x if z <0, (26)

0 if x =0.

Let us now consider the following candidate VFs:
Vit,z) = V*(t,z) — 100e°y((z — 0.75) /e),  (27)
Va(t,z) = V*(t,z) 4 €2 sin(10°z),
—— e(-1,1
where n(z) = P (Iz 1) fee(-11) is the stan-
0 otherwise.

dard bump function from mollification theory and 6 € (0,1). It
is well known that n € C*°(R,R) [32] with compact support;
hence Cop = |nllzrw) < 00 and C1p = || ||Lrm) < 00
for all p > 1, including p = oo. Therefore*:

2See full derivation details on Arxiv [37]
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L(u,rv1 s o) and L(uTr

for these performance gaps glven in Egs (29) and (30). (c) Numerically calculated logarithms of performance gap,

n values (e = 1/n)
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. (b) c
(a) Graph showing plots of V* and V7 from Eqs (26) and (27) respectively. (b) Graph showing numerically calculated performance gaps,
zO,xo) associated with the approximate VFs given in Eq. (27) for decreasing € > 0, along with the theoretical bounds

L(UT\'VE,;UO,.Z’()), associated with the

approximate VFs given in Eq. (33) for decreasing € > 0, along with the logarithm of the theoretical performance gap bound given in Eq. (35).

IV* = Vi llwrr (o, xrS 100(e5TH/PCo , +°71H/PCy ),
[V* = Vallwr.ee o, xR) = (14 10°)e? (28)

Applying the performance bound in Eq. (25) for xg = 1 and

B¢ =1, we deduce:
. Cl.0 _
L@m%@mxwﬁnnn{MOeG%oﬁ5+€f5)>@—f U}
(29)

(30)

L(tny, wy+T0) < min {4e(1 4+ 10%e

2 (e—e )},

Observe via Eq. (28) that for any finite p < co, we can select
5 € (1—1/p, 1) such that Vi — V* in the WP norm. Despite
this, the synthesized controller fails to yield trajectories that
converge to the optimal cost. This discrepancy arises because
Vi does not converge to V* in the stronger W1>° norm. As
illustrated in Fig. la, for every ¢ > 0 and 6 € (0,1), the
bump function perturbation creates a local minimum in Vi
that acts as a “trapping region.” Consequently, the induced
controller stabilizes the trajectory around the center of the
bump (xr = 0.75) rather than optimally driving the state to
minimize the terminal cost g(x) = x.

This phenomenon is confirmed numerically in Fig. 1b for
0 = 0.9, where the cost does not converge to zero as ¢ — Q.
The right-hand side of the bound in Eq. (29) remains constant
at e — e ! = 2.35 as ¢ — 0. While this provides a valid
upper bound, it indicates that the controller is not guaranteed
to achieve optimal performance.

Conversely, Eq. (30) demonstrates that the controller syn-
thesized by Vy will converge to the optimal cost, since
L(u,rVZ,mO,xo) — 0 as ¢ = 0. In Fig. 1b, we observe that
Ury, o numerically converges to optimal performance at a
faster rate than the theoretical error bound derived in Eq. (30).

Example 3. Let us consider the OCP associated with the
Sollowing tuple {c,g, f,U, T}, where c(t,z,u) = (1+2(T —
Nz + 2(T — t)|z|, glx) = 0, ft,m,u) = —x +
U= [-1,1], and T = 1. Since, inf,c[—1,11{V.V (L, x)u} =
—|V.V(t,x)| for any differentiable V it follows that the
associated HIB PDE is

OVt )40 + 2T —

= )z + 2(T — t)|z|

-V, V(t,z)x — |V, V(t,x)| =0.

€2y

We can then deduce V (t, z) = x2(T—t) is the VF for this OCP
by substitution into Eq. (31). Hence the optimal controller is

given by 1ifa>0,
7 (t,z) = —sign(2z(T —t)) = 0 if x = 0, (32)
1ifz<O0.
Let us next consider a sequence of approximate VFs
Vo(t,x) = 2*(T —t) + ex. (33)
The candidate VE, V., vields the following controller
lifx> 2(;75”,
7y (t,x)= —sign(2x(T—t)+e)=S 0 if z = 2(T 5 (GH
lifz < m.

For zg = 0 we have that R := (14 ||zqll2)e?T —1=e—1.
Hence, |V* — Vellwio(o,1xBr0)) < (2 + 1)e = 0 but
lim, o ||7* — 7ATV£||L°°([0,T]><BM0),R) # 0 since 7*(,0) = 0
but 7y, (t,0) = —1 for all € > 0. Despite the fact that the
controller Ty, does not converge to the optimal controller
uniformly, Theorem 1 still shows that the associated perfor-
mance/cost of applying the controller converges to zero. This
is shown numerically in Fig. 1c. The figure also shows the the-
oretical performance bound found by substituting R = e — 1,

By =1 into Eq. (7) to get L(“ﬂvg,wovxo) < 9%, (35)

VI. CONCLUSION
We have shown that when approximate value functions

are used to synthesize controllers, the suboptimality of the
resulting controller is bounded by the L°° norm of the HIB
residual, which is, in turn, bounded by the Sobolev Wt
norm of the error between the candidate value function and
true value function. Consequently, numerical methods for solv-
ing the HIB equation which converge in the > norm will
yield controllers which minimize the associated cost arbitrarily
close to the true optimum. In contrast, we also showed that
convergence in W1 for finite p does not necessarily guarantee
optimal performance. These findings suggest that future work
should prioritize minimizing the W1°° distance to the true
value function or L°° HIJB residual error over other metrics
and objectives.
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VII. APPENDIX
Lemma 4. Let FE : [0,T] x R" — R be a lower semicon-
tinuous function. For any measurable function x : [0,T] —
Bgr(0) C R™, for some R > 0, the following inequality holds:

esssup E(t, z(t)) < E(t,y). (36)
t€[0,T]

€ss sup
(t,y)€[0,T1x Br(0)
Proof. Since E is lower semicontinuous, its strict superlevel
sets are open, meaning any exceedance of the essential
supremum along (¢, x(t)) would contradictorily require an
exceedance on a non-empty open euclidean set which by
definition has strictly positive Lebesgue measure (see Arxiv
version for more details [37]). O

Lemma 5. Consider functions J € Lip([0,T] x R™ R)
and x € AC([0,T],R"™) satisfying ©(t) = f(t,x(t)) almost
everywhere on [0, T]. Then, for almost every t € [0,T] and
any (p,q) € DT J(t,x(t)), we have

D 1(t0(0)) = p+ a7 S0.2(0)
Proof. The composite function ¢ — J(t,x(t)) is absolutely
continuous, guaranteeing its classical derivative exists al-
most everywhere. At points of differentiability, the time-
superdifferential reduces to the singleton {4 .J(t,z(t))} [34,
Lemma 1.8], which, combined with the chain rule inclusion
for superdifferentials [34, Proposition 2.7], directly implies the
desired equality (see Arxiv version for more details [37]). [
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